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Correct assessment of the NiTi martensite moduli and its significance are the subject of this
paper. Current experiments and published experimental data reveal the considerable dif-
ference between the macroscopic elastic moduli for twinned martensite and detwinned
martensite (single crystal state). Although this difference is significant, it is not explained
adequately, and often neglected in modeling. In this study, based on the atomistic simula-
tions, we establish Voigt and Reuss bounds and Hill’s estimate for macroscopic moduli for
both the internally twinned states and single crystal (detwinned) states. The predicted
elastic moduli in the twinned state compare favorably to the experimental thermally
induced martensite (with internal twin arrangement) moduli. The single crystal moduli
predictions conform to the experimental moduli for deformed martensite or stress-induced
martensite in tension and compression showing asymmetry. We draw attention to the
need for correct interpretation of the elastic moduli for understanding a wide range of
phenomena in shape memory alloys, such as the transformation stress–strain response,
the fatigue behavior, the stored elastic energy, the stress hysteresis and others.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Due to the technological significance of NiTi shape memory alloys (SMAs) (Funakubo, 1987; Otsuka and Wayman, 1998),
the knowledge of the elastic moduli of NiTi martensite is essential (Liu and Xiang, 1998; Sehitoglu et al., 2002), yet not well
understood. The SMA’s thermoelastic martensitic transformation depends on the stored elastic energy Ezaz et al., 2011;
Wagner and Windl, 2008), which is a function of martensite elastic moduli. The mechanical response of SMAs, especially
in the martensitic state, is rather complex because the martensite morphology undergoes a transition from a multi-variant
(‘internally twinned’) state to a single variant (‘‘detwinned’’) arrangement (Liu et al., 1999; Sehitoglu et al., 2003). As tran-
sition occurs from a multi-variant twinned morphology to a single crystal one, the accompanying elastic moduli increase can
be nearly a factor of three (from 50 GPa to 130 GPa in tension in NiTi). Furthermore, the martensite in binary NiTi has a
monoclinic crystal structure with 13 constants (Hatcher et al., 2009; Wagner and Windl, 2008). Thus, phenomenological
modeling efforts utilizing lower number of constants (ignoring the anisotropy) or same modulus for martensite relative
to austenite may not conform to experiments (Auricchio et al., 1997; Liang and Rogers, 1990; Tanaka, 1986). Overall, there
is an incomplete understanding of the elastic modulus in martensitic SMAs (Lagoudas, 2010). This is borne out by recent
experimental efforts (Benafan et al., 2012; Šittner et al., 2013; Rajagopalan et al., 2005; Stebner et al., 2013) that have
vigorously interrogated the ‘overall’ elastic moduli in NiTi utilizing various techniques, including high energy diffraction.
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Fig. 1. Crystal structure of martensite B190 NiTi. Lattice parameters a, b, and c and monoclinic angle c are marked. The blue and grey atoms represent Ni and
Ti, respectively. The different size of atoms indicates atoms are in plane and out of plane. The Cartesian 1- and 2-directions are along with lattice vectors a
and b. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Yet, a clear comparison of the 13 moduli terms between martensite ‘single crystals’ and ‘internally twinned’ martensite is
desired and can be obtained from ‘ab initio’ studies. This paper addresses this need. In particular, the shear modulus deter-
mination on the (001) twin plane is of utmost significance, it will be shown in this study that its magnitude is four times
smaller for ‘internally twinned’ states compared to the ‘single’ crystal states.

The elastic moduli of martensite can be determined experimentally either below the martensite finish temperature, or
during pseudoelasticity upon austenite to martensite transformation. In both cases, the elastic loading or unloading of the
stress–strain curves has been extensively utilized in past studies. In the first case, the measured modulus in the martensitic
regime under small (initial) deformations was found to be rather low (<50 GPa, also reported later in the paper). This led to
many reports where elastic modulus of martensite was tabulated at a lower value than austenite (Hodgson et al., 1990;
Duerig et al., 1990). On the other hand, the modulus of martensite after transformation or martensite deformed to high
strains has been measured as rather high (>100 GPa), in fact higher than austenite modulus (Sehitoglu et al., 2000). The ques-
tion then arises, what is the source of this difference?

We offer a simple explanation on this perplexing evolution in ‘stress-induced’ martensite elastic moduli. We use the term
‘stress-induced’ because of the evolving magnitude of the elastic moduli as the martensite detwins. When the SMA is cooled
below martensite finish temperature under zero external stress, a self-accommodating martensite morphology develops
(Otsuka and Wayman, 1998). This martensite morphology is internally twinned (Wechsler et al., 1953) and is referred to
as ‘thermal martensite’. When deformed in the martensitic regime, the stress–strain response is governed by the growth
of preferred variants with respect to others (Duerig et al., 1990). An effective or apparent moduli, representing the detwin-
ning of the variants, are measured. Specifically, when deformed to large strains in tension, the martensite elastic modulus
will ultimately represent the displacement of atoms in ‘c’ direction which is the largest lattice constant (see Fig. 1). This
means that under tension loading the martensite with the longest lattice axis (termed [001] in this study) vertical is pre-
ferred. Upon application of compression, the preferred direction is [100] with the shortest lattice axis or the ‘a’ axis being
vertical. So, the effective modulus observed depends on the orientation (texture) of the crystal, and can exhibit tension–
compression asymmetry.

The DFT (density functional theory) calculations for elastic moduli along lattice vectors should agree with the loading–
unloading measurements after high strains in tension and compression. We show experimental results that conform to
the statement above on laboratory samples without grain boundaries. On the other hand, these DFT calculations for single
crystals cannot be directly used to establish the macroscopic moduli of the twinned structure (the initial moduli of the mar-
tensite). This paper forwards a ‘twinned’ crystal unit cell for modeling the twinned martensite moduli. So what should one
use in mechanics (continuum or crystal level) simulations of the martensite response? To assign a constant value for mar-
tensite modulus would be deficient. This is borne out by experiment. We conduct DFT calculations and illustrate how the
modulus of a ‘twinned structure’ can be calculated and subsequently obtain the macroscopic moduli. Also, as stated earlier
we reveal a direct comparison between the shear moduli calculation based on the ‘twinned state’ compliance tensor and the
shearing moduli from the Generalized Planar Fault Energy (GPFE) curve with very good agreement.

2. Elastic constants of B190 NiTi

The martensitic NiTi has a B190 monoclinic crystal structure with lattice parameters a = 2.88 Å, b = 4.11 Å, c = 4.66 Å and a
monoclinic angle c = 97.8� (Fig. 1). These parameters, determined from structural energy minimization in our previous DFT
calculations (Ezaz et al., 2011), will be used in the present study. Here, the monoclinic angle c is between the [100] and
[001] directions. The c-axis is the longest axis and the a-axis is the shortest one, while the b-axis is the intermediate (we
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note that this notation of lattice vectors is different to the ones of Hatcher (Hatcher et al., 2009) and Wagner (Wagner and
Windl, 2008), where a-axis is the longest axis and c-axis is the shortest one). In the present study, the notation of coordinate
system is chosen as the Cartesian 1- and 2-directions are along with lattice vectors a and b (see Fig. 1).

A general linear stress–strain relation at constant temperature has the form:
Table 1
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Fig. 2.
the refe
rij ¼ Cijklekl; ði; j; k; l ¼ 1;2;3Þ ð1Þ
where rij is a second-order stress tensor, ekl is a second-order strain tensor, and Cijkl is a fourth-order tensor called elastic
constant tensor.

The stress–strain relation is invertible as:
eij ¼ Sijklrkl ð2Þ
where Sijkl is a fourth-order elastic compliance tensor.
Using the Voigt’s notation, the double indices can be replaced with a single indice ð11! 1; 22! 2; 33! 3; 23!

4; 13! 5; 12! 6Þ. Then the second-order stress tensor can be expressed with a vector as r ¼ ðr1;r2;r3;r4;r5;r6Þ, and
the second-order strain tensor can be written as e ¼ ðe1; e2; e3; e4; e5; e6Þ. Similarly, the fourth-order elastic constant tensor
can be reduced to a symmetric 6 � 6 matrix as Cij. Therefore, the stress–strain relation can be written as:
ri ¼ Cijej; ði; j ¼ 1;2;3;4;5;6Þ ð3Þ
culated elastic constants for single crystal (SC) and twinned structure (TS) of martensitic B190 NiTi are compared to Hatcher and Wagner’s work.

ic constants (GPa) DFT calculations

Single crystal (SC) Twinned structure (TS)

Hatcher (Hatcher et al., 2009) Wagner (Wagner and Windl, 2008) This study (SC) This study (TS)

212 200 209 141
125 125 114 74

99 99 102 102
�1 4 1 �43

245 241 234 179
129 129 139 121
�3 �9 �7 �24

249 223 238 184
15 27 27 �1
87 76 77 50
�4 �4 �5 1.5
66 21 23 30
86 77 72 67

Supercell of twinned structure B190 NiTi containing (001) compound twin. The (001) compound twin is shown in a red line. (For interpretation of
rences to color in this figure legend, the reader is referred to the web version of this article.)



Table 2
The compliance constants for martensitic B190 NiTi are calculated by taking the inverse of the elastic constants matrix in Table 1.

Compliance constants (10�3 GPa�1) Single crystal (SC) Twinned structure (TS)

Hatcher (SC) Wagner (SC) This study (SC) This study (TS)

S11 7 7.8 6.8 65
S12 �2.9 �3.3 �2.3 21
S13 �1.3 �1.4 �1.7 �49
S15 0.3 �1.1 1 109
S22 6.9 9 8.8 19.3
S23 �2.5 �5.1 �5.2 �24.3
S25 0.8 11 9.2 45.1
S33 5.9 9.8 9.5 48.7
S35 �1.5 �14.5 �13 �89.2
S44 11.5 13.2 13 20
S46 0.5 0.7 0.9 �0.4
S55 15.5 71.1 62.5 222.4
S66 11.7 13 13.9 14.9

Table 3
The cal
Windl,

Twin
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ei ¼ Sijej; ði; j ¼ 1;2;3;4;5;6Þ ð4Þ
Due to the symmetry of a monoclinic lattice, there are 13 independent elastic constants (compliance constants) in a
monoclinic crystal structure. For the elastic constants in B190 monoclinic NiTi, there is no reliable experimental data
reported, and only theoretical calculations from DFT are available by Hatcher (Hatcher et al., 2009) and Wagner (Wagner
and Windl, 2008). Due to the different notation of lattice vectors in B190 lattice, the elastic constants shown in Table 1
are in a different order than the ones given by Hatcher and Wagner (e.g. C11 and C12 in Table 1 are the C33 and C32 in their
notation). We conducted DFT simulations (utilizing the VASP code (Kresse and Furthmuller, 1996)) and determined the
elastic constants for single crystal of B190 NiTi, which are in agreement with Hatcher and Wagner.

The (001) compound twin is often experimentally observed and is energetically favored due to its small strain energy
(Šesták et al., 2011; Zhao et al., 2008). Therefore, in this study we built a supercell containing (001) twin to calculate the
elastic constants for the twinned structure of B190 NiTi. Fig. 2 shows a supercell of twinned structure containing (001) com-
pound twin. The calculated elastic constants for (001) twinned structure of B190 NiTi are given in Table 1. We note that the
(001) compound twinning mode has a significant influence on the elastic constants of B190 NiTi, which lowers the elastic
constants of the twinned structure compared to the single crystal case.

After the elastic constants are determined, the corresponding compliance constants can be calculated by taking the
inverse of the elastic constants matrix. Our results for single crystal compare well to Hatcher and Wagner, and results for
the twinned structure are also given in Table 2.

3. Shear modulus in B190 NiTi

The shear modulus for (001)[100] twinning in B190 NiTi can be calculated from the elastic constants (see details in
Appendix A) and is expressed as following:
Gð001Þ½100� ¼
1

S55
ð5Þ
The calculated results of 16 GPa for single crystal and 4.5 GPa for twinned structure are given in Table 3.
The twinning barriers in a crystal can be characterized by the Generalized Planar Fault Energy (GPFE) curve. The GPFE

curve provides a comprehensive description of twins and is established by shearing consecutive layers along twinning direc-
tion (Kibey et al., 2007). Fig. 3 shows the GPFE curve for the (001)[100] twinning in B190 NiTi (Ezaz et al., 2011).

A periodic supercell (no free surfaces) consisted of twelve (001) layers having four atoms per layer is created to establish
the GPFE curve in B190 NiTi. The GPFE is obtained by shearing of consecutive (001) layers starting with the twin plane along
[100] direction. The process of establishing GPFE curve is shown in Fig. 4a–d. We note that unlike the cubic crystal structure,
culated shear modulus of a single crystal and a twinned structure in B190 NiTi is compared to Hatcher (Hatcher et al., 2009) and Wagner (Wagner and
2008).

ning system Shear modulus – theory (GPa)

Single crystal Twinned structure – this study

Hatcher Wagner This study Elastic constants – Eq. (5) GPFE Eq. (6)

)[100] 64 14 16 4.5 4



Fig. 3. GPFE curve for (001)[100] twinning in B190 NiTi. This result shows that the shear modulus is 4 GPa.
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to generate GPFE curve in monoclinic martensite NiTi, two (001) layers of atoms glide simultaneously with the motif points
when a shear is applied in the [100] direction. As shown in Fig. 4e, the motif point is defined at the middle of each pair of
Ni(Ti) atoms. Thus, the process to establish GPFE curve in B190 NiTi with (001) twin is different to the conventional one in
cubic structure (like fcc), where a consecutive single layer is sheared along twinning direction.

Fig. 4a shows a supercell consisting of nine (001) layers with (001) twin plane (red1 line). This twin plane divides the
supercell into a three-layer cell, which is fixed and forming the matrix, and a six-layer cell, which is sheared consecutively
and forms the twin. The layer sequence is 1–9 from the left side to the right side of the supercell. A one-layer twin (Fig. 4b)
is generated by sliding layers 4–9 relative to the fixed three-layer cell along the [100] direction through a twinning Burgers
vector b ¼ a

2 ½100�. A two-layer twin (Fig. 4c) is created by sliding layers 6–9 in a similar way; a three-layer twin (Fig. 4d) by
sliding layers 8–9. In our GPFE calculations a full internal atom relaxation, including perpendicular and parallel directions to
the twin plane, was allowed for minimizing the short-range interaction between misfitted layers. This relaxation process caused

a small additional atomic displacement r jrj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

x þ r2
y þ r2

z

q� �
. Thus, the total fault displacement is not exactly equal to the

applied shear displacement, u, but involves additional r. The GPFE calculations, involving the displacement in the parallel
directions to the twin plane, provided more accurate energy barriers. Compared to the energy barrier for relaxation of only
perpendicular to the twin plane, the energy barriers after full relaxation can be nearly 10% smaller.

When the GPFE is obtained from DFT calculations, we can determine the theoretical shear modulus of a twinned structure
as follows (Joós et al., 1994; Kang et al., 2012; Schoeck, 2011):
1 For
G ¼ 2pd
b

@c
@ux

����
max

ð6Þ
where the maximum slope of GPFE curve with respect to the shear displacement is,
@c
@ux

����
max

, d is the interplanar distance and

b is the twinning Burgers vector. The calculated shear modulus of 4 GPa is given in Table 3.

In Table 3, we note that our calculated shear modulus for (001)[100] twinning of the single crystal B190 NiTi is very close
to Wagner’s results, and it is much smaller than Hatcher’s values. Most importantly, there is a significant difference between
the shear modulus of a single crystal and the shear modulus of a twinned structure. We note that our calculated shear mod-
ulus for the twinned structure (4 GPa from GPFE and 4.5 GPa from elastic constants of the twinned structure) is much smal-
ler than the one for the single crystal (16 GPa from elastic constants of the single crystal). This result indicates that B190 NiTi
twinned structure exhibits lower resistance to shear deformation compared to the single crystal case. The difference
between the 4 GPa and 4.5 GPa originates from the finite number of atomic layers utilized for the GPFE calculations (<3)
which is not the case in the development of the compliance tensor.

4. Elastic properties in B190 NiTi

4.1. Elastic properties in single crystal B190 NiTi

For B190 monoclinic NiTi, the elastic modulus Ehkl in a direction l plane can be determined as follows (Nye, 1964; Qiu et al.,
2011):
interpretation of color in ‘Fig. 4’, the reader is referred to the web version of this article.



Fig. 4. Schematic of twin formation of B190 NiTi in the twinning plane (001) with twinning Burgers vector b ¼ a
2 ½100�. The view is from the [010] direction.

(a) Perfect structure, (b) one-layer twin, (c) two-layer twin, (d) three-layer twin, and (e) motif points are at the middle of each pair of Ni(Ti) atoms in
martensite NiTi.
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ðEhklÞ�1 ¼ n4
1S11 þ 2n2

1n2
2S12 þ 2n2

1n2
3S13 þ 2n3

1n3S15 þ n4
2S22 þ 2n2

2n2
3S23 þ 2n1n2

2n3S25 þ n4
3S33 þ 2n1n3

3S35 þ n2
2n2

3S44

þ 2n1n2
2n3S46 þ n2

1n2
3S55 þ n2

1n2
2S66 ð7Þ
where n1, n2 and n3 are cosines between the direction normal to the (hkl) plane and the lattice vectors (a, b and c) shown in
Fig. 5, Sij is the single crystal compliance constants given in Table 2. The elastic modulus in single crystal B190 NiTi using Eq.
(7) is calculated in Table 4. We note that there is general good agreement between the results in the present study and other
calculations and experiments. The bulk modulus BS is calculated in two independent approaches (Eqs. (8) and (9)) and they
yield very close results, which indicates a consistency of our calculations.

The bulk modulus BS in a single crystal is an elastic constant related to a uniform change in the atomic volume, which can
be calculated from the elastic compliance constants S as following (Kimizuka et al., 2008; Söderlind and Klepeis, 2009):



Fig. 5. Schematic of the angles between the direction normal to the (hkl) plane and the lattice vectors (a, b and c).

Table 4
The calculated and experimental elastic modulus and bulk modulus of single crystal B190 NiTi are compared to other DFT calculations and experiments. The
single crystal results between theory and experiment by and large agree with one another.

Elastic properties
of single crystal
B190 NiTi (GPa)

DFT calculations Experiments

Hatcher (Hatcher
et al., 2009)

Wagner (Wagner
and Windl, 2008)

Sestak (Šesták
et al., 2008, 2009)

This
study

This study Others

E100 136 115 96 114 107-Compression 91 (Rajagopalan
et al., 2005)

E010 146 111 124 123 – –
E001 170 140 126 142 132-Tension 138 (Qiu et al.,

2011)
BS 159 152 137 149 Eq. (8) 153 Eq. (9) – –

Fig
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B�1
S ¼ S11 þ S22 þ S33 þ 2ðS12 þ S13 þ S23Þ ð8Þ
On the other hand, the bulk modulus BS can also be evaluated as the second derivative of total energy U with respect to
the unit cell volume V (Gilman, 1969):
BS ¼ V
d2U

dV2

�����
V¼V0

ð9Þ
where V0 = 53.68 Å3 is the unconstrained unit cell volume of B190 NiTi, and U is a function of V (equation of state) shown in
Fig. 6. We applied hydrostatic compression pressure from 0 to 20 GPa to the unit cell of B190 NiTi. The unit cell volume, V,
obtained from DFT decreases continuously with increasing pressure. The insert figure of Fig. 6 shows the normalized volume
compressibility curve. The structural energy, U, corresponding to each unit cell volume is also calculated as a function of V.
By fitting the energy (U)–unit cell volume (V) data to a third-polynomial expression, we obtain Eq. (10):
U ¼ �0:0003838V3 þ 0:0707V2 � 4:2704V þ 57 ð10Þ
. 6. Total energy variation with unit cell volume (applied hydrostatic pressure P). The bulk modulus BS is determined using Eqs. (9) and (10).
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4.2. Elastic properties in polycrystalline B190 NiTi

4.2.1. Simulations
The macroscopic elastic modulus E can be calculated by using Hill averaged values (Hill, 1952; Nye, 1964):
Table 5
Macros
the mu
experim

Mac
prop
struc
of B1

E (Eq
1
E
¼ 1

3G
þ 1

9B

G ¼ 1
2
ðGV þ GRÞ; B ¼ 1

2
ðBV þ BRÞ ð11Þ
where GV, BV, GR and BR are Voigt (Voigt, 1928) and Reuss (Reuss and Angnew, 1929) bulk and shear moduli, which can be
calculated from the elastic constants as following (Caravaca et al., 2009; Hatcher et al., 2009):
15GV ¼ ðC11 þ C22 þ C33Þ � ðC12 þ C23 þ C31Þ þ 3ðC44 þ C55 þ C66Þ
9BV ¼ ðC11 þ C22 þ C33Þ þ 2ðC12 þ C23 þ C31Þ ð12Þ
15
GR
¼ 4ðS11 þ S22 þ S33Þ � 4ðS12 þ S23 þ S31Þ þ 3ðS44 þ S55 þ S66Þ

1
BR
¼ ðS11 þ S22 þ S33Þ þ 2ðS12 þ S23 þ S31Þ
We calculated the macroscopic elastic modulus for the twinned structure of B190 NiTi as 71 GPa, which is much smaller
than the values obtained from the single crystal elastic constants by Hatcher and Wagner. Our experimental data (tension
and compression tests) is also given in Table 5, and we note the results in the present study are in close agreement with
experiments.

The computed macroscopic properties of B190 NiTi are given in Table 6 and are compared to other calculations. We note
that the values in single crystal are compared to Wagner’s results, and the values in twinned structure are much smaller than
the ones in single crystal.
4.2.2. Experiments on NiTi h001i orientation
Fig. 7 is a schematic showing the conducted experiments to measure the elastic modulus in B190 NiTi. All samples are

single crystals with [001] orientation in the austenitic state. When NiTi is cooled below martensite finish temperature
(Mf), a self-accommodating martensite morphology (thermal induced martensite) develops. When deformed in the martens-
itic regime, the initial stress–strain response reflects the elastic deformation of the self-accommodating martensite, and then
the combination process of growth of preferred variant with respect to others (detwinning) and elastic deformation of the
martensitic single crystal in the limit (Joós et al., 1994). The initial linear-elastic deformation is characterized by an average
martensite modulus of multiple variants, Eself

M . Upon unloading the martensitic single crystal at higher strains undergoes elas-
tic deformation with elastic modulus EM, and full strain recovery is only expected upon heating above austenite finish tem-
perature (shape memory strain is recovered). The EM should be measured in the unloading segment of the stress–strain
response and as the detwinning proceeds should give a good indication of the single crystal moduli (Sehitoglu et al., 2000).
copic elastic modulus measured and calculated (based on Hill average) in the present study is compared to other calculations and experimental data for
lti-variant (twinned structure) case. Our predicted level of E = 71GPa (twinned structure – this study) for overall elastic modulus is consistent with the

ents. Based on single crystal constants the levels are in the range 122–180 GPa.

roscopic elastic
erties of twinned
ture (Hill average)
90 NiTi (GPa)

Theory – DFT calculations Experiments

Hatcher
(Hatcher
et al.,
2009)

Wagner
(Wagner
and Windl,
2008)

This study This study Others (TS)

Single crystal
(SC) constants
– Table 2

Twinned structure
(TS) constants –
Table 2

Tension
(TS)

Compression
(TS)

. (11)) 180 122 126 71 50–70 50–70 40–70 References Benafan
et al. (2012), Hodgson et al.
(1990), Liu and Xiang
(1998), Liu and Yang (1999),
Qiu et al. (2011),
Rajagopalan et al. (2005),
Stebner et al. (2013), and
Young et al. (2010)



Table 6
Macroscopic elastic properties determined in the present study utilizing SC and TS constants are compared with others in the literature.

Macroscopic elastic properties
of B190 NiTi (GPa)

Theory – DFT calculations

Hatcher (Hatcher et al., 2009) Wagner (Wagner and Windl, 2008) This study

Single crystal (SC) Twinned structure (TS)

E 180 122 126 71
G 69 45 47 26
B 158 147 152 79
EV 184 149 150 115
ER 176 95 102 27
GV 71 56 56 43
GR 67 34 37 10
BV 159 152 154 122
BR 157 143 149 36
m 0.31 0.36 0.36 0.35

Fig. 7. Schematic showing the experiments conducted to measure the elastic modulus in B190 NiTi. The twinned structure (thermal induced martensite)
corresponds to Eself

M , and EM is the detwinned structure (stress induced martensite) elastic modulus.
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Fig. 8 shows the elastic modulus of B190 NiTi calculated at 0 K and measured at finite temperature (below martensite fin-
ish temperature) by Sehitoglu’s group (Sehitoglu et al., 2001, 2000). The experiments were conducted under tension and
compression on single crystal specimens which have an original [001] orientation in the austenitic state. We note that
the experimental results reflect three states of the martensite: self-accommodating, single crystal in compression and single
Fig. 8. The elastic modulus of B190 NiTi calculated at 0 K in DFT (blue square) and measured at finite temperatures below martensite finish temperature
(black triangle) by Sehitoglu’s group (includes unpublished results) (Sehitoglu et al., 2001; Sehitoglu et al., 2000). The materials have three test states: self-
accommodating, single crystal in compression (‘a’ vertical) and single crystal in tension (‘c’ vertical). The self-accommodating refers to ‘thermal-induced’
and the single crystal corresponds to ‘stress-induced’ martensite. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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crystal in tension. All experiments were conducted at T�Mf. The elastic moduli are determined from elastic portion of the
curves at small strains (self-accommodating case) and at higher strains upon unloading (tension or compression moduli).
The experiments were conducted in the temperature range 77–300 K on with nickel rich Ni (at.)–Ti alloys including the
50.1%Ni–Ti alloy which is fully martensitic below room temperature (Wagoner Johnson et al., 2005). We note that when
the material is deformed to high strains, slip of martensite can occur with concomitant inelastic strains. However, the
measured unloading elastic modulus methodology remains valid.
5. Discussion of results

In this paper, we provide a critical assessment of the elastic moduli determination based on atomistic simulations. The
contribution of the paper is to present a modified unit cell which we referred to as the ‘twinned state’ to predict the mac-
roscopic moduli of the internally twinned martensite. Since the macroscopic state of the material lies between the oriented
(single) crystals versus the twinned state case in the limit, we point to the omnipresence of evolving elastic moduli. There-
fore, we refer to the elastic moduli as ‘deformation-mediated’. Specifically, our simulations are compared to macroscopic
experiments for the multi-variant (twinned) and single (oriented) crystal martensites with very good agreement. We
observe that the published moduli based on oriented (single crystal) martensites cannot predict the macroscopic moduli
of the twinned martensite.

We note that the present results (elastic properties of single crystal B190 NiTi in Tables 4 and 5) are in good agreement
with available experimental data. The difference between the present results and Hatcher’s results in Table 1 is due to the
methodological difference. In the present study a full internal atom relaxation is allowed for each applied strain (lattice dis-
tortion). The total energy of the deformed crystal was minimized during this relaxation process which circumvents atoms
coming too close to each other. While, in Hatcher’s calculations the relaxation was not allowed for each lattice distortion,
which induces a larger total energy. In Table 4, we note that the elastic modulus and bulk modulus calculated by Hatcher
is larger than other DFT simulations. The consistency between our results and experiments ensures the efficacy of our cal-
culations. Additionally, we calculated the shear modulus of twinned structure, which is much smaller than the one of single
crystal (Table 3). This indicates that the shear modulus should be properly applied in mechanics simulations due to the dif-
ferent values between twinned structure and single crystal. However, Wagner et al. obtained the results for single crystal
only and the different shear modulus of B190 NiTi is not notified in their calculations. Furthermore, we note that the elastic
constant C22 in our calculations is smaller than C33, but larger than C11. This trend is consistent with Hatcher’s results. How-
ever, the C22 is the largest compared to C33 and C11 in Wagner’s calculation results. This large discrepancy between this set of
elastic constants causes different derived elastic modulus. In Table 4 we note that the elastic modulus E010 (corresponding to
the intermediate lattice parameter b of B190 NiTi) in Wagner’s calculations is much smaller than ours and other DFT results,
and it is even smaller than E100 (corresponding to the smallest lattice parameter a of B190 NiTi). While, in our calculations
E010 is larger than E100, which is consistent with other DFT calculations (Hatcher et al., 2009; Šesták et al., 2008, 2009). Thus,
our calculated elastic constants are in better agreement with experiments.

The results in Fig. 8 highlight the dramatic differences between macroscopic elastic modulus (lower curve) in the twinned
state (multi variant martensite) versus in the single crystal state (after detwinning) in tension (highest curve) and compres-
sion (intermediate curve). As also noted in Fig. A2 of Appendix A, the predicted elastic moduli in single crystal (SC) state in
tension is higher compared to compression. Also, the SC moduli are higher than the internally twinned state (TS) moduli
(Tables 4 and 5). An immediate ramification of these results is that during the course of the deformation the increase in elas-
tic moduli of the martensite results in an increase in the elastic stored energy which opposes the transformation (Olson and
Cohen, 1975). The increase in moduli necessitates further cooling under stress or increase in stress at constant temperature
for completion of the transformation (Gall and Sehitoglu, 1999; Hamilton et al., 2004; Patoor et al., 1995). Therefore, the
knowledge of elastic moduli levels is vital in understanding the transformation behavior and potential development of
new shape memory alloys.

We draw particular attention to the prevailing shear modulus that governs the martensite deformation. The shear moduli
on the (001) system is calculated as 4.5 GPa based on atomistic simulations of the TS unit cell. This shear moduli determi-
nation is in agreement with GPFE (Generalized Planar Fault Energy) calculations which is 4 GPa. On the other hand, the shear
moduli calculation based on using the SC compliance tensor is four times higher (16 GPa). This is further evidence that spe-
cial care must be devoted to the establishment of the ‘operating’ shear moduli for the detwinning of the martensite (Wang
and Sehitoglu, 2013).

In the present work, we considered the twinned state of NiTi crystals as governed by the (001) twin system. An alterna-
tive twin system with a stepped interface (transformation twin or Type II-1 twin) on (111) planes is derived from the phe-
nomenological theory of martensite transformations (Ezaz and Sehitoglu, 2011a; Xie and Yong, 2004). It is possible to
establish a modified set of elastic constants for the internally twinned Type II-1 case, but in our view the (001) case illus-
trates our point, and is more prevalent particularly in aged NiTi alloys (Gall et al., 1999a,b). The wide range of twin systems
have been discussed by Ishida and colleagues (Zhang et al., 2006), and analyzed by Sehitoglu and colleagues (Ezaz and
Sehitoglu, 2011b; Wang and Sehitoglu, 2013).

We note that in the case of NiTi alloys, the NiTi compositions near 50.1% Ni exhibit transformation temperatures near
room temperature while higher Ni contents (such as >51.5%Ni) result in transformation temperatures well below 77 K
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(Johnson et al., 2005). Therefore to determine the ‘twinned state’ macroscopic moduli, it is desirable to choose the Ni com-
positions and test temperatures in experiments judiciously (T�Mf). To determine single crystal properties, it is best to
deform martensite to high strains at T�Mf. If martensite moduli is determined from the unloading curve after austenite
to martensite transformation at T > Af, care must be taken that the slope is not influenced by the reversed transformation
or back stress effects. All the experimental results (for T�Mf case) are combined in Fig. 8 and compared to simulations from
ab initio calculations and Hill’s estimate. We note that the dramatic difference in measured elastic moduli at 300 K: from
self-accommodated martensite (45 GPa) to single crystal martensite upon tension (130 GPa) and upon compression
(100 GPa). These experimental results validate the simulations (albeit at 0 K) also marked in Fig. 8.

It is worthwhile to highlight the importance of having accurate martensite moduli for fracture and fatigue studies in
shape memory alloys. For example, in fracture mechanics, the crack tip displacement fields are a strong function of elastic
modulus. To calibrate fracture or fatigue models errors in elastic moduli can lead to errors in the determination of energy
release rates upon crack advance. The toughening in phase transformation is known to be affected by the elastic moduli
(McMeeking and Evans, 1982). Any attempts to understand the driving forces in shape memory alloys, particularly for
stress-induced or thermal induced martensites (Brinson, 1993), necessitates correct description for the governing moduli
(Gall and Sehitoglu, 1999). Similarly, when analyzing the fatigue response and the calculations of elastic and plastic strain
portions of hysteresis loops (Gall et al., 2001; Melton and Mercier, 1979), one must also have the correct elastic moduli val-
ues. In fact, the phenomenological models as well as micro-mechanical models rely on the decomposition of the strain to
elastic and plastic portions. In this regard, one should note the asymmetry of tension and compression elastic moduli in
the modeling efforts.

The knowledge of the correct moduli is also valuable in the assessment of the strength levels (slip resistance) in NiTi mar-
tensitic crystals and also composite behavior of austenite–martensite domains during thermo-elastic deformation. In the
presence of precipitates, the strengthening is affected by the resistance to slip, in the form of Orowan strengthening, which
is directly proportional to the shear modulus. Also, in the presence of austenite and martensite domains, the ensemble defor-
mation behavior is affected by the moduli of the individual phases. This is particularly important in phenomenological mod-
els. Also, during fatigue deformation the presence of residual martensites alters the mechanical response. The residual
martensites can represent sources of internal stress whose magnitude scales with the elastic moduli and affect the response
cycle after cycle. In addition, the elastic moduli evolution influences the hardening response, which undergoes complicated
transients in the case of fatigue of shape memory alloys (Gall et al., 2001).

We draw attention to the difference in the theoretical results for single crystal martensite among the three studies sum-
marized in this study. The atomistic code used by Wagner and the current work is the same (VASP). On the other hand, the
atomistic code used by Hatcher and Sestak differ. It is insightful to note that the overall elastic moduli predicted by the four
studies (for single crystal) are comparable (Table 4) while the shear moduli, such as on (001) planes, differ (Table 3). Since
the shear modulus for the (001) plane is rather low, this is the plane where deformation twinning occurs (Wang and
Sehitoglu, 2013). Hence, the determination of modulus for this plane is extremely relevant.

The presence of internally twinned martensites as studied above has close resemblance to the modulated structures that
are prevalent in the monoclinic phases of a number of new shape memory alloys. The low elastic moduli in the martensitic
state is characteristic of the Heusler alloys such as NiMnGa and NiFeGa (Wang et al., 2014). In the case of such alloys the
elastic moduli is also dictated by the presence of modulations reminiscent of internal twin boundaries.

The paper focused on the elastic constants in the martensitic phase. We note that the elastic constants for the austenitic
phase are well established in the literature, and there is agreement among the different works on its magnitude (Hatcher
et al., 2009; Wagner and Windl, 2008). Three elastic constants for the cubic crystal (single crystal state) have been reported
in numerous publications and also have been experimentally determined (Benafan et al., 2013; Ren et al., 2001; Sehitoglu
et al., 2002). The combined knowledge of austenite and martensite moduli will provide the basis for simulation of shape
memory and pseudoelastic behavior.

6. Conclusions

The work supports the following conclusions:

(1) The work underscores the importance of determining the elastic moduli for the internally twinned crystal structure.
This improves the understanding of the macroscopic martensite moduli of ‘twinned martensite’ observed in experi-
ments. The viewing of the elastic moduli with 3D plots illustrates the anisotropy of the ‘twinned’ state constants
which are lower than the ‘detwinned’ single crystal constants.

(2) The experimental observation of low elastic modulus at the macroscopic level in the twinned state in NiTi agrees with
the theoretical results. Moreover, the results are in close agreement when shear moduli on the (001) twin plane is
determined by two methods: the derivative of the Generalized Planar Fault Energy curves and the elastic moduli coef-
ficients determined by application of prescribed strain tensors to the unit cell in the twinned state.

(3) A number of mesoscale mechanics formulations have been developed in the literature to predict pseudoelasticity and
shape memory relying on the evolution of austenite and martensite phase volume fractions. In these formulations
either the moduli of austenite and martensite are assumed to be the same, or the austenite modulus is assumed to
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be higher. We note that there is a need to better characterize the martensite elastic moduli evolution upon conversion
from ‘thermal-induced’ to ‘stress-induced’ martensite as the detwinning-induced microstructural arrangements are
responsible for the measured elastic moduli. The calculations utilizing DFT pointed to the higher moduli values for
martensite in the ‘single crystal’ state, and lower macroscopic values for martensite in the ‘internally twinned’ state.
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Appendix A. Elastic constants determination of monoclinic crystal structure

The unstrained crystal lattice of B190 NiTi is defined by the lattice vectors a, b and c with length a = 2.88 Å, b = 4.11 Å,
c = 4.66 Å and a monoclinic angle c = 97.8�. Utilizing DFT simulations, we can calculate the total energy for arbitrary crystal
structures (strained crystals), which are obtained when small (initial) strain is applied to the unstrained lattice. The lattice
vectors a0, b0 and c0 for an arbitrary crystal structure can be determined according to the following rule (Ravindran et al.,
1998; Wagner and Windl, 2008). This transformation is referred to as the Cauchy–Born rule (Ericksen, 2008).
ða0;b0; c0Þ ¼ ða;b; cÞ � D ðA1Þ
where D is called distortion matrix containing the strain component, e, and (a, b, c) denotes the undeformed lattice. The dis-
tortion matrix is chosen as volume conserving (detD = 1) to obtain the shear constants, while detD = 1 + e (non volume con-
serving) to obtain the other elastic constants. For each applied strain magnitude, a corresponding distortion matrix is
obtained, and thus lattice vectors of the strained crystal can be determined in Eq. (A1). The total energy for the strained crys-
tal, U(V, e), associated with each set of lattice vectors or distortion matrix (applied strain), can then be calculated from DFT.

The total energy for an arbitrary crystal structure (strained crystal), U(V, e), can be expanded in Taylor series in powers of
the strain tensor with respect to the total energy for the unstrained crystal as (Ravindran et al., 1998; Söderlind and Klepeis,
2009):
UðV ; eÞ ¼ UðV0;0Þ þ V0

X
i

siniei þ
1
2

X
i;j

Cijeiniejnj

 !
þ Oðe3Þ ðA2Þ
where U(V, e) and U(V0, 0) are the total energies corresponding to the strained and unstrained crystals, respectively; V is the
volume of the strained crystal, and V0 is the volume of the unstrained crystal. The Cij represents the elastic constants in the
Voigt notation described earlier. Essentially, the difference U(V, e) � U(V0, 0) involves the change in energy due to applied
strain. These values are computed from the DFT calculations. In Eq. (A2), the Voigt notation has been used, so xx, yy, zz,
yz, xz and xy are replaced by 1, 2, 3, 4, 5 and 6. ni is a factor considering the difference between the Cauchy’s shear strain
and engineering shear strains, and equals to 1 for i = 1, 2, 3 and 2 for i = 4, 5 and 6. si is a component of the stress tensor.
In practice, the higher-order term O(e3) is neglected and this equation can be written in quadratic form as:
UðV ; eÞ ¼ UðV0;0Þ þ V0ðseþ
1
2

Ce2Þ ðA3Þ
where s is introduced as a linear combination of stress components and C represents a linear combination of elastic con-
stants. The elastic constants can be deduced as proportional to the second order coefficient in a polynomial fit of the total
energy as a function of the strain. Since there are 13 independent elastic constants in a monoclinic structure, 13 different
distortion matrices D are needed to compute the different total energies U(V, e), and the corresponding elastic coefficients
C in Eq. (A3) can thus be derived.

We demonstrate how to compute the elastic constant C33 in the twinned structure B190 NiTi. We applied very small mag-
nitude of strain e (�0.02, �0.01, 0.01 and 0.02) in the present study to minimize the errors from higher order terms in Eq.
(A2). The distortion matrix D3 to calculate C33 is defined as follows:
D3 ¼
1 0 0
0 1 0
0 0 1þ e

0
B@

1
CA ðA4Þ
where e = �0.02, �0.01, 0.01, 0.02, and four corresponding D3 are then defined.
By substituting the four D3 into Eq. (A1), we can determine lattice vectors for four strained crystals. Note that when e = 0,

the D3 is a unit matrix and the lattice vectors represent the unstrained crystal. From DFT simulations, we can calculate the
total energy U(V, e) associated with these strained and unstrained crystals. These energy values corresponding to e are shown
as black squares in Fig. A1. The black curve is a second order polynomial function to fit these values and has the formula as
follows (note that the energy unit is eV, and 1 eV ¼ 1:6� 10�19 J):



Fig. A1. The total energy U(V, e) associated with D as a function of strain e for the twinned structure B190 NiTi. The points represent the calculated values and
the curves are the second order polynomial fit.
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UðeÞ ¼ �82:66� 0:346eþ 97e2 ðA5Þ
In Fig. A1, we also show calculated energies and their corresponding polynomial fit curves associated with several distor-
tion matrices, which are defined later. These energy values and fit functions are used to compute the elastic constants.

On the other hand, the total energy U(V, e) associated with D3 in Eqs. (A2) and (A3) can be written as follows (ni = 1, C = C33

and s3 is the corresponding stress component):
UðV ; eÞ ¼ UðV0;0Þ þ V0 s3eþ
C33

2
e2

� �
ðA6Þ
where UðV0; 0Þ ¼ �82:66 eV, and V0 ¼ 167:9 Å
3 ¼ 167:9� 10�30 m3.

Since Eqs. (A5) and (A6) represent the same U(V, e) for certain e, we can calculate the elastic constant C33 = 184 GPa from
the following equation (the energy unit, eV, in Eq. (A5) is converted into J by multiplication of 1.6 � 10�19):
C33

2
� 167:9� 10�30 ¼ 97� 1:6� 10�19 ðA7Þ
Similarly, all elastic constants can be calculated. The distortion matrices D and elastic coefficients C used in the present
study are defined as follows.

The distortion matrix D can be expressed as the summation of a unit matrix I and 9 base matrices Hrs with r, s = 1, 2, 3 (the
(r; s) entry of Hrs is 1 and the other entries are zero). Thus, D3 in Eq. (A4) can be expressed as D3 = I + eH33, and other 12 dis-
tortion matrices can be written as:
D1 ¼ I þ eH11; C ¼ C11 ðA8Þ

D2 ¼ I þ eH22; C ¼ C22 ðA9Þ

D4 ¼
I þ eðH23 þ H32Þ

1� e2 ; C ¼ 4C44 ðA10Þ

D5 ¼
I þ eðH13 þ H31Þ

1� e2 ; C ¼ 4C55 ðA11Þ

D6 ¼
I þ eðH12 þ H21Þ

1� e2 ; C ¼ 4C66 ðA12Þ

D7 ¼
I þ eðH11 � H22Þ

1� e2 ; C ¼ C11 þ C22 � 2C12 ðA13Þ

D8 ¼
I þ eðH11 � H33Þ

1� e2 ; C ¼ C11 þ C33 � 2C13 ðA14Þ

D9 ¼
I þ eðH22 � H33Þ

1� e2 ; C ¼ C22 þ C33 � 2C23 ðA15Þ



Fig. A2. (a) Representation surface of direction-dependent elastic moduli for twinned structure B190 NiTi. (b) The middle cut view of the representation
surface. The length of the radius vector in the normal direction of (hkl) plane is defined as the elastic modulus Ehkl in Eq. (7). The numerical results are given
in Table 5.
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D10 ¼
I þ eðH11 þ H13 � H23Þ

1� e2 ; C ¼ C11 þ C22 þ C55 � 2ðC12 � C15 þ C25Þ ðA16Þ

D11 ¼
I þ eðH11 þ H13 � H33Þ

1� e2 ; C ¼ C11 þ C33 þ C55 � 2ðC13 � C15 þ C35Þ ðA17Þ

D12 ¼ I þ eðH12 þ H23Þ; C ¼ C44 þ C66 þ C55 ðA18Þ

D13 ¼
I þ eðH11 þ H13Þ

ð1þ eÞ ; C ¼ C11 þ C55 þ 2C15 ðA19Þ
The calculated elastic constants for twinned structure B190 NiTi are given in Table 1, and the corresponding compliance
constants are calculated in Table 2. By substituting the compliance constants into Eq. (7), the elastic modulus Ehkl along nor-
mal direction of arbitrary (hkl) planes can be computed (Ericksen, 2008; Wagner and Windl, 2008). The representation sur-
face of direction-dependent elastic moduli for twinned structure B190 NiTi is shown in Fig. A2, where the length of the radius
vector in the normal direction of (hkl) plane is defined as Ehkl.
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