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Abstract

Utilizing first-principles atomistic simulations we present a twin nucleation model based on the Peierls–Nabarro formulation. We
investigated twinning in several important shape memory alloys, starting with Ni2FeGa (14M modulated monoclinic and L10 crystals)
to illustrate the methodology, and predicted the twin stress in Ni2MnGa, NiTi, Co2NiGa, and Co2NiAl martensites, all of which were in
excellent agreement with the experimental results. Minimization of the total energy led to determination of the twinning stress accounting
for the twinning energy landscape in the presence of interacting multiple twin dislocations and disregistry profiles at the dislocation core.
The validity of the model was confirmed by determining the twinning stress from experiments on Ni2FeGa (14M and L10), NiTi, and
Ni2MnGa and utilizing results from the literature for Co2NiGa and Co2NiAl martensites. This paper demonstrates that the predicted
twinning stress can vary from 3.5 MPa in 10M Ni2MnGa to 129 MPa for the B190 NiTi case, consistent with the experimental results.
� 2013 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

To facilitate the design of new transforming alloys,
including those proposed for magnetic shape memory,
twinning modes associated with these alloys need to be
fully understood [1]. The objective of the current paper
was to study the most important twin modes in monoclinic
and tetragonal (modulated and non-modulated) shape
memory martensites and establish their twin fault energy
barriers that are in turn utilized to predict the twinning
stress. A new model for twin nucleation is proposed which
shows excellent overall agreement with the experimental
results.

Martensite twinning and subsequent recovery upon
heating is called the “shape memory effect” [2]. In the
“shape memory” case, when the internally twinned mar-
tensite is subsequently deformed the twin variants that
are oriented favorably to the external stress grow at the
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expense of the others. The growth of the twin is a process
of advancement of twin interfaces and requires overcoming
an energy barrier called the “unstable twin fault energy”

[3,4]. Upon unloading the twinning-induced deformation
remains. If the material is heated above the austenite finish
temperature the material reverts back to austenite. Hence,
heating and cooling changes can make the material behave
as an actuator, which is termed the “shape memory effect”.
In this paper we present experimental results of twinning
stress for several important shape memory alloys and com-
pare the results with theory.

It is now well known that the phenomenon of twinning
during shape memory processes relies on complex atomic
movements in the martensitic crystal. Despite the signifi-
cant importance of twinning in shape memory alloys
(SMAs), there have been limited attempts to develop mod-
els to predict the twinning stress from first principles. The
twinning energy landscapes for ordered binary and ternary
alloys are more complex compared with pure face-centered
cubic (fcc) metals [5–7]. Thus a fundamental understanding
of twin nucleation is essential to capture the mechanical
response of SMAs. This is the subject of this paper.
rights reserved.
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Several methodologies exist to evaluate the twin nucle-
ation and migration stresses of materials [4,8–12]. How-
ever, the early models either require one or more fitting
parameters or depend only on the intrinsic stacking fault
energy cisf, and they predict unrealistically high twinning
stresses. The Peierls–Nabarro (P–N) formalism can be uti-
lized for rapid assessment of the deformation behavior of
binary and ternary shape memory materials and to evalu-
ate different crystal structures of martensites. A brief
description of the P–N model used to predict the Peierls
stress is given in the Appendix. The formalism for disloca-
tion slip stress determination utilizing the P–N concepts is
well established, while twinning stress determination is not
as well developed. If a P–N based twinning model was
developed then it could lead to a quantitative prediction
of twinning stress in SMAs, and a better understanding
of the factors that govern the shape memory effect. The
current study addresses this important issue.

Martensite can undergo twinning deformation associ-
ated with the shape memory effect, as explained earlier.
The stress levels for martensite twinning can be determined
from experiments at temperatures below the martensite
finish temperature. Fig. 1 shows a schematic of the stress–
strain curve of Ni2FeGa at a temperature below the martens-
ite finish temperature. During loading twin interfaces
advance in 14M (modulated monoclinic structure), followed
by twinning of the L10 structure at higher strains. As we
show later, these two crystal structures of Ni2FeGa have dis-
tinctly different twin stresses. Upon unloading the detwinned
martensitic structure remains, which is recovered upon heat-
ing above the austenite finish temperature.

From our previous tests we noted that compressive
loading experiments are better suited to avoid premature
fracture in tension [13]. When the specimen is deformed
the martensite twinning process initiates at a finite stress
level. There are very limited experiments in the literature
on the martensite twinning stress of ferromagnetic shape
memory alloys such as Ni2FeGa, Co2NiAl and Co2NiGa.
There have been more experiments on NiTi and Ni2MnGa.
The research teams of Sehitoglu and Chumlyakov have
Fig. 1. Schematic stress–strain curve showing the detwinning of internally
twinned martensite (multiple variant) to detwinned martensite (single
crystal) Ni2FeGa at low temperature. Upon unloading plastic strain is
observed in the material, which can be fully recovered upon heating.
conducted experiments below the martensite finish temper-
ature on a number of advanced shape memory alloys
[14,15]. Since the twin thicknesses are on the nano scale it
is difficult to experimentally observe the onset of twinning
in situ. Additionally, several twin systems can co-exist,
hence making it rather complicated to experimentally dis-
cern the twin stress when multiple systems interact, such
as in NiTi and Ni2FeGa. Therefore, theoretical calcula-
tions provide considerable insight.

On the meso scale our current treatment deals with the
dislocation movements leading to twin formation. Several
modifications to the original P–N treatment were imple-
mented in the course of the study. On the atomic scale, dur-
ing calculation of the generalized planar fault energy
(GPFE) curve full internal atom relaxation was allowed.
This allows a three-dimensional description of the energy
landscape with displacements in two other directions in
addition to the imposed shear. The misfit energy expression
accounts for the discreteness in the lattice across atomic
pairs and is not treated as a continuous integral. This
energy description is dependent on the spacing between
two adjacent twinning partials and results in a more realis-
tic twin stress evaluation. Both of these modifications
enrich the original approach put forward by Peierls and
Nabarro. A further advancement forwarded in this study
is to incorporate the elastic strain fields in the overall
energy expression accounting for the mutual interaction
of dislocation fields. Upon minimization of the total energy
we seek the critical twin nucleation stress. We show results
for Ni2FeGa in comparison with our experiments, but the
methodology developed is appealing and was applied to
other materials. The outcome of these calculations is that
one can evaluate magnitudes of critical twin nucleation
stress in better agreement with the experimental results.
The proposed twin nucleation model can be used for rapid
and accurate prediction of twin stresses of potential shape
memory alloys before undertaking costly experimental
programs.

2. Methodologies for twin nucleation

We model the deformation process of twin nucleation at
the atomic level and integrate this with a mesoscale descrip-
tion of the overall energy. On the atomic level the twinning
energy landscape (GPFE) is established representing the
lattice shearing process due to the passage of twinning par-
tials [12]. On the mesoscale level an extended P–N formu-
lation is proposed to determine the twin configuration
and address the total energy associated with twin
nucleation.

2.1. Density functional theory (DFT) calculation set-up

The GPFE provides a comprehensive description of
twins, which is the energy per unit area required to form
n layer twins by shearing n consecutive layers along the
twinning direction [12]. The first-principles total energy



Fig. 2. L10 structure and twinning system of Ni2FeGa. The L10 fct
structure with lattice parameters a, a and 2c contains two fct unit cells. The
twining plane (111) is shaded violet and direction ½1 1 �2� by a red arrow.
The blue, red and green atoms correspond to Ni, Fe and Ga atoms,
respectively. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 3. Schematic top view from the direction perpendicular to the (111)
twinning plane in L10 Ni2FeGa. Different sizes of atoms represent three
successive (111) layers. Twinning partial 1=6½1 1 �2� is shown by a red
arrow. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
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calculations were carried out using the Vienna Ab initio
Simulation Package (VASP) with the projector augmented
wave (PAW) method and the generalized gradient approx-
imation (GGA) [16,17]. Monkhorst Pack 9 � 9 � 9 k-point
meshes were used for the Brillouin zone integration to
ensure the convergence of results. An energy cut-off of
500 eV was used for the plane wave basis set. The total
energy was converged to less than 10�5 eV per atom. Peri-
odic boundary conditions across the supercell were used to
represent the bulk material. We have used an L layer based
cell to calculate fault energies to generate a GPFE curve for
a particular system. We assessed the convergence of the
GPFE energies with respect to increasing L, which indi-
cates that the fault energy interaction in adjacent cells
due to periodic boundary conditions will be negligible.
Convergence is ensured once the energy calculations for
the L and L + 1 layers yield the same GPFE. For each
shear displacement u full internal atom relaxation, includ-
ing in the perpendicular and parallel directions to the fault
plane, was allowed to minimize the short-range interactions
between misfitted layers near to the fault plane. During the
shear deformation process the volume of the supercell was
maintained constant, ensuring the correct twin structure
[18,19]. This relaxation process caused a small additional
atomic displacement r (r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rx þ ry þ rz
p

) within 1% in
magnitude of the Burgers vector b. Thus the total fault dis-
placement is not exactly equal to u but involves additional
r. The total energy of the deformed (faulted) crystal was
minimized during this relaxation process, which avoids
atoms coming too close to each other during shear [20–
22]. From the calculated results for deformation twinning
we note that the energy barrier after full relaxation was
nearly 10% lower than the barrier when relaxation only
perpendicular to the fault plane was allowed.

2.2. Twinning energy landscapes (GPFE): the L10 Ni2FeGa

example

The deformation twinning system h1 1 �2�f1 1 1g has
been experimentally observed for the L10 structure in past
works [23–28], the same as that of fcc metals. In this study
we conducted simulations to determine the GPFE of L10

Ni2FeGa by successive shearing every (111) plane over a
1=6½1 1 �2� dislocation. We noted that the formation of twin
system 1=6½1 1 �2�ð1 1 1Þ of L10 Ni2FeGa requires no addi-
tional atomic shuffling, which was also observed for other
L10 structures [24,29–31] and fcc materials [4,12,32–34].
Fig. 2 shows the L10 face-centered tetragonal (fct) structure
with corresponding lattice parameters a = b = 3.68 Å and
c = 3.49 Å. We note that the tetragonal axis is 2c, so the
L10 unit cell contains two fct unit cells. These lattice
parameters are in a good agreement with experimental
measurements [35]. These precisely determined lattice
parameters form the foundation of atomistic simulations
to establish the GPFE. The twinning plane (111) and the
½1 1 �2� direction in L10 Ni2FeGa are shaded violet and
denoted by the red arrow in Fig. 2. We note that if the
tetragonal axis is taken to be c, not 2c, the corresponding
twinning plane will be (112).

Fig. 3 shows a top view from the direction perpendicular
to the (111) twinning plane with three layers of atoms
stacking in L10 Ni2FeGa. Different sizes of atoms represent
three successive (11 1) layers. The twinning partial disloca-
tion is 1=6½1 1 �2� (Burgers vector b = 1.45 Å) and is shown
by a red arrow.

We conducted simulations to determine the GPFE of
L10 Ni2FeGa by successive shear of every (111) plane over
a 1=6½1 1 �2� partial dislocation. Fig. 4a shows the perfect
L10 lattice of Ni2FeGa, while Fig. 4b is the lattice with a
three layer twin after shear displacement u (shown by the
red arrow) in successive (111) planes (the twinning plane



Fig. 4. Deformation twinning in the (111) plane with partial dislocation
1=6½1 1 �2� (Burgers vector b = 1.45 Å) of L10 Ni2FeGa. (a) The perfect L10

lattice viewed from the ½1 �1 0� direction. Twining plane (111) is indicated
by a brown dashed line. (b) The lattice with a three layer twin after
shearing along the 1=6½1 1 �2� dislocation u, shown by a red arrow. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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is marked with the brown dashed line). The atomic
arrangement is viewed in the ½1 �1 0� direction. We note that
the stacking sequence ABCABCA. . . in the perfect lattice
changed to ABCACBA. . . in the three layer twin (i.e. plane
B moves to the position of plane C after generation of a
one layer twin, and plane C moves to the position of plane
B when a two layer twin is created).

In Fig. 5 the shear displacement in each successive plane
(111) u is normalized to the respective required Burgers
vector b = 1.45 Å along the ½1 1 �2� direction. We define
cus as the stacking fault nucleation barrier, which is the bar-
rier preventing a one layer partial fault from becoming a
one layer full fault, cisf as the first layer intrinsic stacking
fault energy (SFE), cut as the twin nucleation barrier, which
is the barrier against a one layer partial fault becoming a
two layer partial fault, and 2ctsf as twice the twin SFE
[4,12]. Note that cus and cut cannot be experimentally mea-
sured and must be computed [12]. The twin migration
energy is denoted by cTM = cut � 2ctsf (shown by the verti-
Fig. 5. GPFE in the (111) plane with a 1=6½1 1 �2� twinning dislocation of
L10 Ni2FeGa. The calculated fault energies are shown in Table 1.
cal green arrow in Fig. 5), which is most relevant in the
presence of existing twins and determines the twin migra-
tion stress [5]. Table 1 summarizes the calculated fault ener-
gies for twin system 1=6½1 1 �2�ð1 1 1Þ of L10 Ni2FeGa and
for twin system 1/7[1 00](010) of 14M Ni2FeGa (twinning
in 14M will be discussed in the next section). We will see in
the next section that the critical twin nucleation stress scrit

for L10 Ni2FeGa strongly depends on these fault energies
and barriers. Thus utilizing ab initio DFT to precisely
establish the GPFE landscape is essential in computing
scrit.

2.3. Twinning energy landscapes (GPFE): the 14M

Ni2FeGa example

Experiments have shown that Ni2FeGa alloys exhibit
phase transformations from the austenite L21 (cubic) to
intermartensite 10M/14M (modulated monoclinic), and
martensite L10 (tetragonal) phases [35–37]. Modulated
monoclinic 14M is an internally twinned long period stack-
ing order structure, which can be constructed from a L21

cubic structure by a combination of shear (distortion)
and atomic shuffling [38] (Fig. 6a and b). Twinning system
(110)½1 �1 0� in the austenite L21 coordinates has been
observed for the 14M structure [39–41] (Fig. 6c), which cor-
responds to (010)[100] in the 14M coordinates. Fig. 6c
shows the internally twinned 14M structure, and Fig. 6d
is the detwinned structure after shearing in certain
(110)L21 planes. To establish the GPFE curve for twinning
in 14M we first calculated the lattice parameters and mono-
clinic angle of 14M. We constructed a supercell containing
56 atoms to incorporate the full period of modulation in
the 14M supercell [42,43]. The initial calculation parame-
ters and the monoclinic angle were estimated by assuming
lattice correspondence with the 10M structure [35,38,44–
46]. The calculated lattice parameters a14M = 4.24 Å,
b14M = 5.38 Å and c14M = 4.181 Å and monoclinic angle
b = 93.18� are in excellent agreement with the experimental
data [35]. Fig. 7 shows the calculated GPFE curve of 14M,
and the calculated fault energies for twin system 1/
7[100](010) are summarized in Table 1.

3. Twin nucleation model based on the P–N formulation: the

L10 Ni2FeGa example

It has been experimentally observed that the morphol-
ogy of the twinning dislocations array near the twin tip is
thin and semi-lenticularly shaped [47–50]. The critical stage
of twin nucleation is activation of the first twinning partial
Table 1
Calculated fault energies (mJ m�2) for twin system 1=6½1 1 �2�ð1 1 1Þ of L10

Ni2FeGa and 1/7[100](010) of 14M Ni2FeGa.

Material Twin system cus cisf cut 2ctsf cTM

L10 Ni2FeGa 1=6½1 1 �2�ð1 1 1Þ 168 85 142 86 56
14M Ni2FeGa 1/7[100](010) 87 49 83 49 34



Fig. 6. Crystal structures of modulated monoclinic 14M (internally
twinned) and detwinned 14M of Ni2FeGa. Like the modulated monoclinic
10M structure, 14M can be consructed from a L21 cubic structure by a
combination of shear (distortion) and atomic shuffle [36]. (a) Schematic of
the L21 cubic structure of Ni2FeGa. (b) The sublattice of L21 (fct
structure) displaying the modulated plane (110)L21 (violet) and basal
plane (0 0 1)L21 (brown). (c) The modulated monoclinic 14M (internally
twinned) structure with twin plane (110)L21 and twin direction ½1 �1 0�L21.
Note the twin system (110) ½1 �1 0� in the austenite L21 coordinates
corresponds to (010)[100] in the intermartensite 14M coordinates. (d) The
detwinned 14M structure. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

Fig. 7. GPFE in the (010) plane with 1/7[100] twinning dislocation of
14M Ni2FeGa. The calculated fault energies are shown in Table 1.
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dislocation on the twin plane involving an intrinsic stack-
ing fault [47,50–52]. This can occur in a region of high
stress concentration, such as inclusions, grain boundaries,
and notches [51]. Fig. 8 is a schematic illustration of the
twin morphology with twinning plane (111) and twinning
partial 1=6½1 1 �2� in L10 Ni2FeGa. h is the twin thickness,
N is the number of twin layers, and d is the spacing between
two adjacent twinning dislocations and varies depending
on their locations relative to the twin tip. It has been exper-
imentally observed that twinning partials near the twin tip
are more closely spaced (d is smaller) than dislocations far
from the twin tip (d is larger) [47]. s is the applied shear
stress and the minimum s to form a twin is termed the crit-
ical twin nucleation stress scrit. Once the first twinning par-
tial (leading twinning dislocation) has nucleated,
subsequent partials readily form on successive twin planes
[52]. We note that a three layer fault forms the twin nucleus
in L10 Ni2FeGa, which reproduces the L10 structure. Thus
the number of twin layers N is 3 and we seek to minimize
the total energy as described below.
Fig. 8. Schematic illustration showing the semi-lenticular twin morphol-
ogy of L10 Ni2FeGa, viewed in the ½1 �1 0� direction. The twinning plane is
(111) and twinning direction is ½1 1 �2�. h is the twin thickness and N is the
number of twin layers (N = 3 for twin nucleation). d is the spacing between
two adjacent twinning dislocations and is considered to be constant for a
three layer twin.



Fig. 9. The disregistry function for three layer twin nucleation (N = 3).
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The total energy associated with the twin nucleation
shown in Fig. 8 can be expressed as:

Etotal ¼ Eint þ EGPFE þ Eline � W ð1Þ
where Eint is the twin dislocation interaction energy, EGPFE

is the twin boundary energy (GPFE), Eline is the twin dislo-
cation line energy and W is the applied work. These energy
terms can be described as follows.

3.1. Twinning dislocations interaction energy Eint

The energy for the ith twinning dislocation interacting
with the (i + n)th or (i � n)th dislocation is [53,54]

Ei;iþn=i�n ¼
lb2

4pð1� mÞ ð1� m cos2 hÞ ln L
nd

ð2Þ

where l is the shear modulus of the twinning system, b is
the Burgers vector of the twinning dislocations, m is the
Poisson’s ratio, h is the angle between the Burgers vector
and the dislocation line, and L is the dimensions of the
crystal containing the twin. After summing for all twinning
dislocations we have the energy for the ith dislocation as
[53,54]:

Ei ¼
lb2

4pð1� mÞ ð1� m cos2 hÞ
Xn¼N�i

n¼1

ln
L
nd
þ
Xm¼i�1

m¼1

ln
L

md

" #
ð3Þ

where N is the number of layers in the twin nucleus.
The total interactions energy of all twinning dislocations

is:

Eint ¼
lb2

4pð1� mÞ ð1� m cos2 hÞ N 2 ln
L
d

�

� lnðn� 2Þ!þ
Xm¼N�1

i¼2

lnðN � iÞ!þ lnði� 1Þ!
" #)

ð4Þ
3.2. Twin boundary energy (GPFE) EGPFE

Considering the interaction of multiple twinning dislo-
cations, the disregistry function f(x) can be described by
Eq. (5), while Fig. 9 shows a schematic of the normalized
f(x)/b variation with x/f. f is defined as the half-width of
the dislocation for an isotropic solid [55].

f ðxÞ ¼ b
2
þ b

Np
tan�1 x

f

� �
þ tan�1 x� d

f

� ��

þ tan�1 x� 2d
f

� �
þ � � � þ tan�1 x� ðN � 1Þd

f

� ��
ð5Þ

In the GPFE curve the energy required to create an
intrinsic stacking fault can be expressed as:

cSF ðf ðxÞÞ ¼ cisf þ
cus � cisf

2

	 

1� cos 2p

f ðxÞ
b

� �� �
for 0 6 f ðxÞ 6 b ð6Þ

The energy required to nucleate a twin can be expressed
as:
ctwinðf ðxÞÞ¼
2ctsf þcisf

2

� �
þ1

2
cut�

2ctsf þcisf

2

� �� �

� 1�cos 2p
f ðxÞ

b

� �� �
for b< f ðxÞ6Nb ð7Þ

Thus the twin boundary energy EGPFE can be expressed
as:

EGPFEðdÞ ¼
Xþ1

m¼�1
c½f ðmb� dÞ�b

¼
Xþ1

m¼�1
cSF ½f ðmb� dÞ�b

þ ðN � 1Þ
Xþ1

m¼�1
ctwin½f ðmb� dÞ�b ð8Þ
3.3. Dislocation line energy Eline

Eline ¼ N
lb2

2ð1� mÞ ð1� m cos2 hÞ
� �

¼ Nlb2

2ð1� mÞ ð1� m cos2 hÞ ð9Þ

We will see in the total energy expression that the dislo-
cation line energy Eline does not depend on the spacing d, so
it will not contribute to the critical twin nucleation stress.

3.4. Applied work W

Assuming the applied stress s is uniform within the twin,
the work done by the applied shear stress on the crystal is:

W ¼ Nsdsh ð10Þ
where s is the twinning shear.

When all the terms in the total energy expression are
determined the total energy for twin nucleation can be
expressed as:



Table 2
The predicted critical twin nucleation stress scrit is compared with ideal
twinning stress sTMideal, Peierls stress sp, and available experimental data
in L10 and 14M Ni2FeGa.

Ni2FeGa crystal
structure

Twin stress (MPa)

Ideala Based on
Peierlsb

This
studyc

Experimental
[32]

L10 1420 230 52 35–50
14M 1779 120 30 25–35

a sTMideal ¼ p cTM
b

� �
.

b sp ¼ max 1
b

ETM
c ðuÞ
du

n o
.

c scrit Eq. (13).
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Etotal¼EintþEGPFEþEline�W ¼ lb2

4pð1�mÞð1�mcos2 hÞ

� N 2 ln
L
d
� lnðN�2Þ!þ

Xm¼N�1

i¼2

lnðN� iÞ!þ lnði�1Þ!
" #( )

þ
Xþ1

m¼�1
cSF ½f ðmb�dÞ�b

þðN�1Þ
Xþ1

m¼�1
ctwin½f ðmb�dÞ�b

þ Nlb2

2ð1�mÞð1�mcos2 hÞ�Nsdsh ð11Þ

For a constant value of N in specific twin systems the total
energy is a function of the spacing between adjacent twin-
ning partials d. The equilibrium d corresponds to the min-
imum total energy. To determine the critical twin
nucleation stress scrit we minimized the total energy for
twin nucleation Etotal with respect to d:

@Etotal

@d
¼ 0 ð12Þ

The derived explicit and closed form expression for scrit

is given by:

scrit¼
lb2ð1�mcos2hÞN

4pð1�mÞshd

þ b

N 2sh
cus�cisfþðN�1Þ cut�

2ctsfþcisf

2

� �� �� �

�
Xm¼1

m¼�1
sin

2

N
tan�1 mb�d

f

� �
þ���þtan�1 mb�Nd

f

� �� �� �

� �f

f2þðmb�2dÞ2
þ���þ �ðN�1Þf

f2þðmb�NdÞ2

" #

ð13Þ

We compared the critical twin nucleation stress scrit for
L10 and 14M Ni2FeGa predicted from our P–N formula-
tion based twin nucleation model with the experimental
twinning stress data, and found excellent agreement with-
out any fitting parameters (Table 2). The “ideal twinning
stress” is calculated from the maximum slope of the GPFE
curve with respect to the shear displacement and in the
form sTMideal ¼ pfcTM

b g [4]. Based on the P–N model shown
in the Appendix [4] the “Peierls stress sp” needed to move
a twin partial dislocation was also determined. Note that
in Eq. (A4) cmax is replaced by cTM. We note that the ideal
twinning stress of 1420 MPa for L10 is an order of magni-
tude larger than the twin nucleation stress observed experi-
mentally. Even though the Peierls stress of 230 MPa is
smaller than the ideal twinning value, it is still much larger
than experimental value of 35–50 MPa. Similarly, for 14M
the ideal twinning stress and Peierls stress are much larger
than the experimental values. Our model shows favorable
agreement between the experimental data and the theory
for 14M (27.5 MPa experiment (our experiment) vs.
30 MPa theory (Eq. (13))). This observation demonstrates
that the P–N formulation based twin nucleation model pro-
vides an accurate prediction of the twin nucleation stress.

We note that in the energy expressions the spacing
between the first (leading) and the second dislocation d, i.e.
the tip behavior or the first two layers, governs the results.
Therefore, the effect of varying the spacing d along the length
of the twin was considered, but this modification did not
change the stress values obtained in this work (the stress val-
ues calculated by varying the equilibrium spacing and by
assuming constant equilibrium spacing were within 5%).
For example, values of 3.8, 49, and 126 MPa, respectively,
were obtained for Ni2MnGa 10M, Ni2FeGa L10 MPa and
NiTi3 B190 with variable d values, in comparison with 3.5,
51 and 129 MPa, respectively, for constant d values.

4. Prediction of twinning stress in shape memory alloys

To validate the P–N formulation based twin nucleation
model we calculated the critical twinning stress scrit pre-
dicted from the model for several important shape memory
alloys and compared the results with experimental twinning
stress data. The martensitic crystal structures of these
materials were 10M (five layered modulated tetragonal
structure for Ni2MnGa and five layered modulated mono-
clinic structure for Ni2FeGa), 14M (seven layered modu-
lated monoclinic structure), L10 (non-modulated
tetragonal structure) and B190 (monoclinic structure). We
found excellent agreement between the predicted values
and the experimental data without any fitting parameters
in theory, as shown in Table 3. The equilibrium d corre-
sponding to the minimum total energy for different materi-
als is also shown in Table 3. We considered both the
important crystal structures 10M and 14M in Ni2MnGa
and the monoclinic B190 structure of NiTi. In all cases we
determined the lattice constants prior to our simulations.
The twin system and unstable twin nucleation energy cut

corresponding to SMAs are also given.
We plot the predicted and experimental twinning stress

of the SMAs considered here against cut in Fig. 10. We note
a monotonic increase in twinning stress with cut, which, for
the first time, establishes an extremely important correla-
tion between scrit and cut in SMAs. A similar correlation
between scrit and cut has been observed for fcc metals



Table 3
Predicted critical twin nucleation stresses stheory

crit for shape memory alloys
are compared with known reported experimental values sexpt

crit .

Material Twin system cut

(mJ m�2)
(predicted)

d (Å)
(predicted)

stheory
crit

(MPa)
sexpt

crit
(MPa)

Ni2MnGa
10M

[100](010) 11 38 3.5 0.5–4
[56–62]

Ni2MnGa
14M

[100](010) 20 21 9 2–10
[40,60]

NiTi1 B190 (001)[100] 25 45 20 20–28
[5,63]

Co2NiGa
L10

ð1 1 1Þ½1 1 �2� 41 42 26 22–38
[28,64]

Ni2FeGa
14M

[100](010) 87 17 30 25–40
[15,35]

NiTi2 B190 (100)[001] 102 35 43 26–47
[5,63]

Co2NiAl
L10

ð1 1 1Þ½1 1 �2� 124 37 48 32–51
[64,65]

Ni2FeGa
L10

ð1 1 1Þ½1 1 �2� 142 24 51 35–50
[15,35]

NiTi3 B190 ð2 0 �1Þ½�1 0 �2� 180 9 129 112–130
[5,18]

The twin systems, equilibrium spacing d and unstable twin nucleation
energy corresponding to SMAs are given (10M, 14M, L10 and B190 are the
martensitic crystal structures explained in the text).

Fig. 10. The predicted and experimental twinning stress for SMAs versus
unstable twin nucleation energy cut, from Table 3. The predicted twinning
stress (red squares) is in excellent agreement with the experimental data
(blue circles). The P–N formulation based twin nucleation model reveals
an overall monotonic trend between scrit and cut. Note that NiTi1, NiTi2

and NiTi3 indicate three different twinning systems in NiTi, as shown in
Table 3. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 11. The critical martensite twinning stress from deformation experiments
conducted by Sehitoglu’s group. The materials are in the fully martensitic
phase of Ni2MnGa 10M, Ni2FeGa 14M and L10, and NiTi B190. NiTi1,
NiTi2 and NiTi3 indicate three different twinning systems in NiTi, as shown in
Table 3. Note that the critical stress is nearly temperature independent.
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[12]. The physics of twinning indicates that in order to form
a twin boundary and for layer by layer growth to the next
twinning plane the twinning partials must overcome the
twin nucleation barrier cut. However, the relationship is
affected by other parameters in the model, so both the
model and experimental data point to a rather complex
relationship.

5. Determination of twinning stress from experiments

In an earlier work we experimentally determined the
critical martensite twinning stress for the shape memory
alloys Ni2MnGa, Ni2FeGa and NiTi (the Ni2MnGa data
was unpublished), which is reported here. Fig. 11 shows
the critical martensite twinning stress vs. temperature for
the fully martensitic phase of Ni2MnGa 10M, Ni2FeGa
14M, Ni2FeGa L10, and NiTi B190. We note that the twin-
ning stress levels are nearly temperature independent in the
martensite regime, as shown. The experimental stress levels
are shown for the martensitic regime only, and different
alloys have different martensite finish temperatures. To
ensure fully martensitic microstructure our experiments
were conducted near �200 �C in some cases.

A set of stress–strain experiments was conducted on Ni2-

FeGa. The typical compressive stress–strain curve of Ni2-

FeGa 14M at �190 �C, which is below the martensite finish
temperature (Mf), is shown in Fig. 12 (this curve is represen-
tative of five repeated experiments). The experiments were
conducted in compression loading of [0 0 1] oriented single
crystals of Ni54Fe19Ga27. For T < Mf the crystal is in the
14M state [15] subsequent to detwinning and reorientation
when the loading reached the critical twinning stress of
55 MPa. Because the Schmid factor for the compressive axis
[0 0 1] and twin system f1 1 0gh1 �1 0i in Ni2FeGa 14M is 0.5,
the critical twinning stress at a temperature of �190 �C was
27.5 MPa. This experimentally measured twinning stress is
in excellent agreement with the predicted value from the P–
N formulation based twin nucleation model (30 MPa based
on Eq. (13)). Upon unloading the twinning-induced deforma-
tion remains as “plastic” strain. However, If the material is
heated above the austenite finish temperature (Af) martensite
to austenite transformation occurs and the “plastic” strain
can be fully recovered (shown by the blue arrow).

6. Discussion of the results

We have presented a general framework for describing
twinning in shape memory materials with attention to the



Fig. 12. Compressive stress–strain response of Ni54Fe19Ga27 at a constant
temperature of �190 �C.

Fig. A1. (a) Configuration of the Peierls–Nabarro model for dislocation
slip. b is the lattice spacing along the slip plane and d is the lattice spacing
between adjacent planes. (b) The enlarged configuration of the green box
in (a). The gray and blue spheres represent the atom positions before and
after the extra half-plane is created. uA(x) and uB(x) are the atom
displacements above the slip plane (on plane A) and below the slip plane
(on plane B), and their difference uA(x) � uB(x) describes the disregistry
distribution f(x) as a function of x. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)
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processes on the atomistic scale. Inevitably, the twinning of
monoclinic, tetragonal, modulated monoclinic and ortho-
rhombic martensitic structures is complex. This paper tries
to demonstrate this complexity and revises the original P–
N model. Without such an understanding the characteriza-
tion and design of new shape memory systems do not have
a strong scientific basis. We suggest that the results could
serve as the foundation to develop a shape memory mate-
rials modeling and discovery methodology, where the
deformation behavior of the material at the atomic level
directly using quantum mechanics informs the higher
length scale calculations. This methodology incorporates
the mesoscale P–N calculation. Previously we showed
how energy barriers (calculated using first-principles
DFT) are utilized in fcc metals to capture the twinning
stress. We note added complexities in the ordered shape
memory alloys, and the need to understand the mecha-
nisms of complex twinning where shear and relaxation of
atoms lead to accurate GPFE descriptions. We note that
the magnitude of the Peierls stress calculated from the
“classical” Peierls–Nabarro model depends exponentially
on the dislocation core size, and therefore the model pre-
dicts significant core size dependence of critical stress
nearly an order of magnitude [4,25,38]. However, the
derived formula for critical twin nucleation stress in the
present study does not have this exponential form, and
the stress is dependent on the elastic strain energy due to
the interaction of twinning partials, in addition to the misfit
energy. Therefore, the dislocation core size affects the twin-
ning stress only slightly. For example, for L10 Ni2FeGa
varying f in the range 1–1.5 Å (h = 0–90�) resulted in scrit

values in the range 49–51 MPa. We also performed calcula-
tions using the local density approximation (LDA) to
determine the planar fault energies and performed simula-
tions with the modified fault energies. The results are in
agreement within 15% in most cases (for example the cisf

values were 89 and 85 mJ m�2 and cut levels were 153 and
142 mJ m�2 for the LDA and GGA, respectively). The
GGA based results compare more favorably with the
experimental twin stress levels.
The modeling results were checked against selected exper-
iments to test the capability of the methodology proposed.
The simulations were undertaken on new shape memory
alloys such as Ni2FeGa, Co2NiAl and Ni2MnGa exhibiting
low twinning stresses (<50 MPa). This is in addition to the
more established but equally complex NiTi, which has multi-
ple twin modes with higher twin stresses (reaching
>150 MPa). We further verified the predictions with experi-
ments measuring the twinning stress in 14M (modulated
monoclinic) Ni2FeGa, with excellent agreement.

There are several observations that are unique to the
findings in this study. We note that twinning in these alloys
cannot be classified with as a simple mirror reflection; the
shuffling due to relaxation at the interfaces needs to be con-
sidered. This modification provides more accurate energy
barriers. In addition to establishing the twinning stress,
our study provides a wealth of information, such as the lat-
tice constants (and hence the volume change, which plays
an important role in shape memory alloys) and the shear
moduli, which can all be measured experimentally.
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Determination of the twinning stress is far more difficult
experimentally, because the experiments need to be per-
formed well below room temperature in several cases and
very precise stress–strain curves measurements on samples
with uniform gage sections need to be established.

Significant effort has been devoted to lowering the mag-
nitude of twinning stress in magnetic shape memory
(MSM) alloys. The main alloy system studied has been
Ni2MnGa, because it undergoes twinning at stress levels
of <10 MPa. The other candidate alloys of interest include
Ni2FeGa, Co2NiAl, and Co2NiGa. Their twinning stress
levels are also rather low (<30 MPa). We can predict the
twinning stress in these materials with considerable accu-
racy and without the need for adjustable constants. NiTi
is a complex system because the twin modes change with
deformation, from the {0 0 1} system to the {012} and
higher order ones. This results in an overall higher twin
stress in the case of NiTi.

Finally, we note that in the “pseudoelasticity” case,
when the SMA undergoes isothermally stress-induced
transformation from austenite to martensite, martensite
undergoes detwinning and this contributes to the overall
recoverable strain. Upon unloading martensite reverts back
to austenite, termed “pseudoelasticity”. The magnitude of
the correspondence variant pair formation strain is of the
order of 5% in NiTi while the shear associated with detwin-
ning is also nearly 5%, making the total near 10%. In the
case of Ni2FeGa the magnitudes of the strains are higher
(near 14%), and the process of twinning plays a consider-
able role [13]. It is difficult to determine the twinning stress
during pseudoelasticity experiments, therefore, theoretical
calculations such as presented in this paper provide a sig-
nificant understanding.

7. Conclusions

This work supports the following conclusions.

(1) The proposed twin nucleation model shows that Ni2-

MnGa 10M undergoes twinning at a stress level as
low as 3.5 MPa, in agreement with the experiment
reults (<4 MPa). Ni2FeGa 14M undergoes twinning
at 30 MPa, also in very close agreement with the
experiments conducted in this study (27.5 MPa).
The predicted twinning stresses for NiTi are higher
(43 MPa for the (100) case and 129 MPa for the
ð2 0 �1Þ case), also in close agreement with the experi-
mental data.

(2) The twinning stress for the newly proposed ferromag-
netic SMAs Co2NiGa, Co2NiAl are 26 and 48 MPa,
respectively, also in close agreement with experiments
(22–38 MPa for Co2NiGa and 32–51 MPa for
Co2NiAl).

(3) Depending on the martensitic structure and twin sys-
tems, the twinning processes may involve combined
shear and atomic shuffling, as in the case of B190 NiTi
(100), which makes determination of the GPFE land-
scape challenging. Nevertheless, determination of the
out-of-plane displacements at twin interfaces during
simulations provides increasingly accurate results
for the energy barriers.

(4) The proposed twin nucleation model reveals that scrit

has an overall monotonic dependence on the unstable
twin nucleation energy cut. The scrit vs. cut plot was cho-
sen to compare theory with experiment. We note that
scrit prediction depends on the entire GPFE landscape,
the elastic constants, and the Burgers vectors, so a sim-
ple relationship cannot be written in an algebraic form.
To achieve lower twinning stresses in SMAs shorter
Burgers vectors, lower unstable twin energies and lar-
ger interplanar distances are desirable.
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Appendix A. Peierls–Nabarro model fundamentals

The Peierls–Nabarro model considers two semi-infinite
continuous half crystals joined at the slip plane with a dis-
location inserted [66]. The behavior of the half crystals is
confined to linear elasticity and all non-linear behavior is
confined to a single plane, as shown in Fig. A1 [67].

According to the P–N model the total energy of the dis-
location with the two half crystals in Fig. A1 can be
expressed as [66]:

Etot ¼ Eelast þ Emis

¼ �K
4p

Z 1

�1

Z 1

�1

df ðxÞ
dx

df ðx0Þ
dx0

ln jx� x0jdxdx0

þ lim
R!1

Kb2

4p
ln Rþ

Z 1

�1
c½f ðxÞ�dx ðA1Þ

where Eelast accounts for the elastic strain energy stored in
the two half crystals, while Emis is the misfit energy repre-
senting the non-linear interatomic interactions in the dislo-
cation core and depends on the position of the dislocation
line within a lattice cell and, hence, is periodic [4,55,68].
The parameter K is a material property measuring the elas-
tic response of the lattice to displacement along the Burgers
vector direction [55], and c is the generalized stacking fault
energy representing the fault energy associated with dislo-
cation motion [3,46].

By considering the lattice discreteness the misfit energy
Emis can be defined as the sum of all the misfit energies
between pairs of atom rows as a function of u [22,66]:

EmisðuÞ ¼
Xþ1

m¼�1
c½f ðma0 � uÞ�a0Þ ðA2Þ

where a0 is the periodicity of Emis(u) and is defined as the
shortest distance between two equivalent atomic rows in
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the direction of the dislocation displacement [69–71]. The
solution of the disregistry function f(x) in the dislocation
core is [45,66,71,72]:

f ðxÞ ¼ b
2
þ b

p
arctan

x
f

� �
ðA3Þ

where f = d/[2(1 � m)] is the half-width of the dislocation
for an isotropic solid [55], d is the interplanar distance be-
tween the twinning planes and m is the Poisson’s ratio.
Using the Frenkel expression [66] c[f(x)] can be written as:

c½f ðxÞ� ¼ cmax

2
1� cos

2pf ðxÞ
b

� �
ðA4Þ

where cmax is maximum fault energy. After substituting
Eqs. (A3) and (A4) into Eq. (A2), we have the following
summation form with m as integer:

Es
cðuÞ ¼

Xþ1
m¼�1

c½f ðma0 � uÞ�a0

¼
Xþ1

m¼�1

cmax

2
1þ cos 2 tan�1 ma0 � u

f

� �� �� �
a0 ðA5Þ

Because the elastic strain energy Eelast is independent of
the location of the dislocation line u, the Peierls stress sp is
then given by the maximum stress required to overcome the
periodic barrier in Emis(u):

sp ¼ max
1

b
dEtot

du

� �
¼ max

1

b
dEmisðuÞ

du

� �
ðA6Þ
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