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ME 531 Lecture # -  Deformation Tensors, Large Deformation Kinematics of Single Crystals, 
Crystal Plasticity   
 
 
 The initial and final (deformed) configurations of continuum w. r. t.  OX1X2X3  ox1x2x3 
 
 

  
 
 
  
 

Note Fij =
∂xi
∂X j

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟       =  (Deformation Gradient)  = δij +

∂ui
∂Xj

 

 

 Small Strain  
∂ui
∂Xj

<< 1  

 
dx( )2 = dxidxi = δijdxidxj  

 

 dxi =
∂xi
∂Xj

dX j  

 

 dx( )2 =
∂xk
∂Xi

∂xk
∂Xj

dXidXj = GijdXidXj  

 

 

� 

Cij =
∂xk
∂Xi

∂xk
∂X j

  Green’s deformation tensor 
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 Principal values of 

� 

Cij  are denoted as 

� 

CI

� 

CII

� 

CIII  (or as the principal stretches  

� 

λ1
2,λ2

2 ,andλ3
2 ) and can be solved from det

� 

[Cij − Cδ ij] = 0 . Corresponding directions for principal 

stretches can be determined by 

� 

[Cij − Cδ ij]N j = 0 . 

Strain Definition: 
 
dx( )2 − dX( )2 =  measure of deformation 

 

 dx( )2 − dX( )2 =
∂xk
∂Xi

∂xk
∂Xj

− δij
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ dXidXJ  

 
    
 

� 

Eij =
1
2

∂xk
∂Xi

∂xk
∂X j

− δij
⎛ 

⎝ ⎜ 
⎞ 

⎠ ⎟ 

� 

=
1
2 FkiFkj − δij( )   =

� 

=
1
2 Cij −δ ij( )  

=  Lagrangian (Green) finite strain tensor 
 

 
 
Illustration of extensional strains (λ  = stretch ratio): 
        Current state 
Reference state       (deformed) 
(“undeformed”)      
           Δx      
                 1  
          ΔX                        λ   ΔX  
     1                 1      1 

  
          
 
 
Measures of (finite) extensional strain: 
 
 Stretch ratios:  λ1 = Δx1 /ΔX1 , λ2 = Δx2 / ΔX2 , λ3 = Δx3 / ΔX3  
 
 Common definition of strain:= (change in length)/(initial length) 
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    = Δx1 − ΔX1( ) /ΔX1 = Δu1 / ΔX1 = λ1 −1  
 
Other strain measures:   
 
E11 = g λ1( )   ( g is a function of stretch ratio) where  g 1( ) = 0   (strain vanishes in the reference 

state)   and ′ g (1) = 1    (so as to agree with above ( simple definition of strain)  when λ1  is very 

near 1). This definition agrees with the infinitesimal strain definition in the right limit. Other 

than that, g can be arbitrary. 

 
Examples: 
 
Strain  E11

M   based on the change of metric tensor 
 
   

� 

E11
M = λ1

2 −1( ) / 2  
 
          = Green Strain 
 
 
   

� 

E11
L = ln λ1( )  

= logarithmic strain  E11
L  

 
 
Note u = x - X 
 

 

� 

∂ui
∂X j

=
∂xi
∂X j

−δ ij  

 
 

Substitute for 

� 

∂xi
∂X j

    into Green-Lagrangian finite strain tensors, 

 

 

� 

Eij =
1
2

∂ui
∂XJ

+
∂uJ
∂Xi

+
∂uk
∂Xi

∂uk
∂XJ

⎛ 
⎝ ⎜ 

⎞ 
⎠ ⎟  

 
 for small strains 
 

� 

Eij =
1
2

∂ui
∂x j

+
∂uJ
∂xi

⎛ 

⎝ ⎜ 
⎞ 

⎠ ⎟  

 
 

Example Problem: 
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The displacement  of a body is described  by 

� 

x1 =
1
2
X1, x2 = −

1
2
X3, x3 = 4X2  

 

What is  the deformation gradient  and its inverse.  

Solution: 

 

� 

F[ ] =

1
2

0 0

0 0
−1
2

0 4 0

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 
⎥ 
⎥ 
⎥ 
⎥ 
⎥ 

 and  

� 

F[ ]−1 =

2 0 0

0 0
1
4

0 −2 0

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 
⎥ 
⎥ 
⎥ 
⎥ 
⎥ 

 

 
Analysis of Deformation  Rate- Deformation Power 
 

  
 Instantaneous velocities of three neighboring particles in a     
 deforming region. 
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 vi denotes the components (u,v,w) of the velocity of particle P whose instantaneous 
coordinates (spatial) are denoted by xi  .  The relative velocity of a neighboring point with 
respect to P is 
 

 δvi =
∂vi
∂xj

δx j  

 

� 

Lij=
∂vi
∂x j

 is the velocity gradient and is the sum of a symmetric and anti-symmetric part 

 

 

� 

˙ D ij =
1
2

∂vi

∂x j

+
∂v j

∂xi

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ =

1
2

(L + LT )  

      =  Deformation Rate Tensor 
 

� 

Ω ij =
1
2

∂vi
∂x j

−
∂v j

∂xi

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ =
1
2
(L − LT )= Spin Tensor 

 
 
Evidently  

� 

˙ D ij = ˙ D ji Ω ij = −Ω ji  
 
Mechanical interpretation 
 
Consider the change of instantaneous length  δs   of PQ 
 
 δs2 = δxi δxi = PQ 2  
 
 δsδ˙ s = δxi δvi  
 

δsδ ˙ s = δviδxi =
∂vi

∂xj

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ δxiδx j  

 

  =
∂vj
∂xi

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ δxiδxj   could interchange i and j 

 

δs δ˙ s =
1
2

∂vi

∂xj

+
∂vj

∂xi

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ δxi δxj  

 
 

� 

= ˙ D ij δxi δx j  
 
 If the unit vector in the direction of PQ is denoted as   ℓ i   then 
 
    δxi = ℓiδs    , then the ratio 
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δ˙ s 
δs

=  is called the rate of extension in the direction PQ. 

 

� 

˙ D or
δ˙ s 
δs

   is then written as:    

� 

˙ D = ˙ D ijℓ iℓ j  

 
    

� 

˙ D = ℓ iℓ j
˙ D ij  

 

  
  

� 

= ℓ2 ˙ D x + m 2 ˙ D y + n2 ˙ D z
+2ℓm ˙ D xy + 2mn ˙ D yz + 2nℓ ˙ D zx

 

 
 where    ℓ,m,n( )   are the direction cosines of PQ. 
 

 
 
The velocity gradient is expressed as, 
 

� 

∂vi
∂x j

=
∂vi
∂Xk

∂Xk

∂x j

  

 

or 

� 

Lij = ˙ F ikFkj
−1

L = ˙ F F−1
 

 
We note the following definitions. Recall, 
 

� 

˙ D ij =
1
2

∂vi

∂x j

+
∂v j

∂xi

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ =

1
2

(L + LT )  

 
 

� 

˙ F ij =
∂
∂t

∂xi

∂x j

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟ =

∂˙ x i
∂x j

=
∂vi

∂xk

∂xi

∂X j

= LikFkj  

 
or  

� 

˙ F = L F  
 
Recall the Cauchy Deformation tensor 
 
  

Multiplicative Decomposition  
 
 
An additive decomposition of logarithmic strain is equivalent to multiplicative decomposition 
of the stretch 

� 

λ , that is,  
 

pe λλλ =   
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We consider the deformation gradient F considered earlier.  
 
 
 
 
 
   
 
 
 
 
 
 
 
 
 
 
The intermediate confirguation is described by the coordinate 

� 

ˆ x 
~

 which is obtained from the 
current configuration by unloading the continuum to a zero stress state.   
 

1. 
~
Xd  is deformed into 

~̂
xd in the intermediate configuration by plastic flow (pure 

plastic deformation )  
 

� 

d ˆ x 
~

= F pdΧ  
 

pF  is the plastic deformation gradient.  
 

X
x

F p

∂
∂=
ˆ

 

 
 

2.  xdˆ  is further deformed into 

� 

dx  in the current configuration by elastic deformation  
 

dx = Fedx̂⇒ Fe = ∂x
∂x̂

 is the elastic deformation gradient.   

 
 
Comparing the above equation,  
 

.peFFF =  
 
The intermediate configuration, in general, is not uniquely determined, since an arbitrary rigid 
rotation can be superimposed on it and leave it unstressed.  
 
 pepTepe FFQFQFFFF ˆˆ===  
 
where  
 

pF
 

� 

F  

Intermediate 
configuration 

� 

d X
~

 

� 

d ˆ x 
~

 

Current 
configuration 

� 

dx
 

undeformed 

� 

F e
 

� 

F e−1

 
Elastic/plastic 
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 pp QFF =ˆ  

 pp FQF =ˆ  
 
The configuration determined by pF̂  remains unstressed because it is formed by a rigid 
rotation of an unstressed configuration. To solve this nonuniqueness, elastic de-stressing is 
assumed to involve pure deformation only, so ee VF =  is a symmetric tensor has been used.   
 
 
Aside:  Polar Decomposition Theorem, Decomposition of Deformation Gradient___  
 
A nonsingular second order tensor A can be decomposed uniquely into the following products.  
 

QVUQA ⋅=⋅=  
 
where Q is an orthogonal tensor, U and V are symmetric tensors.  Deformation gradient, F, is a 
nonsingular second order tensor.  
 

 

F =QU =V ⋅Q

C = FTF =UQTQU

=U 2.
Then,Q = FU −1allows determination of Q.

or B= FFT =VQQTV

 

           2V=  
 
This further polar decomposition theorem F =Q ⋅U =V ⋅Q  
Q is orthogonal rotation tensor, U and V are right and left strech tensors.  (Note F non-singular 
second-order tensor). 
 
Definition of Almansi tensor,  
 

 

� 

E =
1
2
FT F − I( ) use F =F eF p

=F T E eF P + EP
 (*) 

 

� 

E e =
1
2 V e 2 −1( )  

 

 

� 

E p =
1
2 F p T

F p − I( )  

 
 
 pE = strain tensor measured relative to the initial reference configuration and is based 

on deformation from original to intermediate or unstressed configuration.  
(Note Eq. (*) implies that 

� 

E = E e + E p  does not hold in general).  
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 eE = strain tensor measured relative to intermediate configuration, for the deformation 

from unstressed to the current configuration (described by eV ) hence, it 
represents pure elastic strain.  

 
With this additional requirement the above nonuniqueness is solved.  Now we return to the 
velocity gradient defined earlier in our notes, 
 

 

� 

L = ˙ F F −1 = ˙ F eF p + F e ˙ F p( ) F p −1F e−1

= ˙ F eF e−1 + F e ˙ F 
p

F p−1F e−1

= Le + Fe Lp F e−1

 

 
where  
 

 pppp
p

eeee
e

DFFL
DFFL

Ω+==
Ω+==

−

−

1

1

!
!

 

 
Note that pe DD ,  and pe ΩΩ ,  are the symmetric  and antisymmetric parts of eL  and pL .  
 

 
ppppp

eeeee

DFFL
DVVL

Ω+==
Ω+==

−

−

1

1

!
!

 

 
where pe DD ,  and pe ΩΩ ,  are the symmetric and antisymmetric parts of eL  and pL .  
 

 

� 

D = De + V eDp V e−1( )s
+ V eΩ pV e−1( )

s

 

 

Ω =Ωe + V eDpV e−1( )a
+ V eΩp V e−1( )a

 

 

� 

s=  symmetric part 
  

� 

a  = antisymmetric part. 
 
From these two equations, it can be seen that additive decomposition for the deformation rate 
does not hold in general, i.e., pe DDD +≠ in general.   
 
However, for most metals elastic strain is negligible compared to plastic strain in case of large 
deformations.  The elastic stretch tensor, ,eV  is not different from the unit tensor.  
 

ee IV ε+≈  
 
where  
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 eε  is infinitesimal strain tensor or 

� 

F e ≈ I + εe  
 
By ignoring higher-order infinitesimal quantities, we can then write  
 

 
pe

pe DDD
Ω+Ω=Ω

+=
 

 
which is a commonly used assumption in plasticity theories of finite deformation.  
 
 
Crystal Plasticity:  
 

Recall from above 

� 

D = De + F e Lp F e−1( ) s  
 
pL  is plastic distortion rate.  For the case of dislocation motion with glide plane normal, 

� 

n(α ), in 
the direction of slip vector, 

� 

s(α ),  producing shear rate iγ  (slip direction unit vector).   
 
Then,  
 

� 

Lp = ˙ γ (α )

α =1

N

∑ ⋅P(α )  

 

where 

� 

P(α ) =
1
2 sα nα + nα sα( )  is the orientation tensor. 

 
We note that N is the  number of slip systems (depends on the crystal lattice).  We will take a 
closer look at crystal plasticity later. 

 
 

 
 
 
The kinematics of the large deformation of single crystals has been studied since 1930s. During 
plastic deformation, which involves dislocation motion, the lattice axis does not rotate. Then, 
during elastic deformation both lattice deformation and elastic distortion occurs.  
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(adapted from Khan-Continuum Theory of Plasticity, Wiley, 1995) 
 
Consider undeformed configuration 
 

� 

so
α = initial vector in slip direction  

 

� 

no
α = initial unit normal vector to the slip plane of the thα  system  

(

� 

α= 1, 2, …, n where n = total number of systems.  
 

The two configurations are related by  
 

dXFdx ⋅=   
 
where 

� 

x  and 

� 

X  are the current and initial coordinates of a material particle, and F is the 
deformation gradient.  
 
Total deformation takes place in the following steps,  
 

1. plastic (shear) deformation due to dislocation motion.  During this plastic 
deformation the orientation and crystal lattice spacing remain unchanged.  

 
dXFdp p=  

 
αγ = shear producing the plastic deformation.  

 

� 

upα = γ α no
α ⋅ X( ) soα =γ α so

α no
α ⋅ X  

 

� 

F = F e F p
 

� 

Fe
 

� 

γα

 

� 

F p

 

Lattice 
deformation 
(rotation+ 
elastic 
distortion) 

Plastic shear, Mat. 
Deformation (lattice 
fixed to the axis) 
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The displacement produced by multislip (taken as summation over all active slip 
systems).  
 

pF  is then calculated as 

� 

F p = I +
∂u
∂X

 

 

� 

F pα = I + so
α no

α γ α  
 

2. Following the plastic deformation, the material and lattice deforms elastically 
together.  The elastic deformation is described by  

 
dpFdx e=  

 
where eF  is the elastic deformation gradient.  It should be noted that an 
arbitrary rigid body rotation is included in eF .  The total deformation is then 
written as,  
 

� 

F = Fe F p  
 
After elastic unloading the lattice returns to its original position and orientation, 

and the deformation remaining is characterized by ( ) .1 p

FFF e =−
 

 
The vectors attached to the crystal lattice, such as 

� 

sα,nα so
α ,no

α( )  initially will 
deform and rotate due to the deformation. 
 
This deformation and rotation are caused only by the elastic deformation 
gradient eF  including a rigid body rotation.  
 

� 

sα = F eso
α  

 
To keep 

� 

nα  always normal to the slip plane the following relation is introduced  
 

� 

nα = no
α Fe( )−1. 

 
We can show that 

� 

nα ⋅sα = sα nα = 0  since 

� 

no
α  and 

� 

so
α  are unit vectors.  We note 

that 

� 

nα  and 

� 

sα  are no longer unit vectors.  
 
The velocity gradient L in the current configuration is calculated,  
 

1111 −−−− +== eppeee FFFFFFFFL   
 
L can be decomposed into deformation rate and spin tensor D, Ω as,  
 

Ω+= DL  
 
Then we write,  
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pe DDD +=  
 

pe Ω+Ω=Ω  
 

eΩ  = elastic spin due to crystal lattice deformation and rotation  
 

pΩ = plastic spin  
 

eD  = elastic def. rate  
 

pD = plastic def. rate  
 

De +Ωe = Fe Fe( )−1 = Le

Dp +Ωp = Fe F p F p( )−1 Fe( )−1

= FeL0
pFe−1 = Lp

 

 

where 

� 

Lo
p = ˙ F p F p( )−1

= Do
p + Ωo

p  
 

 

� 

Do
p = 12 Lo

p + Lo
pT( )  

 

 

� 

Ωo
p = 12 Lo

p − Lo
pT( )  

 
 

� 

Dp,Ω p  = plastic deformation and spin measured in current 
configuration. 
 
 

� 

Do
p,Ωo

p  = corresponding quantities in the intermediate configuration in 
which no lattice deformation occurred.   
 
We can show (from ppD Ω+  expression) that  
 

 ( )1−= ep
o

ep FDFD  
 

 Ωp = FeΩo
p Fe( )−1  

 

 ∑
=

=
n

oo
p
o nSL

1α

αααγ      (*) 

 
 (in the reference config.)  
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αγ  is the shear rate on the thα  slip system.  For FCC n = 12.  From 

� 

F pα = I + so
α no

α γ α  it follows that  
 

 

� 

Fopα −1 = I −γα soα noα

Fopα = ˙ γ α soα noα
 

 
Since 

� 

˙ n o = ˙ s o = 0.  Using  
 

1−= ppp
o FFL   and 

� 

no so = 0  
 

ααα γ oo
p
o nSL =  

 
Equation (*) is a generalization of this result for multislip case.  The plastic 
deformation rate and spin in the reference configuration are,  
 

⎪
⎪
⎭

⎪⎪
⎬

⎫

Ω=Ω

=

∑

∑

=

=

αα

α

αα

α

γ

γ





o

n
p
o

o

n
p
o PD

1

1  (**) 

 

� 

Poα = 1
2
soα noα + noαsoα( )

Ωo
α = 1

2
soα noα − noαsoα( )

 

 
It is possible to express (*) and (**) in the current configuration by using  
 

( )1−=Ω+ ep
o

epp FLFD  
 
and 
 

1

1

−

−

Ω=Ω

=

ep
o

ep

ep
o

ep

FF

FDFD
 

 
Then, we obtain  
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Lp =
α=1

n

∑ γ α sα nα

Dp =
α=1

n

∑ Pα γ α , Ωp =
α=1

n

∑ Ωα γ α

Pα = 1
2
sαnα + nα sα( )

Ωα = 1
2
sαnα − nα sα( )

 

 
Note ( ) ( ) 0== p

o
p DtrDtr  is the incompressibility condition.   

We now determine the changing rate of both vectors 

� 

sα  and αn  due to the elastic 
deformation of the crystalline lattice.  

 

sα = Fe ⋅ so
α = Fe Fe( )−1

= Le sα = De +Ωe( ) ⋅ sα
 

 

nα = no
α ⋅ Fe( )−1

= no
α ⋅ − Fe( )−1 ⋅Le( )  

 
nα = −nα ⋅Le = −nα De +Ωe( )  

These are two differential equations governing the rotation of  

� 

sα  and αn .   
Summary: 
 

 

L = Le +
α=1

n

∑ γ α sα nα

D = De +
α=1

n

∑ Pα γ α

Ω =Ωe +Ωp =Ωe +
α=1

n

∑ Ωα γ α

 

nα = no
α ⋅ Fe( )−1

nα = no
α ⋅ − Fe( )−1 ⋅Le( ) = −nα (De +Ωe )

 

 

� 

˙ s α = ˙ F e ⋅ so
α = ˙ F e F e( )−1

= Le sα = De + Ωe( ) ⋅ sα  

 
where the elastic deformation of the crystal includes a stretch and a rotation. 
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If elastic deformation is small,  
 

� 

F e = Re ⋅Ue ≈ R,Ue = I  
 
where eR  is an orthogonal tensor IRR eTe =  represents rigid body rotations of 
crystal.  Then,  
 

 
Le = Fe ⋅ Fe( )−1 = Re ReT  
 
(Same as our ϕ=TQQ  defined earlier as an antisymmetric tensor). Then, we 
have 
 

 

Le =Ωe = Re ReT

De = 0
 

 
and   
 

sα = Re so
α nα = no

α ReT

sα =Ωe sα nα =Ωe nα

⎡

⎣

⎢
⎢
⎢

 

 
These two equations are most commonly used.  Note 

� 

sα , αn  are unit vectors and 
always normal.   
 
Summary:  elastic def. small. De = 0  case 
 

 
L =Ωe +

α=1

n

∑ γ α sα nα  

 

D =
α=1

n

∑ Pα γ α  

 

αα

α

αα

α

γ

γ





Ω+=

Ω+Ω=Ω

∑

∑

=

=
n

eTe

n
e

RR
1

1  

� 

sα = Re so
α nα = no

α ReT

˙ s α = Ωesα ˙ n α = Ωe nα  

 
pe FRF ⋅=  
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Elastic-Plastic Const. Equations 
 
The elastic properties are not affected by the plastic deformation. Elastic Law proposed by Hill 
and Rice can be written as,  
 

� 

σ
∇ e

+σ tr De( ) = C:De  
 
where  

� 

C is a fourth order tensor of elastic moduli, depends on the crystal properties. In the case 
of isotropy there are two constants.  The Jaumann rate of Cauchy stress  based on the axis that 
spin with the lattice, 
 

� 

σ
∇ e

= ˙ σ −Ωeσ + σΩe  
 

eΩ  = lattice spin  
 
σ  = material time derivative  
 

e∇
σ  = corrotational rate of stress based on axes that rotate rigidly at the lattice spin eΩ .  
 
Jaumann rate of Kirchoff stress is defined as,  
 

( ).e
e

Dtrσστ +=
∇∇

 
 
where the ref. conf. is chosen to coincide instantaneously with the current conf.   
 

� 

τ =
ρo

ρ
σ = det(F)σ  

 

ionsconfiguratcurrentandreferenceindensitiesmass⎥
⎦

⎤
ρ
ρo  

 
It is better to work with total quantities D and Ω and slips .aγ  We now transition to elastic-
plastic response. 
 

� 

σ
∇

+σ tr(D) = C:D −
α =1

n

∑ C:Pα + βα[ ] ˙ γ α     (***) 

 

� 

βα = Ωα ⋅σ − σ ⋅Ωα  
 
Note ep trDtrDDtr == 0  is used. Note that the Jaumann rate of Cauchy stress is based on total 
spin of the continuum, 

� 

Ω. 
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γ α =

β=1

n

∑ Kαβ
−1 Pβ :σ

∇
 

 
where  
 
Kαβ = hαβ − P

α :ββ  
 
h = hardening modulus matrix  

=ααh  self hardening  
=αβh  latent hardening  

 

 
τ c
α  = hαβ

β=1

n

∑ γ β  

 
is the description of hardening.  τ c

α  is the critical stress of the α th slip system . the summation 
is conducted over all slip systems . Determination of hαβ can be challenging. One important 

preliminary decision to be made concerns the hardening matrix, .  Several different linear 
hardening matrices have been proposed.  Taylor [1938] proposed that the hardening matrix 
could take the following form: 

hαβ =
h hl
hl h

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

 

          

where h = hl constant, and the hl  terms represent latent hardening.  Latent hardening is the 

hardening on one slip plane caused by slip caused on another.  However, new evidence 
compelled the experimenters to use a different matrix.  Koiter [1953] proposed a hardening 
matrix that did not include latent hardening: 
 

   hαβ =
h 0
0 h

⎛
⎝⎜

⎞
⎠⎟        

 
Although this matrix does not include latent hardening, it does a good job correlating with 
experimental results.  Bassani et al. [1991] stated that experimental evidence indicates that latent 
hardening is much smaller than primary hardening when two or more slip planes are active.  
They even concluded that a latent hardening ratio (q=hl/h) of zero is reasonable. 
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Take a single crystal and oriented it with respect to the Tensile Axis (TA) in such a way that only a single slip 
system (α) is active. Then, strain the crystal until a γ

α,P 
strain is reached.�Now, change the orientation of the TA 

such that a successive secondary test takes part on the same specimen. The new orientation of the TA will activate a 
previously latent slip system (β). The amount of latent hardening, i.e. hardening of the secondary non-active system 
during primary slip, is directly observable through comparison of the back-extrapolated initial yield stress τ

rSβ 
in 

the secondary test with the stress level τ
rPα 

at the prestrain γ
α,P 

in the primary test. 

See more discussion on latent hardening in the following section.  

 

We note that as deformation occurs we track the shear stress on the slip system. If it exceeds  τ c
α  

then that system is activated. This description is a bit of the form of isotropic hardening. There 
is no back stress on the slip system with this formulation.  So, we have, 
 

  If  

 

τ α < τ c
α then γ α = 0

τ α = τ c
α then γ α ≥ 0

 

 
 
 
Now going back, substitute αγ  into the main const. Equation (***),  
 
In the case of small elastic def. , 

� 

De = 0 , 
 

∇
−

==
∑∑= σβ

αβ
α

βα
:1

11
PKPD

nn

 

 
Also  
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∇

−

==

Ω=Ω ∑∑ σβ
αβ

α

βα
:1

11
PK

nn
p  

 
In general as part of the solution to the problem, you solve for  the rotation tensor  Re  from 
 

 

Ω =Ωe +
α=1

n

∑ Ωα γ α

= Re ReT +
α=1

n

∑ Ωα γ α = Re ReT + Re

α=1

n

∑ Ω0
αReT γ α

 

We update the Re  tensor using the time derivative of the rotation tensor.  
 
Single Slip 
 
The equations are considerably simplified in this case. 
 

111
11 : PPKD ⎟

⎠
⎞⎜

⎝
⎛=

∇
− σ  

 
111

11 : Ω⎟
⎠
⎞⎜

⎝
⎛=Ω

∇
− σPKp  

 
where  
 

� 

P1 =
1
2
s1n 1 + n1s1( )  

 

� 

Ω1 =
1
2
s1n1 − n1s1( )  

 

� 

K11 = h − P1:β1

= h − P1: Ω1σ −σΩ1( )  

 

� 

h  = experimentally determined hardening modulus in single slip.  
 

In the above equations, 

� 

s1, n1 represent the unit vectors in the slip direction and unit normal 
vector to the slip plane respectively.  
 
In the case of uniaxial deformation (loading), 
 

(1) the lattice will rotate, the loading axis remains the same (no rotation). 
(2) Alternately, if the lattice is assumed to be held fixed (

� 

s1, n1  fixed) then the loading axis,

� 

v , 
(initial direction, 

� 

vo )  will rotate relative to the unit slip directions 

� 

s1, n1 .  
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The specimen is restrained by the grips of the machine, and the total rotation of the continuum 

is zero. This implies that 

� 

Ω = Ωe + Ωp = 0  and 

� 

σ
∇

= ˙ σ . We note that even though the crystal 
lattice is subjected to infinitesimal elastic deformation (

� 

De = 0), it could undergo rigid rotation, 

� 

Ωe ≠ 0  (essentially this defines the rotation tensor). So, in a uniaxial simulation the relative 
rotations are defined through 

� 

Ωe ≠ 0 . 
 
 
 

 
 
 
 
 

                        
The current stress axis and the original stress axis are shown.  
We specialize our equations for the uniaxial  loading case,  and single slip system, 

� 

s1, n1 . 
 

� 

β 1 = Ω1σ −σΩ1 = 2Ω1 ⋅ σ  where  
 

Stress 
axis, 

� 

v  

� 

s1 

� 

n1 

Fixed 
original 
axis, 

� 

vo  

Uniaxial 
loading  
where a 
single slip 
system is 
activated. 
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� 

Ω1 =
1
2
s1n1 − n1s1( ) =

1
2
si
1nk

1 − sk
1ni

1( )  

 

� 

βij

1 = 2Ω ik

1 σ kj  where 

� 

σ kj =σν kν j   and 

� 

σ  designates the applied stress. 
 

βij
1 = 2 1

2
⎡
⎣⎢

⎤
⎦⎥
si
1nk
1 − sk

1ni
1( )σν kν j  

 
β1 =σ si

1ν j nk
1ν k( )− ni1ν j sk

1ν k( )⎡⎣ ⎤⎦

=σ sν n.ν .( )− nν s.ν( )⎡⎣ ⎤⎦
 

Recall the definition of the orientation tensor, P1 =
1
2

si
1nj
1 + s j

1ni
1( )( )  

 

� 

P1 :β β =
σ
2
s j

1n j

1si
1ν j nk

1 ⋅ ν k( ) − si1nj

1ni

1ν j sk
1 ⋅ sk

1( )[
+ sj

1ni

1si
1ν j n k

1 ⋅ν k( ) − s1 jn i

1ni

1ν j sk
1 ⋅ sk

1( )]
=
σ
2

n1 ⋅ ν( ) 2

− s1 ⋅ν( ) 2[ ]
 

 
 
Note 

� 

si
1 ⋅ ni

1 = 0 ,      ∴ 2nd and 3rd terms are zero.  The scalar h is the experimentally measured 
hardening modulus for single slip.  
 

K11 = h −
σ
2

n1 ⋅ν( )2 − s1 ⋅ν( )2( )  

 

 

P1 : σ = P1ij σ ij

= P1 = 1
2

si
1nj
1 − s j

1ni
1( )( ) σ ν iν j( )

= 1
2

n1 ⋅ν( ) s1 ⋅ν( ) + n1 ⋅ν( ) s1 ⋅ν( )⎡⎣ ⎤⎦ σ

 

 

 
P1 : σ = σ n1 ⋅ν( ) s1 ⋅ν( ) .  From this, one can obtain the deformation rate D using 

111
11 : PPKD ⎟

⎠
⎞⎜

⎝
⎛=

∇
− σ .  

 
=⋅⋅= ννε D axial component of deformation rate.  
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AN ANALYSIS OF NONUNIFORM AND LOCALIZED 
DEFORMATION IN DUCTILE SINGLE CRYSTALS 

D. PEIRCE. R. J. ASARO and A. NEEDLEh1.G 

Division of Engineering. Brown University. Providence. RI 02912. U.S.A. 

(Recrirrti 3 Soremher 198 I) 

Abstract-The nonuniform and localized deformations of ductile single crystals subject to tensile loading 
are analyzed numerically. The crystal is modelled by a rate independent. elastic-plastic relation based on 
Schmid’s law which precisely accounts for lattice rotations. Both self hardening and latent hardening of 
the slip systems are included in the model. The crystal geometry is idealized in terms of a planar double 
slip model. Initial imperfections are specified in the form of slight thickness inhomogeneities and the 
calculations follow the crystal deformation through diffuse necking and the formation of shear bands. 
The pattern of shear bands depends on the initial tmperfection, but, independent of the particular small 
imperfection. the material planes of the bands are inclined at a characteristic angle to the slip planes. 
Also. the lattice misorientation across the shear band. which is such as to cause neometrical softening of 
the bands. is not sensitive to the imperfection form. For high strength. low hardeking crystals a compari- 
son with existing experimental data shows remarkably good qualitative and quantitattve agreement 
between the calculations and observations. R’e also model a relatively soft high hardening crystal which 
undergoes more diffuse necking than the strong high hardening crystal. Diffuse necking leads to latttce 
rotations which produce geometrical softening and hence promote shear band formation. Furthermore. 
we carry out a calculation for a hig,h strength low hardening crystal with the latent hardening ra:: 
prescribed somewhat larger than for tsotropic hardening. In this case a ‘patchy’ pattern of slip emerges. 
However. the course of shear band development is unaffected. 

R&urn&-Xous avons analyse numeriquement les deformations localisees et non uniformes de monocris- 
taut ductiles au tours dun essai de traction. Le modele choisi pour le cristal est une relation tlastique- 
plastique indipendante de la vitesse qui repose sur la loi de Schmid et qui rend compte avec precision 
des rotations du reseau. Dans ce modele. sont inclus I‘auto durcissement et le durcissement latent des 
systemes de glissement. La geometric du cristal est schematisee a partir d’un modile de double glisse- 
ment plan. Les imperfections initiales sont introduites sous la forme de ltgtres variations d’epaisseur et 
les calculs permettent de suivre la deformation du cristal par striction diffuse et par formation de bandes 
de cisaillement. L-allure des bandes de cisaillement depend des imperfections initiales, mais. quelles que 
soient ces soient ces dernitres, les plans des bandes sont inclines par rapport aux plans de glissement et 
forment avec ceux-ci un angle caracteristique. La d&orientation du riseau a la traversie de la bande de 
cisaillement. qui peut causer un adoucissement giometrique des bandes. n’est pas non plus sensible a la 
forme des imperfections. Dans le cas des cristaux a forte resistance et a faible durcissement. une compar- 
aison avec les don&es experimentales existantes met en evidence des accords qualitatif et quantitatii 
remarquablement bons entre les calculs et les observations. Nous avons egalement modelise un cristal 
relativement mou a fort durcissement. presentant une striction plus diffuse que le cristal resistant a fort 
durcissement. Une striction diffuse produit da rotations de reseau qui provoquent un adoucissemenr 
geomttrique et favorisent done la formation de bandes de cisaillement. De plus. nous avons effectue Is 
calculs pour un cristal a forte resistance et a faible durcissement. dont la vitesse de durcissement latent 
etait choisie ligerement plus grande que pour le durcissement isotrope. Dans ce cas. le glissemenr 
conduisait a une morphologie en ‘patchwork. Toutefois. le developpement des bandes de cisaillemsnt 
n’etait pas affect& 

Zusammenfassung-Die ungleichmaBige und lokalisierte Verformung duktiler Einkristalle unter Zuglast 
wird numerisch analysiert. Der Kristall wird modelliert mit einer geschwindigkeitsunabhlngigen elas- 
tisch-plastischen Beziehung auf der Grundlage des Schmidschen Schubspannungsgesetzes, welches Git- 
terrotationen exakt beriicksichtigt. Im Model1 sing sowohl Eigen- als such latente Verfestigung der 
Gleitsysteme eingeschlossen. Die Kristallgeometrie wird in idealisierter Weise mit planarer Doppelglei- 
tung beschrieben. Die Anfangsstorungen werden als kleine Dickeninhomogenitaten vorgegeben. Die 
Berechnungen verfolgen die Kristallverformung iiber diffuse Einschnlrung und Ausbildung von 
Scherbandern. Das Erscheinungsbild der ScherbBnder hangt ab von den Anfangsstorungen. die Bande- 
benen jedoch sind -unabhangig von dem einzelnen kleinen Fehler- unter einem charakteristischen Win- 
kel zu den Gleitebenen geneigt. Die Gitterfehlorientierung im Band entspricht einer geometrischen 
Entfestigung dieser Bander und hLngt wenig van der Form der Fehler ab. Bei den hochfesten. sich wenig 
verfestigenden Kristallen zeigt ein Vergleich cute ijbereinstimmung zwischen Rechnungen und Beobach- 
tungen. AuBerdem wird ein relativ weicher. sych stark verfestigender Kristall modelliert, der eine starkere 
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Neigung zu diffuser Einschniirung al s  di e  hochfesten, sich stark verfestigenden Kristalle aufweisr. Diffuse 
Einschniirung erpibt Gitterrotationen. die eine geometrische Entfestigung verursachen und dadurch die 
Scherbandbildung fdrdern. Dartiberhinaus wurde da Verhalten eines hochfesten. sich wenig verfestigen- 
den Kristalles berechnet. dessen latente Verfestigungsrate etwas gr6l3er als bei isotroper Verfestigung ist. 
In diesem Falle tritt ein ‘fleckiges’ Gleitungsmuster auf; der Entwicklungsverlauf der Scherbindel wird 
nicht beeinflul3t. 

1. INTRODU~ION 

In the early stages of tensile straining, single crystals 
of ductile pure metals and alloys exhibit deformation 
patterns which, on a macroscopic scale, are essentially 
homogeneous. With continued straining, however, the 
homogeneous deformation pattern is observed to give 
way to a non-homogeneous one, generally through 
the onset of diffuse necking and/or localized shearing. 
Failure usually ensues either by necking down to a 
‘chisel edge’ or by rupture within intense shear bands. 

Although an appropriate approximate criterion for 
the onset of diffuse necking-the attainment of a load 
maximum-has been known for some time, quantitat- 
ive criteria for the initiation of localized shearing are 
more recent in origin. Initially, localized shearing was 
associated with reaching an ideally plastic state. In 
fact, for crystals undergoing single slip and obeying 
the Schmid criterion for continued yielding, it is 
necessary for the slip plane work hardening rate to 
vanish in order to initiate localized shearing. On the 
other hand. for crystals whose yield criteria deviate 
from Schmid’s law, in that stress components other 
than the slip plane resolved shear stress influence 
yielding, the critical slip plane hardening rate for 
shear band formation is positive as shown by Asaro 
and Rice [ 1). 

In most cases, however, shear band formation is 
observed in crystals undergoing multi-slip, often with 
a double mode of primary-conjugate slip. Employing 
a planar idealization of this primary-conjugate slip 
mode, Asaro [2] has analyzed the initiation of shear 
banding in single crystals. Taking each slip system to 
satisfy Schmid’s law, Asaro [2] found that shear band 
initiation is associated with the attainment of a criti- 
cally small positive value of the ratio of slip plane 
hardening rate to the current stress level. The kinema- 
tics and strain hardening characteristics of crystallo- 
graphic slip were seen to play an important role in the 
localization process. The discreteness of slip systems 
leads to a yield surface vertex which, in turn, results in 
a reduced stiffness to an abrupt change in loading 
path from tension to shear. Also, the predicted shear 
band orientation is not the same as that of either of 
the active slip systems and the induced lattice misor- 
ientation is such as to lead to geometrical softening in 
the band. 

Chang and Asaro [3] carried out experiments on 
localized shearing in face centered cubic aluminium- 
copper single crystals subject to several aging treat- 
ments. The observations in [3] were consistent with 
the trends predicted in [2]. For crystals containing 6’ 
precipitates the onset of macroscopic shear bands was 

associated with a critically low value of the ratio of 
slip plane hardening rate to current tensile stress in 
good agreement with the predicted value: the material 
planes of the bands were misoriented from the planes 
of the active slip systems and the resulting lattice 
misorientations across the band, associated with the 
formation of tilt boundaries, induced geometrical 
softening in the localizing region. 

The theoretical analyses referred to above have 
addressed the initiation of shear banding. In fact. the 
theoretical framework in which these analyses are car- 
ried out associates the formation of shear bands with 
a material instability and is due to Hadamard [a], 
Thomas [S] and Hill [6] (see also Rice [7] and Need- 
leman and Rice (8-J). A material element, with all 
around displacement boundary conditions so as to 
rule out geometric instabilities, is considered to be 
subject to loading that could give rise to a homo- 
geneous deformation state. The conditions are deter- 
mined under which a bifurcation into a localized 
shearing mode is possible. Often the growth of the 
diffuse necking mode, which entails substantial non- 
homogeneous deformations. is observed to precede 
shear band initiation so that the above theoretical 
framework is not directly applicable. Indeed, in 
Chang and Asaro’s [3] tests on Al-Cu crystals con- 
taining 6 precipitates, very pronounced diffuse nec- 
king precluded accurate estimation of flow stresses 
and work hardening rates at the onset of localized 
shearing. Furthermore, an analysis of localized plastic 
flow in the plane strain tensile test carried out by 
Tvergaard et al. [9] for polycrystalline solids revealed 
that geometrical instabilities, in addition to the diffuse 
necking one, could play a significant role in inducing 
local strain concentrations which promote shear band 
formation. 

In the present paper, we carry out a finite element 
analysis of non-uniform and macroscopically local- 
ized deformation in single crystals deformed in ten- 
sion. We believe the present calculations represent the 
first full solution to a boundary value problem for a 
non-homogeneously deforming elastic-plastic single 
crystal. The numerical procedures employed follow 
along the lines of those used by Tvergaard et al. [9]. 
The single crystal constitutive law falls within the 
framework described by Hill and Rice [lo]. The flow 
rule is based on the Schmid principle of a critical 
resolved shear stress and accounts for both self hard- 
ening and latent hardening of the slip systems. In the 
computations the crystal geometry is idealized in 
terms of the two dimensional double slip model of 
Asaro [Z]. Essentially the model involves two possibly 
active slip systems which are in roughly primary-con- 



jugare r:!ation to each otk: and are s>mmctri<a!i) 
oriented about the tensiie axis b&x deformation 
begins. As in fkergaard t’r ui. [S] a smal! initial geo- 
metric imperfection is specified and the &formation 
history of the irysta! is cakulatsd iE a linear in- 
cremental iashion. 

The calculations follow the crvsta! through necking 
and the formation of shear bands and describe severai 
important features of shear Iocalization ahich are in 
close agreement with esperiments. For sxampie. the 
material planes of the bands arc found to be inclined 
at a characteristic angle to the slip plane orientation. 
As a consequence of material compatibility. lattice 
rotations occur. These rotations cause geometrical 
softening of the bands: i.e. A higher cr>stallographi< 
resolved shear stress. The computed lattice rotations 
are in close correspondence with those found csperi- 
mentally [3]. 

Another finding of our calculations relates to the 
effect of strain hardening rate and Hex stress IeLe! on 
the amount of necking that precedes shear localiz- 
ation and to the effects of necking on the formation ol 
shear bands. Observations seem to indicate that 
softer, high hardening, crystals (e.g. of pure. single 
phase materials) undergo more necking than strong. 
lower hardening, crystals (e.g. precipitation hardened 
alloy crystals). Since the conditions for shear band 
formation are essentially the attainment of a criticall! 
low value of the ratio of slip s>st?m srkn hardening 
rate to current tensile stress. the calcuiations reflect 
this trend. What is quite interesting. though. is that 
the neck itself induces lattice rotations which lead to a 
geometrical softening; this in turn affects shear band 
formation. as suggested b>- Saimoto t’r (I/. [! I]. The 
result in the model simulations IS that the shear bands 
form more gradually and intensify more slo~vly in 
softer crystals than in stronger crystals. 

Our calculations have also uncovered some very 
interesting and potentially important effects due to 
latent hardening. W’hsn latent hardening rates on the 
slip systems are prescribed. in our model. to be sutfi- 
ciently larger than the self-hardening ra?es [i.e. sufi- 
ciently greater than for Taylor’s isotropic hardening). 
the deformation rapidly becomes ‘patch?.’ This means 
that due to the small initial thickness inhomogeneitl; 
included in the calculations. the crystal breaks up into 
distinct regions each of which is characterized bq 
single slip on the primary system. by single slip on the 
conjugate system. or by double slip. It is indeed intsr- 
esting that observations of such patch>- slip in single 
crystals. as well as within grains of polycrvstals. have 
been commonplace. An excellent example is found in 
Fig. 9a of Piercy e’f ai. [I:]. r-produced in our Fig. 1. 
In relation to this and similar figures. Piercy t’r ‘ii. 
state that. “These results prove the r:ali:y of latent 
hardening. in the sense that the slip lines of one sys- 
tern experience difficulty in breaking through the 
active slip lines of the other one.” [ 12. p, 3371. ,A.5 v,III 
be discussed subsequently. associat4 with this 
phenomenon of patchy slip is the fundamental qxes- 

tion of uniqueness in the choice of active slip systems 
and thus in predicted lattice rotations. This has Impli- 
cations for texture development and pol>crystal!inr 
constituiive behavior as has been commenkd on. for 
<sample. by Bo:ts and Ogilvie [ 131. and. mop: 
recentI\. bv Kocks and Canova [l-l] and by Franciosi I ~ 
c’t (il. [IS] Thus our studies ot ’ the effects of latent 
hardening on the uniformity and stability oi crystal- 
lint slip may hat2 implications beyond its skt on 
localized shearing 2nd fracture. 

Tht p!un of the paper is as fol!ou-s: in Section 2 ue 
review obscx~tions and interpretations oi localized 
tiow in single crqst:i!s in order to place our analysis in 
pcrspectiie: in Section 3 the constitutive Ia\{ used in 
the calculations is described. including analyses which 
point out some si@cant consequences of strong (i.e. 
greater than Taylor) latent hardening: in Section -I the 
numerical method is outlined and the results are 
presented. 

2. PERSPECTIVES OS SHEAR 
LOCALIZATION IN DUCTILE 

SIXGLE CRYSTALS 

Precipitation hardened alloys containing coherent 
zones or coherent and semi-coherent prscipitates 
form an interesting class of materials that display 
intense shear bands leading to fracture. Elam [ 161 
was perhaps the first to show that single crystals of 
aluminum-zinc alloys failed by shearing off within 
mucroscopically localized bands. Elam [ Ih] reported 
that the bands formed at smaller strains when the zinc 
content. and therefore the strength. \vas increased. In 
fxt. \xith zinc contents larger than lo”,, by Lveight the 
bands formed so abruptly. and led to fracture with so 
little subsequent strain. that she referred to them as 
cleavage fractures. She also noted that. ‘-The maxi- 
mum increase in hardness occurs in the sarlq stages of  

deformation. but the shear stress [on the acriie slip 
systems] increases right up to the breaking point”. 
[I& p. I-U] implying an absence of a;: idsall) plsstic 
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or strain softening state. X double mode of primaq- 
conjugate slip always prevailed at the points where 
shear localization began even in the few crystals in 
which the bands formed before the tensile axis 
reached the symmetry position. Similar observations 
uere made h_ Karnop and Sachs [17]. 

These early studies &err followed by work on 
;\I-Cu by Beevers and Honeycombc [IS] and on 
.Ii-Cu. A-Zn. .A-.-\y and Cu-Be alloys by Price and 
Kelly [19]. In zone hardened crystals. Beevers and 
Honeycombs [lU] were able to show a correlation 
between a critical value of the resolved shear stress 
and shear fracture along planes that were closely 
aligned with an active slip system. Price and 
Kelly [l9]. by carrying out careful studies of the 
deformation patterns in coherent zone-hardened crys- 
tals of the four alloys mentioned aboxc. \\ere able to 
correlate a critical value of resolved shear stress with 
the initiation of ivhat they called ‘coarse slip bands.’ 
These coarse slip bands themselves did not accumu- 
late very large strains but eventually led to shear frac- 
ture as in the Beevers and Honcycombe [IS] esperi- 
ments. Price and Kell>‘s experiments [ 191. in particu- 
lar. further shobved that the initiation of coarse slip 
bands, as well as the development of macroscopic 
shearing, occurred while the materials Lvere strain 
hardening. It is important to note. moreover. that the 
coarse slip bands which were characteristic of the 
zone hardened microstructures Lvere very closely 
aligned with the active slip system. On the other hand 
it is clear, in retrospect from the bvork of Elam [16], 
and particularly from more recent \\ork [3], that the 
macroscopic bands (or shear fracture planes) were 
misoriented \vith respect to the surrounding lattice by 
at least several degrees. In fact. Elam [16] reported 
fracture planes that wsre as much as IO--30‘ misor- 
iented from an operative slip system. The sense of this 
misorientation is not clear from Elam’s[16] work, 
but from the micrographs shown by Price and 
Kelly [19] it appears that, relative to the slip system 
with which they are nearly aligned, the bands are 
rotated MLI.~ from the tensile axis. With regard to 
these misorientations. Elam commented that ..It is as 
if fracture began by failure on the slip-plane. but that 
some distortion. probably on one or more other 
planes. led to the final rupture”. [ 16. p. 1431. 

Chang and Asaro [3] have conducted experiments 
on Al-Cu crystals aged to contain coherent zones. as 
well as semi-coherent and incoherent precipitates. 
Figure 2 shows an esample of the formation of 
macroscopic bands in a crystal aged to contain 0 
precipitates and in which the tensile asis was initially 
aligned along a ( I12 ) direction. The crystal first 
deformed homogeneously in tension and then under- 
went diRuss necking. Shear bands formed within the 
neck and, as they did. the load began to drop quite 
rapidly-a load-engineering strain curve for an idsnt- 

ical crystal is shown later in Fig. 20. Crystals that 
contained incoherent H particles behaLed similarI) to 
those containing 0 except that they underwent con- 

Fig. 2. Localized shear in a single crystal of Al-23 
ivt”,, Cu. The microstructure contained 0 precipitates. Dif- 
fuse necking preceded shear band formation. Note also the 
fracture in the center of the gage. I Photo taken from Chang 

and Asaro [3] I. 

siderably more necking before the macroscopic shear 
bands formed. In addition. the bands were not as 
straight as in the other microstructures. as can be seen 
in Fig. 3. Figure 3 shows a shear band in a crystal 
containing 0 where the bending of the band in a direc- 
tion further away from the tensile asis is evident at 
the specimen‘s free edges. In crystals that were zone 
hardened. macroscopic shearing and necking were 
preceded by the formation of coarse slip bands as 
shown in Fig. 1. As in the Price and Kelly [I91 
studies, the coarse slip bands did not in themselves 
accumulate large strains but appeared to serve as in- 
itiation sites for macroscopic bands. Figure 4 demon- 
strates ho)\- macroscopic bands form within clusters 
of coarse slip bands. This figure also shows how the 
macroscopic bands become misoriented with respect 
to the coarse slip bands (and the undsr!l;ing crystallo- 
graphic slip planes) due to the distortions caused b> 
slipping on another slip plane as suggested by 



Elan: [I$]. The otiw: pians in t&is case. as determined 
b?- Cbang and Assro [3]. is that of the conjugate slip 
<)-stem. Thus. there are ver) important ini?uence~ of 
microstructure on the de~eiopmcnt of nonuniform 
plastic rtow in these alloys. 

Fig. 3. tosatized Sh%iring in single c r~J i&  of  -\I -3  
u t ’.Cu. similar to those in Fir. 2. txcept the mwostruc- 
ture sonta:ned 64 phase. The &x bands are somewhat 
bent. espetially nrw the free surfxes. (Photo t&en irom 

Chang and .Asaro (31 ). 

Fig. 4. Macroscapic localized shear bands !SfSBl and 
~t~rst: slip bands fCSB) in single crystals of A&23 wt*&, Cu 
sontaining GP If 7ones. Note rhr misorirntation betuitrn 
the two kinds of bands especially evident in the left phoio. 
Xvot e a lso how the macroscopic bands form within clt~stcr~ 

of coxse slip bands. IPhoto taken from Chang ,nd 
Asnro [3] 1. 

As just mentioned. macxscopic shear bands are 
not aligned with the operating slip planes. as is clearly 
seen in Fig. 4. The IUCC~W within the macroscopic 
bands has been shown by Chang and Asaro [3] to be 
misoriented from that in the surrounding crystat. and 
these rotations were such as to cause a geometrical 
softening in the bands. This geometrical softenins 
competes with the material hardening and causes a 
greatly reduced overall stiffness of the crystal to this 
particular deformation modct. The observations of 
Chang and Asaro [3] further suggested that the defor- 
mation within the bands become more sin& slip in 
character as the strains increased and that the harden- 
ing rates within the bands rapidly decreased. perhaps 
due to elimination of latent hardening contributions. 
Crystals containing (I phase underwent the most nec- 
king and the material planes of the shear bands were 
roughly at 45’ to the tensile asis; in other a-ords. the 
bands Iay along a ptane of rna~~rn~lm shear stress. In 
all the other microstructures the m&orientation 
between slip plane and shear band was considerably 
less as can be observed in Figs 2 and 4. 

Localized shearing is not peculiar to allog crystals. 
Figure 5 shows an example in pure single phase cop- 
per. The phenomenoio~y of locaiized shearing in this 
case. described by Saimoto cl ~i, [ 11). appears to have 
been very similar to that observed in the aforemen- 
tioned .Al-Cu alloys containing 0’ and t) microstruc- 
tures. The tensile axis in the crystal shown in Fig. 5 
was aligned along a ( 113) direction and. after some 
uniform extension. diffuse necking developed. Shear 
bands then formed within the necks. Saimoto et 
ni. [I I} also reported that the material planes of the 
bands were rotated away from either the primary or 
conjugate slip plane (i.e. the plane to which they were 
nearly parallel). The sense of rotation was aa-ay from 
the tensile axis (which makes the corresponding slip 
system geometrically soft relari\e to the surrounding 
crystal). As the! phrased it. “The lattice has rotated 
during initial necking so as to increase the shear stress 
of the two active systems.” ( [ 1 I]. p. 330). Our numeri- 
cal results also indicate that necking causes nonuni- 



1092 PEIRCE t’t sI.: LOCALIZED DEFORMATIOX I?; CRYST.4LS 

Fig 5, Shear band formation in a single crystal of pure 
copper. The crystal was initially oriented for primary-con- 
jugate double siip in tension. The bands were misoriented 
with respect to the operative slip planes and there were 
Patrice misorientations in the band th;it caused a geometri- 
cal soliening. (Photo taken from the \rotk of Saimoto er 

al. [I I]. courtesy Philosophical hlagazinc). 

form lattice rotations which induce geometrical 
softening. The formation of shear bands. however, 
also involves abrupt lattice misorientations which are 
not associated with necking. This phenomenology 
also appears to be common to other f.c.c. metal crys- 
tals; for example, Puttick [20] has described the for- 
mation of localized shear bands in pure .A! crystals 
(tested by Tipper) which show a pattern of How ident- 
ical to Figs 2 and 5. 

Macroscopically localized shearing is common to 
pure and alloy b.c.c. metals as well. Figures 6 and 7 
show examples in Fe-Ti-IMn and Nb crystals. Spit- 
zig [21] has noted that the phenomenolo~~ of locat- 
ized shearing and fracture in the Fe-Ti-itfn crystals is 
also very similar to that observed in age-hardened 
AI-Cu alloys. He explicitly noted that the bands 
Jormed while the materials were strain hardening and 
that there was no evidence for prior fracturing. The 
orientation of the bands was again similar to that 
observed by Chang and ?Isaro [3] in that the bands 
were rotated away from both the tensile axis and one 
of the two operative slip planes. The study by Reid et 
nl. [X] on Nb crystals is quite interesting in that. 
unlike all the tests discussed above. their crystals were 
aligned such that sir& slip on either of the two active 
systems would Iead to geometrical softening on that 
system. When this sort of geometry is analyzed using 

the double slip mode! sugested by Asaro EZ] un- 
stable behavior is predicted from the outset of plastic 
deformation. espsciai!l; when Iatent hardening is 
accounted for. In rhis cast ths predicted orientation of 
the bands is again away from the slip planes. but 
towrti the tcnsilc axis. 

The model also predicts [3] a similar sense of rota- 
tion for the lattice. This is. in fact what Reid et 
ul. [Z] reported. Their load-strain data indicated 
little or no stable deformation and SO it is not possible 
to say if the crystals were strain hardening or not. 
One other study by Pegel rr ti1. [ZJ] on MO single 
crystals also produced a set of observations of local- 
ized shearing very simitar to what has been described. 

In sum~nary. the formation of macroscopical~y 
localized shear bands 3ppedrS to be a natural aspect 
of the plasticity of single phase and two phase single 
crystals of f.c.c. and b.s.c. metals. The bands can form 
while the materials are strain hardening and are not 
necessarily associated with ‘fractures in progress.’ The 

Fig 6. Shear band in an Fe-Ti-Xfn cr;otai deformed in 
tension. This band was reported to have formed while the 
material w-as strain hardening. Photo taken from the work 

of Spitzig [?I] ). 
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Fig. 7. Shear bnnds m a pure niobium single crystal. taken 
kom the work of Reid rt a/. [Xl. Shear bands were mis- 

aligned \hllh rhc actits jllp systems. 

bands are characterized by a misorientation with re- 
spect to the active slip systems and. in the cases of 
AI-Cu alloys and Cu. this misorientation has been 
shown to be associated with the ‘geometrical soften- 
ing’ of the active crystallographic slip systems. The 
phenomenology of alloy crystals ased to contain 
coherent zones can be more complicated in that mac- 
roscopically localized shearing and necking can be 
preceded by the formation of coarse slip bands. When 
macroscopic bands do form. however. they arc ident- 
ical in character to those in single phase or more 
overaged materials. Although few workers have in- 
cluded detailed load-strain data it appears that in 
stronger crystals with lower strain hardening raw. or 
with strain hardening rates that decrease rapidly with 
strain. localized shearing can be quite abrupt. The 
bands are very well defined in this case and can lead 
to rapid failure by shear fracture. In softer. higher 
hardening materials, such as .GCu alloys aged to 
contain P phase or pure single phase Cu or ,Al. nec- 
king is more pronounced and the shear bands. which 
are no longer alu-a>-s straight. appear to form more 
gradually with strain. 

The present finite element studies have been carried 
out ustn$ the model shown in Fig. 8a. Xs mentioned 

sarhcr. tlx m<,&; r<?r5cnts dr. ideai;z-d 7].1ry xi t&C 
double slippins xyst~!. The geometr) is <chosen to 
represent the near!! symmetric primary-sonjnpate 
mod:: of slip th&t is r>pical!>- predominant in crhstals 
deformed finiteI> in tfnsion. For an f.c.c. cr>stal. for 
example. i\ct take the angle from T to either slip plane 
to be 30.. the angle that the primary and conjugate 
slip directions aould make \birh the stable -; I I2 L ten- 
sile direction. For crystals initially oriented for single 
slip. the calculatitws. \\ hich assume an initial mode of 
double slip. may be thought of as beginning after a 
finit? aml)unt af straining has occurred in sin& slip. 
In all cases, though, calculations are performed using 
hardening la\\s trtkcn from experiments starting from 
a well annealed ~;t:e. The actual geometry of pri- 
mary-conjugate slip is shoun in Fig. 8b for compari- 
son. The planar model is less constrained than the 
actual three-dm~ensional crystal geometry and for this 
reason ma! dispi;l localized modes at somewhat 
higher strainhardening rates. or IoH-er stresses. than 
bvould be the cast for the actual crystal. Howtter. as 
w shall show. the agreement between available ex- 
perimsnral obserxations and our calculations using 
this plane model is indeed quite good. Furthermore. 
our calculations exhibit the influence of necking in 
promoring geoms:ri<al softening which. in turn. pro- 
motes the formation of shear bands. again in agree- 
ment with experiments. This suggests that the planar 
model ott‘ers an essentially correct description of the 
kinematics. 

3. THE CRYST.\L MODEL 

3. I Tlzr consfit~tfiri~ srt3cfurc’ 

The present quantitative understanding of plastic 
deformation in single crystals 

I-2 
(a) 

via crystallographic 

I -I 
(b) 

Fig. S. Schematics showing one primary and one conjugate 
slip plane, oriented ior symmetric double slip. The loading 
axis is denoted b> T. ~a) Asaro’s plane model [:I, fb) real 
three-dimensional gometry. In the plane model. the defor- 
m3tioni are consrrain,-ci to remain in the plane containing 

both slip direc!lons and borh slip plane normals. 
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F-F-! zz D + Q (3.5J 

where D is the symmetris rate of stretching tensor 
and If is the spin rate, the anti-symmetric part of (3.5). 
We then define 

Fis. 9. Decomposition ol the deformation gradient F 
according to equation 13.1!. For simplicity of rtpresen- 

tation. slip on only one system is pictured. 

shearing on specific slip systems has its roots in the 
early work of Taylor and Elam [X,25]. .Associated 
small strain formulations have since been used to 
model individual grains of a polycrystalline apgre- 
gate: see. for example. those of Budiansky and 
Wu [26] and Hutchinson [27]. The single crystal con- 
stitutive description employ-ed in the analysis here is 
based on the single crystal model of Asaro and 
Rice [I] and Asaro [Z]. which falls bvithin the general 
frame\vork described by Hill and Rice [IO]. The 
deformation gradient. F. can be written as in Lee [ZS] 
in the form 

D=D*+D? Q=D*;f2p (3.6, 

where DP and $7 are respectively the plastic part of 
the rate of stretching and the plastic part of the spin 
rate. They are the contributions due to plastic shear- 

ing on the crystallographic slip systems. From (3.4) 

D“ _ RP = F*.f!‘.F”-l.F*-1, (3.7) 

Plastic deformation is taken to occur solely by slip 
on the current slip systems. In the current configur- 
ation. the slip systems are is*“‘, mcc”). Hence. 

The sum here is taken to extend over active slip 
systems 2, on each of which the corresponding rate 
of shearing is :‘“‘. We now define the second-rank 

F = F**F” (3.1) 

tvhsre F” is the deformation solely due to plastic 
shearing on crystallographic slip systems and F* 
arises from the stretching and rotation of the crystal 
lattice. as illustrated in Fig 9. The deformation in 
(3.1) can be envisioned as accomplished in two stages: 
material lirst moves through the undeformed crystal 
lattice according to FP and then the lattice and 
material deform together giving rise to F*. The defor- 
mation remaining on elastic unloading is 
F*-‘*F = FP. so that FP is the residual deformation. 

tensors 

and 

so that 

(3.11) 

In the initial configuration, the crystal slip systems 
consist of a slip direction s lying in a slip plane whose 
normal is m. Both m and s are taken to be unit vec- 
tors and are clearly orthogonal. The pair of vectors 
(5. m) constitute a slip system. 

As the crystal deforms. vectors connecting lattice 
sites are stretched and rotated according to F*; they 
convect with the lattice deformation. The slip direc- 
tion Lectors are regarded as such lattice vectors. SO 
that in the deformed lattice the slip direction of slip 
system r is given by 

and 

Q‘1~1 = F* .$I’, (3.2) 

The normal to the slip plane m’“’ is considered as 
the cross product of two orthogonal vectors in the 
slip plane. Hence. m*“’ is ivritten as 

m+“’ = m”‘.F*- I, (Xl 

U’hile s*“) and m*“’ are generally not unit vectors. 
orthogonality is retained via s*“‘. *1x1 _ m - 

It is worth noting that due to the choice (3.2) and 
(3.3). the decompositions (3.1) and (3.61 both hold 
exactly. with DF and F’” having the appropriate physi- 
cal interpretations. The plastic part of the rate of 
stretching, D1’. is that part of the rate of stretching 
arising from slip in the current lattice direction s*(I). 
in a plane whose current normal is m*“‘. The residual 
deformation. FF. is that which remains on elastic 
unloading. From (3.1) and (3.41 the rate of residual 
deformation. Fi**Ft’-‘. as noted by Rice [29]. is 

n 

,k-.FP- I = -i- :.!I~~,*‘~!~~~ 
2 f (3.13) 

1=, 

S “‘.m”’ = 0, 

A rate of residual stretching can be defined as the 
symmetric part of (3.13) and this is giben in terms of 

Sext. we use t.) to denote incrcmcntal quantities. 
and obtain from (3.1 i that 

F.F-! = F*.F*-1 _ F*.Fl’.FiS-l.F*-lA ,j.f) 
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slip on the initial undeformed slip system. From (3.13) 
and (3.3). the distinction between this rate of residual 
stretching and the plastic part of the rate of stretching 
is evident. 

The elastic conrtitutive relation is specified by 

:* = L:D* (3.14) 

and thus we assume that the elastic properties of the 
lattice are unaffected by slip. Here, L is the fourth 

rank tensor of elastic moduli, and i* is the Jaumann 
rate of Kirchhoff stress based on the lattice rotations, 
i.e. 

c r* = t - Q8.r + r-D* (3.15) 

The Schmid resolved shear stress (3.20) determines 
the slip behavior as follows. When r(” reaches a criti- 
cal value To. here taken initially equal for all slip sys- 
tems. slip initiates on system z. To deal with the 
possibility that this slip may be either forvvard or 
backward according as T"' is positive or negative. 
(s(“, m”‘) and (-4”. m”’ ) are considered as separate 
slip systems on each of which only positive slip is 
allowed. This convention doubles the number of slip 
systems in the crystal: a f.c.c. crystal is thus given 24 
slip systems instead of the usual 12. 

After initial yield, slip continues on system I if the 
resolved shear stress on that system keeps pace with 
the flow stress. The rate of increase of the latter is 

where i is the material derivative of Kirchhoff stress. 

We note that :* is the rate of change of Kirchhoff where h,,, denotes the increment of flow stress on sys- 
stress seen by an observer who rotates with the lattice tern r due to an increment of shear on system fi. Thus 
according to R*. The stress rate seen by an observer for active systems r and /I 
rotating according to R is the Jaumann rate of 
Kirchhoff stress based on the material spin, given by $‘I = i /I,B~(i’)* 

01 
$!(P) > 0 

F 
5 = i - R-5 i 5.R. (3.16) 

while for inactive systems 5 
The difference of (3.15) and (3.16) is, by virtue of n 

(3.12). ?16’ 5 7 h&‘fl’. 
01 

:;cw = 0 

(3.17) 
Our specification of the hardening matrix II,,, will be 
detailed in Section 3.2. 

It is now convenient to rewrite (3.21) as where we have defined 

p = W”‘.r - r.W”‘. (3.18) +‘n = (p”‘:~ + @“):D* 

(3.22) 

(3.23) 

(3.24) 

Note that (3.17) vanishes when there is no relative 
rotation of the material and the lattice. Combining 

where (3.14) and (3.18) have been us e d.  Thus on 

(3.11). (3.14) and (3.17) now yields 
active systems x, (3.11) leads to 

r 
r=L:D- .$, (L:P”’ + /?“‘)‘i”‘. (3.19) 

5”’ = (PC’l:L + $“):D _ i (P@):L:P” 
#9=1 

+ /$“‘:P’“‘):‘“‘. (3.25) 
Completion of the constitutive law now rests on 
specification of the shear rates Z(I). On active systems, therefore, (3.22) implies that 

To this end, we define the Schmid resolved shear 
stress on slip system z by 

Tlzb = m*“‘.r.s*“’ = p”‘.r, (3.20) 

By (3.2) and (3.3) the derivative of (3.20) becomes 

?“I = m*“’ .(;* _ D* +r + r*D*)*s*@‘. (3.21) 

As noted by Hill and Rice [lo]. S”’ is precisely the 
Schmid stress increment that arises in the normality 
structure elucidated by Rice [29]. Asaro and Rice [l] 
use m* = 1 F* [m*F-’ instead of (3.3) to arrive at 
(3.21). but this is simply due to their use of Cauchy 
stress u instead of Kirchhoff stress r is the definition 
(3.20). 

where the matrix .V,, is given by 

lV*p = /I,, + P@):L:P’U’ + b”‘:P’p’. (3.27) 

To obtain the shear rates, this matrix must be 
inverted. Only active slip systems are inv-olved in 
(3.26). so only the active submatrix of (3.27) is 
inverted. The manner in which the elastic moduli 
enter in (3.27) guarantees that, when the active slip 
systems are independent, the active submatrix N,,, is 
nonsingular and positive definite; if the active slip 
systems are dependent. the appropriate submatrix will 
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lose its positive definiteness. at least for physically 
realistic values of ir,,. For independent active systems 
then, we compute the appropriate inverse and write 

Returning to equation (3.191, we may now put 

: = C:D (3.29) 

where (3.28) implies that C has the form 

(3.30) 

The expressions for C and its constituent tensors in 
component form are given by Peirce et al. [30]. 

The most elusive parameters in the constitutive law 
(3.29) are the elements of the hardening matrix h,, in 
(3.22). In this section, we discuss some general con- 
siderations concerning these moduli, and then review 
the experimental evidence on latent hardening and 
overshoot which provides a physical basis for their 
specification. We next describe the forms of the h,,, 
matrix that have been used in analytical work. The 
precise choice of h,, made here is shown to merge an 
analyticahy convenient form with an acceptable de- 
scription of the physical phenomena of latent harden- 
ing and overshoot. 

Each efement, hlg, depends on deformation history. 
Further, the h,, need only be homogeneous of degree 
zero in the shear rates; an increment of flow stress 
might well depend nonlinearly on the increments of 
slip. In an Etc. crystal there would be 1% elements to 
specify for a general monotonic deformation; this 
number becomes 576 if reverse plastic straining is 
taken into account. Thus, in order to obtain a trac- 
table description of crystal hardening, several simple 
forms for the hardening matrix have been assumed in 
the past. Our calculations indicate, however. that the 
detailed description of latent hardening, even within 
the range suggested by experiment, is very important 
and so we have attempted to be careful in arriving at 
a simple but representative law. 

In his original work an polycrystalline behavior, 
Taylor [3] took h,, = k for all z and fi. This law, 
commonly referred to as ‘Taylor hardening,’ produces 
an equaI increment of Bow stress on ail active and 
latent slip systems for any set of shear increments on 
the active systems. Taylor was evidently motivated to 
include this type of latent hardening by his obser- 
vation that the overall strainhardening rate on each of 
the active slip systems in aluminum crystals that 
deformed by pr~mary*conjugate doubfe slip was 
higher than that in identically prepared crystals that 

were oriented for single slip. In discussing their own 
results on ahiminum crystals. as well as those of Car- 
penter and Ham [32]. Taylor and Elam CS] noted 
that crystals oriented for double slip actually did 
undergo nearly symmetric double slip. As will be seen, 
if the latent hardening rates were very much larger 
than the self hardening rates. by say a factor of 2 or 3, 
symmetric double slip would have been estremely un- 
likely. Taylor interpreted his results as evidence for 
isotropic hardening 

Taylor’s work has been followed by a series of ex- 
perimental studies of latent hardening. A brief review 
of the results. as of 1970. was given by Kocks [33]. 
who summarized the situation by stating that the 
average r&o of Iatent hardening rates to self harden- 
ing rates is nearly t on coplanar slip systems and 
between 1 and 1.4 on noncoplanar systems. More 
recent work by Franciosi rf al. [ 151 on copper and 
aluminum single crystals is consistent with these 
earlier results in terms of the average hardening rates 
after finite strains, atthough they found the detailed 
history dependence of latent hardening to be some- 
what more complicated than that reported by Jack- 
son and Basinski [W] for copper and by Kocks and 
Brown [353 for aluminum. In these particular studies, 
latent hardening was measured by the so-called ‘latent 
hardening ratio.’ This is defined as the ratio of the 
yield stress on a latent system to the flow stress on the 
primary system, following prestraining in single slip 
on the primary system. These ratios are typically 
found to decrease with increasing prestrain on the 
primary system; Franciosi rr ul. [15] found that the 
latent hardening ratios first increase from unity to 
peak values of 1.6 to 2.2 for AI and to peak values 
estimated to be nearly twice as high for Cu (occurring 
at prestrains of 0.2”/;, or so), subsequently decrease 
rapidly and then level off. For Cu, Franciosi et 
ai. Cl51 find that the latent hardening ratios Ievel off 
to between 1.3 and 1.5. 

The experimental work of Piercy er r& [12] on 
r-brass is a particularly interesting example of the 
earlier studies of latent hardening and the overshoot 
phenomenon. Their tensile tests were initiated in 
single slip on the primary system. The consequent 
rotations of the lattice with respect to the loading axis 
increased the resoived shear stress on the conjugate 
system. They then measured the resolved shear stress, 
tcC), required to cause yielding on the (latent) conju- 
gate system (as observed by the appearance of conju- 
gate slip lines in a X5x telescope and by a sudden 
change in slope of the load-extension curve) and com- 
pared it to the current value of resolved shear mess, 
r(@, on the (active) primary system. The continuous 
tensile straining history imposed in this case is quite 
different from that in the three studies just mentioned, 
The results indicated a linear relationship, 
*(CI = 1.28 r(p). suggesting that the latent hardening 
rate of the conjugate system was approximately 2g% 
larger than the self hardening rate of the primary sys- 
tem, This. of course, means that the loading axis had 
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rotated past (i.e. overshot) the ( lOO>--,< 1 i 1 ) SYm- 
metry line. producing a larger resolved shear stress on 
the conjugate system than on the primary. The 
amount of overshoot can be estimated from their data 
and it seems to range from 3 to 7’. Mitchell and 
Thornton [36] also noted large amounts of overshoot 
in x-brass. Much earlier. Elam [ 161 similarly observed 
several degrees of overshoot in her experiments on 
copper-aluminum alloys. 

The large amounts of overshoot reported in r-brass 
and Cu-Al alloys do not appear to be typical for 
many other f.c.c. materials. particularly those of 
moderate to high stacking fault energy. Taylor and 
Etam [2-I] were able to interpret their results on 
aluminum. for example, in terms of isotropic harden- 
ing. Their tests also showed. however. overshooting of 
up to Z or 3’ and thus a slight preference for con- 
tinued primary slip. Conjugate slip was definitely ob- 
served. though. as the symmetry line MS approached. 
Mitchell and Thornton [36] also reported that conju- 
gate slip began in copper crystals even before the 
symmetry boundary was reached. Nonetheless. they 
found that the tensile axis typically rotated past the 
symmetry position and followed a path that fell 
between the predictions of single and symmetric 
double slip. Overshooting of 2 to 3’ seems to have 
been common in their crystals. Ramaswami rt u!. [37] 
reported very little or no overshoot in pure silver 
crystals and between 2 and 3’ in alloy crystals of 
silver-IO” o gold. Their results for silver are interesting 
considering its relatively iow stacking fault energy, 
but the trend toward larger overshoots with alloying. 
and therefore lower stacking fault energy. is consistent 
with the results on r-brass and Cu-AI alloys. Ramas- 
wami er al. [37] estimated the ratio of the latent hard- 
ening rate on the conjugate system to the self harden- 
ing rate on the primary system at 0.95 for silver and 
1.05 for their silver-gold alloys. Chang and Asaro [3] 
found that in age hardened aluminum-copper alloys 
overshoot ranged from 0 to 4’ at most. As in many 
other reported cases. conjugate slip was often ob- 
served to begin before the loading axis reached the 
symmetry line. 

It appears therefore that the range I-t.4 for the 
ratio of latent hardening rates to self hardening rates, 
as suggested by Kocks [33]. encompasses a good deal 
of the available experimental evidence. There is evi- 
dence that the ratios can be larger in materials with a 
very low stacking fault energy. whereas some cases 
suggest that ratios less than unity are needed. in order 
to explain ‘undershooting.’ These ratios are not 
necessarily constant and may, of course, be history 
dependent themselves, as implied by Jackson and 
Basinski [34]. For instance, latent hardening ratios 
are often found to decrease with strain which suggests 
that isotropic hardening, whiie perhaps never reached, 
is approached at finite strains. Linear relationships 
between flow stresses on latent and primary (active) 
systems of the form + =; ,_1&’ + B i with 
1.0 I d I I.-I have been found to hold, but only 

after several percent strain: Piercy zc LZ!. [I?] found 
.-l = 1.18. 5 = 0 for x-brass: Jackson and 
Basinski [3-l] found .-I = 1.36. B = 1.49 MPa for cop- 
per; for silver and silver-lo”, gold, Ramaswami tlr 
nl. [37] found (5% here the latent system u-as what they 
called the ‘half critical system’) .-1 = 1.1 and .A = 1.2 
respectively. tvith B = 0 in both cases. As stated 
earlier. these deviations from Taylor’s isotropic hard- 
ening Iau. even though they seem modest. have im- 
portant implications regarding uniqueness and unifor- 
mity of plastic flow. Hill and Rice [IO] have discussed 
the question of uniqueness of mode of slip: we will 
consider this issue later in connection with our 
specific model in Fig. Ya. 

Most of the hardening laws proposed to date pas- 
sess the symmetry it,, = /I,,. Koiter [38] assumed 
independent hardening. h,, = M,,, while Budiansky 
and ‘Ic’u’s law [Xl. iz,,, = 11 plrr.Plit’ inciudes a weak . , 
latent hardening. The simple law proposed. by Hut- 
chinson [27]. & = h, + (Ir - h,)d,,. was also used 
by Asaro [-?I. 

If II 5 II, c: 1.4 il. latent hardening ratios observed 
expe:rimentally iat least at finite strains) can be de- 
scribed. Symmetry of the in,,:. however. generally im- 
plies a lack of symmetry in .L-,, [cf. (3.27)]. Symmetry 
of the matrix .\-,, leads to a symmetric tensor of 
moduli C. in which case the governing equations can 
be cast in variational form. This variational structure 
is useful analytically; for example. it allows questions 
of uniqueness and bifurcation to be addressed within 
the framework laid out by Hill [39,40]. The vari- 
ationa( furmulation is also convenient numerically, 
leading to symmetry of the global stiffness matrix in a 
finite element calculation. Havner and Shalaby [41] 
recognized advantages of such symmetry in the con- 
stitutive law, and they proposed the hardening law 

&I = HZ, j p(x’ ; PSI. (3.31) 

Havner and Shalaby [41] prescribe H,, to be sym- 
metric and, in their simple theory. H,, = H for a[] r 
and 8, This law has the effect of inducing a very 
strong latent hardening for crystals undergoing single 
slip in tension as discussed by Havner et al. [42]. In 
the calculations to foifow. however. we use the law 

h,, = H,, + +($fl’:P”’ - ,IY”:P’~‘) (3.32) 

with H,, = H,,. but where the off-diagonal elements 
may be different than the diagonal elements. This 
form also preserves the symmetry of ‘V,,, but leads to 
a description of latent hardening that more readily 
conforms to the experimental observations outlined 
above. 

The specific form of H,, along with numerical 
values for the parameters involved are chosen by fit- 
ting the hardening law (3.32) to the experimental 
results of Chang and Asaro [3] on aluminum~op~r 
alloy cr\;stals ased to contain @’ precipitates. Since all 
our calculations are concerned with shp on at most 
two systems. following the model pictured in Fig. 8a, 
2 and b range from 1 to 2. We take 
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H,, = y H + (1 - ‘7) H ci,,{: this law is then identical 
to Asaro’s [2] is symmetric double slip when the 
terms in parentheses in (3.32) vanish. Two difierent 
functional dependences of H on shear strain are used 
here. The first is specified by 

(3.33) 

based on the single slip law 

r(;.)=r,i(r,-ro)tanh (3.34) 

Here, r. is the critical resolved shear stress on the 
crystal slip systems. 5, represents a saturation value of 
the flow stress. :I;,) is the current value of the flow 
stress in single slip. and Ho is the slip system harden- 
ing modulus at initial yield. To generalize (3.33) to 
multiple slip situations, 7 is taken to be the sum of the 
slips on all slip systems at the current instant, i.e. 

Since (3.33) leads to hardening moduli which rapidly 
approach zero, it is an appropriate model of the small 
amount of strain hardening that often characterizes 
strong alloy crystals. In Fig. 10, a comparison of such 
data to (3.34) is shown. The experimental points fit 
(3.34) well with Ho = S.9 ro, rs = l.Sr,, and 
r. = 60.84 MPa. To simulate the strain hardening of 
a pure single phase crystal, a power law is assumed so 
that the hardening moduli approach zero much less 
rapidly, as suggested above: 

H .a II-1 
H(y) = Ho 2 + 1 

! > 
(3.35) 

nr0 

based on the single slip law 

r(y) = To Ho’/ + 1 ( > “. 
IIT0 

(3.36) 

Here, )I is the hardening exponent and r, does not 
appear since r(;:) does not saturate in this case. Equa- 
tion (3.36) is also plotted in Fig. 10. with n = 0.1, 
Ho = 8.9 ro, the parameters used in (3.35) for our 
finite element calculation. For purposes of compari- 
son with (3.34). r. = 60.84MPa is again used in the 
plot of (3.36), which exhibits significant strain harden- 
ing even at large values of the shear strain. 

The laws (3.33) and (3.35) follow Taylor [31] in 
characterizing the currently deformed state of the 
crystal by the sum of the shears on all the slip sys- 
tems. In single slip. and in symmetric double slip with 
4 = 1. (3.33) and (3.35) may be directly integrated to 
obtain respectively (3.34) and (3.36): in other cases. 
the extra terms in (3.32) complicate the situation. an 
explicit integration cannot in general be performed. 

Equarlon (3361 

60 

Fig. IO. Plots OT resolved shear stress : vs shear strain ;’ 
according to equations (3.34) and 12.26). In (3.341. 
r,, = 60.84 hIPa. H, = 8.9 r,, and r. = I.5 7”. In (3.361. 
r0 = 60.84 MPa. H, = 8.9 T,, and )I = 0.1. Experimsntai 

points are compared with (3.311. 

Thus (3.33) and (3.35) represent an extension of (3.3-L) 
and (3.36) to situations more involved than single slip. 
Although these hardening laws exclude a nonlinear 
dependence of the i”“s on the f”“s they do offer sd- 
equate models for the tensile tests on single crystals 
considered here. 

We conclude this section with a description of over- 
shoot using the hardening law (3.34). The calculations 
are performed for the model crystal of Fig. 8a in order 
to demonstrate that the law provides an acceptable 
description of overshoot and latent hardening. 

We consider a crystal initially deforming in single 
slip on slip system p as in Fig. 11. For convenience. 
let the material be rigid-plastic. since elasticity has 
very little effect on the amount of ov-ershoot. The in- 
itial orientations of the slip planes are indicated by 
the dotted lines. When the shear strain on the primary 
system reaches ;:(p)_ the lattice has rotated toward the 
loading axis by the angle ,K It is easy enough to show 
that ,!3 is related to ;.@‘I by 

tan p = 
;‘lP’sin’ 4. 

1 + j,tp’sin 4. cos do 
(3.37) 

The resolved shear stresses are given in terms of the 
tensile stress G by 

rp = crsin4cosf$ (3.35) 

and 

rc = d sin * cos 4. (3.39) 

According to the hardening law (3.32) the flow stress 
increments on each system are given by- 

d $Pl = H(;.‘P’ ) &;I”’ (3.40) 

and 

d rcc’ = [cIH(;.'~') + (G ‘4) (cos(2$) 

- cos(2& )] d;“P’. (3.41) 
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I Q 

Fig. I I. Schematic of plane crystal initially oriented for 
single slip on the primary slip system. 

On the active system. sp = stp'. The above equations 
can be integrated for any H[;.‘P’]. Figure 12 shows 
examples of the results using (3.33), for the case when 
H,, = 8.9 T,,. T,,'T~ = 1.8, Q,, = 40’ and e. = 20’. The 
ratio of the resolved shear stresses, T,,'T~. and the 
‘latent hardening ratios,’ T"',T'~', are plotted for 
various values of q. Conjugate slip is presumed to 
begin in a macroscopic sense when the two curves 
intersect. As can be seen in the figure, our hardening 
law induces overshoot due to the extra terms involv- 
ing stress, even if 9 = 1. In the range 1 I y I 1.4 the 
amount of overshoot is between 1.6 and 4.7’ for the 
initial lattice orientation considered, i.e. 10’ from the 
loading axis. 

Larger amounts of overshoot arise when the slip 
direction is initially farther from the tensile axis; 
smaller amounts of overshoot arise when it is initially 
nearer. The latter phenomenon is inconsistent with 
observations of pronounced overshooting for speci- 
mens whose loading axis is near the ( lOO)-( Ill) 
symmetry line, but this discrepancy may be expected 
from our neglect of the relatively high latent harden- 
ing rates which seem to apply at small values of the 

12. howevsr. does encompass a wide range of the data 
described above and also indicates a consistency 
between observed overshoot and Kocks’ [33] sum- 
mary of the ratio of hardening rates. 

Studies of latent hardening and overshoot provide 
a basis for speciiying important parameters in the 
single crystal constitutive equations. but these 
analyses focus primarily on uniform plastic How. In 
contrast. our aim here is to discuss predictions of 
bifurcation based on the plane model introduced in 
Section 2: the analysis points up some interesting and 
perhaps unexpected features of the constitutive law 
developed in Section 3.1. 

We begin by recalling the work of Hill and Hut- 
chinson [43]. whose analysis of bifurcation in the 
plane strain tensile test may be applied to the plane 
model of the single crystal. as in Asaro [?I. Consider 
a homogeneous prebifurcation stress state with 
G?? = G and G,, = ‘i,? = 0 in the geometry of Fig. 
Sa. For the broad class of rate independent incom- 
pressible materials considered by Hill and Hutchin- 
son [43]. two instantaneous moduli fully characterize 
the incremental deformation in plane strain: jl gov- 
erns shearing parallel to the coordinate axes, and A’* 
governs shearing at 45. to them. Using the sonstitu- 
tive law (3.29) for symmetric double slip. together 
wi:h the hardening law (3.321. we may show that in 
the prebifurcation state described above. the instanta- 
neous moduli are given by 

G(h*(l - 4) + D cos 2$, - +G? 
I’= /1*(1 -q)+ 2Gcos'2cj - GCOS24 

(3.42) 

G(It*(l + il)) 
“* = h*(l + 0) + 2Gsin’ 24 

1.6 - 

1.4 - 

Overshoot 

(3.43) 

0.6 ““““““““‘I”““’ 
0 0.25 0.5 0.75 I 1.25 

Y 
Fig. 12. Overshoot results. based on & = 40’ and 
$,, = ?O’ in Fig. I I. for various specifications of q in equa- 
tion (3.41). Conjugate slip ensues when the ratio of resolved 
shear stresses, r,:rp. becomes equal to the latent hardening 

plastic strain. The range of overshoot depicted in Fig. ratio r(El ‘T(P) /. 
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where we have neglected the crystal’s compressibility 
and the shear modulus G is the only elastic constant. 
In (3.42) and (3.13). 11” and Q are given by 

and 

(3.44) 

j.*: tan 4 = tan r#~e (3.45) 

where ds*,;ds is the elastic stretch ratio in either slip 
direction (the same as the ratio of deformed slip plane 
area to initial slip plane area, for the plane problem) 
and L* is the elastic stretch ratio in the tensile direc- 
tion. The angle r& is the initial angle between each 
slip direction and the tensile axis (& = I/J~ in Fig. 1 I). 
and II = H,, = Hz?, yh = H,2 = Hz, in (3.32). For 
practical purposes. elastic stretching may be treated 
as negligible. and it is convenient to replace the ex- 
pressions for p and ,n* with their limits as G grows 
very large 

h(1 -(I) + acos2q5, 
11 = 

2 cos2 24, 
(3.46) 

h(1 + q) 
(3.47) 

These espressions reproduce those of Asaro [Z]. Here. 
vve consider the case $e = 30’. 

Asaro [2] used these equations to show that bifurca- 
tion into a shear band mode could occur when h/a fell 
to a critical value. For a shear band to form on a 
plane with unit normal (nr, n,). equilibrium and com- 
patibility require that 

(p - fG)n: + 2(2/l* - /#l;n; + (,u + +cT)n: = 0. 

(3.48) 

The governing equations are elliptic. parabolic, or hy- 
perbolic according as (3.48) admits 0, 2, or 4 real sol- 
utions for nZ!n,. . reaching the critical value for 11:‘~ 
corresponds to crossing from the elliptic into the hy- 
perbolic regime. 

The reality or otherwise of the solutions of (3.48) 
having established the character of the governing 
equations. we note that diffuse bifurcation modes 
exist within the elliptic regime [43]. We restrict atten- 
tion here to symmetric modes of the form 

(3.49) 

where the overbar symbolizes a bifurcation mode, and 
we denote the current length and uniform thickness 
of the specimen by 2L and 2a. respectively. Letting 
7 = mnn L, Hill and Hutchinson [43] showed that for 
small ;. the bifurcation stress is 

G 
- = 1 + 472 + a+’ + 0 (p6.;@p*/p) 
4/L* 

(3.50) 

so that bifurcation into the longest wavelength mode, 
the diffuse necking mode. occurs shortly after maxi- 
mum load. The result for short wavelength modes is 
obtained by letting 7 4 -13. The critical stress is given 
by Hill and Hutchinson [13] as 

These bifurcation results are summarized schema- 
tically in Fig. 13. Bifurcation is excluded in the shaded 
region bordered by line A. This line corresponds to 
maximum load, which occurs when G = Ip*, i.e. h:‘cr 
has fallen to sin’ 2&/2(1 + q). After maximum load, 
/~,‘a is small enough that a.2~~ may be regarded as 
constant at cos 2&, and p*jl is roughly proportional 
to h,‘o [see equations (3.46) and (3.47)]. After maxi- 
mum load, therefore, the trajectory in the parameter 
space of Fig. 13 may be approximated as vertically 
downwards. Necking ensues shortly after maximum 
load, while the short wavelength modes are not 
available until line B is reached. When p > a/2, which 
is easily satisfied after maximum load for q in the 
range 1 I: (I I 1.4, exit from the elliptic regime occurs 
across the elliptic-hyperbolic boundary. This loss of 
ellipticity corresponds to the admissibility of the shear 
band mode at a critically low value of /~,‘a, as men- 
tioned already. 

The bifurcation mode that gives rise to shear bands 
also involves important rotation effects. At the ellip- 
tic-hyperbolic interface, the solution to (3.48) consists 
of a positive double root for (n2/n,)‘. The two square 
roots of this quantity correspond to shearing planes 
which activate symmetrically on either side of the ten- 
sile axis. The orientation of these planes is such that 

D Bifurcation excluded 
A Maximum load 
B Short wavelength limit 

0.6 

0 

Fig. 13. Elliptic (E). hyperbolic (H) and parabolic (P) 
regimes in plane strain tension as determined by equation 

(3.-S). Here it is presumed that p z 0. 
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Table I. Bifurcation values for the plane model 

Shortest wavelength Loss of cllipticity 
4lauimum load surface-modes (shear bands) 
L’ L, Tr, E r +ll E 7-7” 

Hardening 
law 13.331 
with’ H,, r. = 8.9 
and TV, I,, = 1.8 

0.080 3.77 0.094 3.75 0.103 3.73 

Hardening 
law (3.35) 
with Ho TV = 8.9 
and n = 0.1 

0.102 I.83 0.132 2.70 0.367 2.47 

the shear bands are rotated further away from the 
tensile axis than the corresponding slip plane. As a 
result. the shear banding cannot consist of slipping on 
one slip plane only, but must involve slipping on both 
the primary and conjugate systems. On a shear band 
dominated by excess primary slipping. one may show 
that there also exists excess conjugate slipping, given 
by 

A.&’ cos 2f#~, : sin 20 - sin 24, cos 28 -- 
L\.,‘P’ cos 24, sin 26 + sin L#J, cos 28 (3.52) 

in the rigid-plastic limit. Here. A denotes a jump in a 
quantity from the pre-bifurcation state and 8 is the 
angle determined by the shearing plane and the load- 
ing direction, i.e. n, = -cos 8, trz = sin 0. The ac- 
tivity of both slip systems within a shear band, as 
described by (3.52). is dependent on h/o and the latent 
hardening parameter q only through the shear band 
orientation 8: it is primarily a geometrical result. The 
bifurcation mode may also be shown to induce, 
within the shearing material, a rotation of the crystal- 
line lattice away from the tensile axis. While this rota- 
tion is not observed to be as great as that of the shear 
band itself. it is nevertheless substantial, causing the 
shearing material to experience geometrical soften- 
ing [Z. 31. To make these results concrete, we show in 
Table 1 some bifurcation results for each of the hard- 
ening laws (3.33) and (3.35). taking q = 1 and 
&., = 30’ in both cases. The values for He, r,,, rS and n 
are as in Fig. 10. Tabulated are the logarithmic tensile 
strain E (end displacement over initial length, U/L,. in 
the case of maximum load) and load per unit initial 
cross sectional area T (normalized by ro) at maximum 
load, at the short wavelength bifurcation, and at the 
loss of ellipticity. The value of h.‘a at the elliptic- 
hyperbolic boundary. where shear bands form, is 
0.050. The corresponding orientation of the bands is 
given by 0 = 37.2’. The value of the ratio in (3.52) is 
0.35. These values are the same for both hardening 
laws because they arise from the structure of (3.44) 
and (3.47) and not from the hardening law used. 

Since the hardening modulus h falls rapidly with 
increasing strain, /l in (3.46) becomes dominated by 
the stress term and p > G 2. As noted above, satisfac- 
tion of this inequality guarantees that the parabolic 

regime is excluded. and loss of ellipticity then occurs 
across the elliptic-hyperbolic interface. At initial 
yield, however, h may not be dwarfed by G. For q > 1. 
p < oj2 is a distinct possibility. corresponding to one 
real solution of (3.48) for (nZ.n,)‘. This solution is 
(nlin,)’ = 0 when 11 = a/2. which predicts that the 
plane of shearing parallels the loading axis. The mode 
at the elliptic-parabolic boundary differs from that at 
the elliptic-hyperbolic boundary in a signiticant re- 
spect; the mode itself corresponds to unloading on 
one slip system in the band (the mode at the elliptic- 
hyperbolic boundary gives loading on both slip sys- 
tems in the band). Although the shear band mode at 
the parabolic boundary involves unloading on one 
system, a bifurcation mode consisting of a linear com- 
bination of the shear band mode and the symmetric 
double slipping pre-bifurcation mode can be con- 
structed, so that use of the plastic loading sriffnesses 
in the bifurcation analysis is justified. 

As it turns out, the question of uniqueness also turns 
on the value of p. As Hill and Rice [lo] hav-e shown, 
uniqueness of slipping mode under applied stretching 
rate D is guaranteed if NZp (3.27) is positive definite; 
if stress rate : is imposed, the matrix NxB- (P”’ + 
L-’ :j?“‘):L:(P’p’ + L-l :/?‘@‘) must be positiv-e defin- 
ite to insure a unique slipping mode. For the double 
slip problem considered here, one may show that a 

sufficient condition for uniqueness under imposed 4 
reduces to p > 0, or 

acos’& > (q - l)h. (3.53) 

If (3.53) is not satisfied, not only are the governing 
equations in the parabolic regime, but uniqueness of 
the slipping mode is not guaranteed. With a reason- 
able value of q > 1. (3.53) may well fail during the 
earliest stages of the plastic flow. We emphasize that 
the parabolic regime, given by u > 2 ,u, is entered 
before (3.53) fails. 

The shear band bifurcation analysis discussed 
above has been carried out for the idealized planar 
crystal; a similar analysis can also be carried out for 
the real geometry in Fig. 8b. Remarkably. a shear 
band analysis for the analogous symmetric double 
slipping problem in a three-dimensional crystal does 
not predict all of the rotation effects that are dis- 
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cussed above and observed in experiments: rather. the 
kinematics of the problem alone dictate that, in a 
rigid-plastic crystal, shear bands must lie precisely on 
either slip plane. As such. 11 must fall to zero for bifur- 
cation to occur. Inclusion of the crystal’s elasticity in 
the analysis has a small but significant effect: the 
orientation of the shear band is no longer along a slip 
plane, although the critical value of h/a is at least an 
order of magnitude smaller than the (perhaps high) 
value of 0.050 predicted by the planar analysis. 

We may understand this situation in two ways. 
First. as the results presented in Section -I.2 will indi- 
cate, lattice rotations due to necking trigger shear 
band formation; the assumption of homogeneous 
symmetric double slipping may unrealistically post- 
pone shear band initiation. Secondly, small amounts 
of slip on systems other than the primary and conju- 
gate may affect the prebifurcation state as well as the 
bifurcation mode itself. Such slipping on other sys- 
tems may be initiated by local stress concentrations 
or low latent hardening and can shift the geometry of 
the situation from that in Fig. 8b back to that in Fig. 
8a so that the bifurcation results may correspond 
more closely with those obtained using the plane 
strain model. These effects of micro-slip on systems 
with resolved shear stresses less than the flow stress 
cannot readily be explored within the constitutive 
framework we have employed, which is based on 
Schmid’s law. We have, however, carried out a three- 
dimensional shear band bifurcation analysis for a 
crystal with four equally stressed slip systems. This 
gives rise to parabolic behavior in the vicinity of in- 
itial yielding, unless the latent hardening parameter 4 
is even more restricted than in the planar mode). 

Indeed, the fact that the latent hardening ratio 
needs to be restricted in a constitutive relation based 
on Schmid’s law has been realized for some time in 
the context of ‘physical’ models for polycrystalline 
plasticity based on single crystal slip (see e.g. Hutchin- 
son [27] ). It may be that a constitutive description 
capable of accounting for high latent hardening 
requires a formulation which includes rate depen- 
dence; some results obtained by Pan and Rice [44] 
seem to support this view. We will carry out most of 
our calculations using Taylor hardening. q = I; but 
we also carry out a calculation using a higher (but 
still satisfying p > ~,/2) latent hardening ratio. In this 
latter case we find essentially the same course of shear 
band development as in the corresponding Taylor 
hardening computation. However, as we will discuss 
subsequently, the calculations suggest that for suffi- 
ciently high latent hardening other interesting pheno- 
menologies may develop which, to be explored fully. 
probably require a broader constitutive framework. 

4. NUMERICAL METHOD AND RESULTS 

4.1 L~rtmericol method 

The numerical calculations are carried out for the 
two dimensional crystal model depicted in Fig. Sa, 

with the deformations constrained to be in the plane 
containing both slip directions and both slip plane 
normals. The undeformed shape of this planar crystal 
is specified by its initial length X0 and its initial 
thickness 2(h0 + Ah,,). where Zh, is the average thick- 
ness and 2411, is the initial thickness inhomogeneity. 
The slip sy-stems are taken to be symmetrically 
oriented about the tensile axis before deformation 
begins. The end-displacement of the crystal is pre- 
scribed and the deformation history is calculated in a 
linear incremental fashion. For a perfect crystal 
(Ah, = 0). the boundary conditions are such that the 
deformation state is one of homogeneous symmetric 
double slip. For imperfect crystals. however. the 
deformations are inhomogeneous from the outset and 
the deformation state for each increment of prescribed 
end-displacement is determined by the finite element 
method. 

The finite element analysis is based on a Lagran- 
gian formulation of the field equations. with the initial 
unstressed state taken as reference. The approach 
adopted here uses a convected coordinate formulation 
and has been extensively employed in previous finite 
element analyses, e.g. Needleman [45], Tver- 
gaard [46]. Needleman and Tvergaard [-I71 and Tver- 
gaard. Needleman and Lo [9]. Except for the consti- 
tutive law employed, the numerical methods used in 
this study follow along the lines described by Tver- 
gaard et al. [9]. The convected coordinate formula- 
tion and its finite element implementation have been 
reviewed by Needleman [48], who also discusses 
issues arising in implementing the elastic-plastic single 
crystal constitutive relation within this finite element 
framework. 

A material point is identified by its Cartesian 
coordinates. .vi, in the reference state. which serve as 
convected coordinates. The convected coordinate net 
can be visualized as being inscribed on the body in 
the initial configuration and deforming with the 
material. The displacement components on the refer- 
ence base vectors are denoted by ni and the Lagran- 
gian strain tensor is given by 

rlij = t(4.j + Uj.i + UfiUt,j) (4.1) 

where ( ).i denotes covariant differentiation in the 
reference coordinate system (when, as here, the refer- 
ence coordinate system is Cartesian, the covariant de- 
rivatives reduce to partial derivatives). Latin indices 
range from 1 to 3, while Greek indices (to be 
employed subsequently) range from I to 2. 

The contravariant components of Kirchhoff stress 
on the deformed convected coordinates are denoted 
by rij and equilibrium is expressed in terms of the 
principle of virtual work. Under plane strain con- 
ditions, the principle of virtual work takes the form 

! 
. . 

r’B8t/,4dV = 
Y J T’ du, dS. (4.2) 

s 
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Here. k. and S are the volume and surface of the 
body in the reference configuration. respectively. and 
the nominal traction components on a surface with 
reference normal nj are given by 

7-1 = (‘$ f r:j ufi),t. i 14.3) 

Consideration is restricted to deformations symmetric 
about the central lines x’ = 0 and .xy2 = 0 so that only 
one-quarter of the cry-stal is considered in the numeri- 
cal solution. With the tensile axis aligned with the 
.x’-direction. the boundary conditions on the quad- 
rant analyzed numeri~aIly are 

211 = 0 T’= 0 at x1 = 0 
?=10 

7u’ 
T* = 0 at .x1 = 0 

= 7’ = 0 at x’ = k0 + Aho (4.4) 

r,= = u T’ = 0 at .xyl = Le. 

Here, Cr is the prescribed end-displacement and A& 
the initial thickness inhomogeneity, is taken, as in [9], 
to be of the form 

Ah, = h, [ -  ?I  c os ( r r . u2: l , )  

- + Tz  c os ( mnx Z; L, ) ]  (4.5) 

where z, and TZ are prescribed imperfection ampli- 
tudes and m( > 1) is a wave number. 

Xow, presume that the values of displacements, 
strains. stresses and tractions corresponding to an ap- 
proximate state of equilibrium are known. The gov- 
erning equations for a prescribed increment of end- 
disptacement are obtained by expanding the principle 
of virtual work (4.2) about this state to give 

= ?-=dtr,dS + 7-‘&u, dS - 
I 

r=%6~,%dV 
v 1 

(4.6) 

where (‘) denotes increments of field quantities and 
the term in brackets on the right hand side of (4.6) is a 
correction term to compensate for the lack of equilib- 
rium in the given state. This correction term vanishes 
if the given state satisfies the equilibrium condition 
(4.2) exactly and is included here to inhibit accumu- 
lation of the numerical errors arising from the linear 
incrementation scheme. 

The stress increments ?% are the contravariant 
components of the convected derivative of Kirchhoff 
stress. The moduli relating ?‘% and the Lagrangian 
strain increments i.,, are denoted by @:4 so that 

Here 

i’% = c’%;.dtj@ (4.7) 

Cl%& = C’%:d _ .&‘dr” + $drx’ + ~?rPd + gk5zd] 

14.8) 

where z% are the contravariant components of the 

metric tensor of the convected coordinate system in 
the current configuration. The procedure for calculat- 
ing the components C%yJ of the tensor of moduli C in 
(3.29) is described by Peirce, Asaro and Needle- 
man [303. Employing (4.8) in (4.6) gives, in conjunc- 
tion with the boundary conditions (4.4). the variation- 
al statement of the incremental boundary value prob- 
lem. 

4.2 Results 

For the finite element calculations reported on 
here. Asaro’s plane model pictured in Fig. I1 is used 
with &, = $, = 30”. The initial aspect ratio of each 
single crystal is taken as L,/hO = 3. The elasticity of 
each crystal is taken as isotropic and is characterized 
by a Young’s modulus E = 1000 r. and a Poisson’s 
ratio v = 0.3. 

The finite element grid employed is composed of 
quadrilaterals. each built up of four triangular ele- 
ments with linear displacement fields. One of the in- 
itial meshes is displayed in Fig. l4a (only the quadri- 
laterals are shown), where the X’ direction is along 
the length of the specimen, and the origin is at its 
center. Although this figure displays all four quad- 
rants of the mesh, only one quadrant is analyzed nu- 
mericahy due to the imposed symmetry. Following 
Tvergaard et al. [9}, the finite element meshes were 
designed so that, at the onset of shear band forma- 
tion, the orientation of the element diagonals would 
be near the most favorable angle for shear bands. We 
present the results of our computations for four differ- 
ent specimens, in order to investigate the effects of 
various initial thickness imperfections, diffuse necking 
and latent hardening. 

The first specimen we consider follows the harden- 
ing law (3.33). The parameters in this law are those 
used in the co~esponding plot in Fig. 10. and the 
off-diagonal elements of H,,, in (3.32) are specified by 
taking q = 1. The initial thickness inhomogeneity is 
given by (4.5) with ;, = 0.42 x lo-“. 
5 rZ = 0.24 x 10m2 and m = 2. 

Figure 15 displays the computed load vs end-dis- 
placement curve. The load T is defined by 

7= 
1 

Wo + Aho) 1‘ 

ho+& 
T2(Lo, x’) d-x’. (4.9) 

-(hO+tioj 

In the figure, 7’ is normalized by ro. The computed 
maximum load, marked by an x, is iess than 0.3% 
greater than the maximum load for an initially uni- 
form crystal with the same constitutive law. The nor- 
malized end-displacement at maximum load as found 
numerically is 0.078, while the corresponding value 
for a perfect crystal is 0.080. 

The progress of the deformation after maximum 
load is illustrated by the lower four meshes in Fig. 14. 
The corresponding normalized loads and end-displa- 
cements are indicated by the arrows in Fig. 15. We 
emphasize that the four-fold symmetry of the meshes 
in Fig. 14 is that enforced by the boundary conditions 
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Fig. 14. (a) Typical finite element grid used in the present 
analyses. Each quadrilateral consists of four constant strain 
triangles. Due to the imposed symmetry, only one quad- 
rant of the mesh is employed in the computations. The 
.x2-axis is along the length of the grid, and the xl-axis is 
along its width. with the origin at the center of the mesh. 
(b)-(e) Deformed meshes for the crystal which obeys the 
hardening law equation (3.33) and whose initial thickness 
inhomogeneity is specified by e, = 0.42 x 10-2, 
5, = 0.24 x IO-’ and m = 2 in (4.5). (b) U/L,, = 0.082, (c) 

L’.‘L,, = 0.087. (d) U/L,, = 0.094, (e) U/L, = 0.103. 

(4.4): only one quadrant of the mesh was used in the 
computations. 

Figure 14b shows the deformed mesh just after 
maximum load. at U/L,, = 0.082, where a very slight 
diffuse neck has formed. Almost immediately, how- 
ever, the load drops precipitously. As will be dis- 
cussed subsequently, this load drop is associated with 
the rather abrupt rotation of the crystal lattice in ‘the 
shear band into a geometrically softer orientation. 

A more quantitative picture of shear band develop- 
ment is furnished by Figs 16-19, which correspond to 
Figs 14b-14e. respectively. In each of Figs 16-19 only 

the first quadrant of the specimen is plotted. with the 
tensile axis vertical. Figures 16a to 19a display con- 
tours of constant maximum principal logarithmic 
strain at the corresponding values of the end-displace- 
ment (since the crystal is nearly incompressible, the 
other in-plane principal logarithmic strain is the nega- 
tive of the one plotted). Figs 16b-19b and 16c-19c 
show similar contour plots of shear strain on the 
primary and conjugate slip systems, respectively. 
Figures 16d to 19d depict the current orientation of 
the primary slip direction in each quadrilateral ele- 
ment. Since the elastic strains are quite small, the 
orientation of the primary slip direction is an accurate 
representation of that of the lattice itself. 

Before the sharp load drop, at U/L, = 0.082, the 
greatest straining is at the center of the specimen (Fig. 
16a) and is just below the critical strain, 0.103, for 
bifurcation into a shear band mode. As is especially 
indicated by the conjugate slip contours in Fig. 16c, 
however, strain is also beginning to concentrate on 
the free surface, above the symmetry line. Figure 16d 
indicates that the lattice orientations are still quite 
uniform throughout the crystal. 

In Fig. 17, at U/L, = 0.087, the shear band has 
clearly formed. While very little additional straining 
has occurred outside the band. a great deal of shear 
strain has begun to accumulate within a well-defined 
band. The contours of constant conjugate slip in Fig. 
17c show how the band has propagated through the 
specimen from both the center and the free surface. A 
misorientation of the lattice away from the tensile axis 
is just becoming visible in Fig. 17d. 

These trends are more pronounced in Figs 18 and 
19; the latter figure corresponds to the end of our 
computations, at U/L, = 0.103. Note in Fig. 19b and 
19c that the primary and conjugate slip systems are 
both highly strained within the shear band; as pre- 

4l- 

f 

X %-I 
3 

c” 2 

x - Maximum load 

I I I I I I I 
0 o.a25 0.05 0075 01 0.125 a15 

U/L, 

Fig. 15. Load vs end-displacement curve for the crystal 
hardening according to equation (3.33) with initial thick- 
ness inhomogeneity specified by z, = 0.42 x IO-*, 
zz = 0.24 x IO-’ and m = 2 in (4.5). The arrows corre- 

spond to Figs 14(b)-(e). 
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Fig. 16. One quadrant of the deformed crystal shown in 
Fig. 14(b). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Orientation of the 

primary slip direction in each quadrilateral. 
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Fig. 17. One quadrant of the deformed crystal shown in 
Fig. 14(c). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Orientation of the 

primary slip direction in each quadrilateral. 
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Fig. 18. One quadrant of the deformed crystal shown in 
Fig. 14(d). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Orientation of the 

primary slip direction in each quadrilateral. 
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Fig. 19. One quadrant of the deformed crystal shown in 
Fig. 14(e). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Orientation of the 

primary slip direction in each quadrilateral. 
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+ Experimental paints 

x Maximum load 

0 I 0.025 0.05 0.13 

U/L, 

Fig. 20. Load vs end-displacement curve for the crystal 
hardening according to (3.33) with initial thickness inhom- 
ogeneity specified by 2, = 0.375 x LO-‘. z, = 0.15 x lo-” 
and m = -I in (4.5). The arrows correspond to Figs 
21(a)-(c). Also shown is an appropriately normalized set of 
experimental points; these points are joined by straight 

lines. 

dieted by the bifurcation analysis in Section 3.3, both 
systems are active in the shear band mode. In fact. a 
rough estimate of L\;“‘V&‘P = 0.4 in the shear band 
can be obtained from our calculations, which agrees 
well with the value of 0.35 which follows from (3.52). 

A rotation of the band away from the dominant 
slip system (the primary system. in the quadrant 
shown) is evident in Fig. t9d. The shear band itself is 
about 40’ from the tensile axis (an angle somewhat 

(b) 

Fig. 21. Deformed meshes for the crystal which obeys 
the hardening law (3.33) and whose initial thickness in- 
homogeneity is 
z 

specified by F = 0.375 x lo-‘. 
_: = 0.15 x IO-” and m = 4 in (4.5). (a;‘U,‘L, = 0.080. (b) 

L’I’L, = 0.089. (C) U/L, = 0.103. 

larger than the 37.2. predicted by the homogeneous 
bifurcation analysis,. but the lattice within the shear 
band is only 36’ from the tensile axis. 

Most of the lattice rotation in the shear band has 
taken place during the abrupt load drop shown in 
Fig. 15: very littie additional lattice rotation occurs 
between the third stage of deformation (Fig. 18) and 
the last stage of deformation (Fig. 19) even though 
considerable additional strain has accumulated in the 
band. The lattice misorientation across the shear 
band in Figs 1Sd and 19d is typically about 5”. in 
excellent agreement with the observations of Chang 
and Asaro [3]. 

The load vs end-displacement curve shown in Fig. 
20 was calculated for a single crystal whose constitu- 
tive law coincides with that of the crystal just dis- 
cussed. A different initial thickness inhomogeneity 
was specified. hokvever; a wavenumber nr = 4 was 
used with z, = 0.37j x lo--! and zz = 0.15 x IO- 
in (4.5). As a result. the thinnest cross section in the 
undeformed configuration was nearer the symmetry 
line xL = 0. 

The three deformed meshes at the points marked 
by the arrows in Fig. 20 are displayed in Fig. 21. Just 
after maximum load (indicated by an x in Fig. 20). 
again at L’,‘Le = 0.078. the deformation depicted in 
Fig. 21a shows negligible nonuniformity. As the shear 
bands form in Figs. 2Ib and Zlc. it can be seen that, 
because of the different initial thickness inhomogen- 
eity, the bands intersect the free surface closer to 
x’ = 0 and do not cross in the center of the specimen, 
where a diamond-shaped shearing pattern may be dis- 
cerned in Fig. 21~. This case gives rise to a load drop 
in Fig. 20 somewhat less abrupt than that in Fig. 15. 

Several quantitative plots. analogous to those in 
Figs 16-19, are shown in Figs 22-24. Although no 
shear bands are visible in Fig. Zla, Fig. 22a-22c, 
which correspond to the same end-displacement, 
demonstrate the presence of several strain concen- 
trations. Those on the free surface result from the 
shorter wavelength of the initial thickness inhom- 
ogeneity. The greatest principal strain on the free sur- 
face is seen in Fig. 22a to lie precisely where the shear 
band will later intersect this surface. The long 0.1 con- 
tour in Fig. 22b shows how primary slipping has 
already begun to intensify; the corresponding contour 
in Fig. 22~ indicates that a shear band dominated by 
conjugate slip (which does not develop as much) is 
also initiating ar the free surface. 

The large amounts of strain that accumulate in the 
bands are seen in Figs 23 and 24. These figures show, 
in addition to the intensely sheared primary band in 
Fig. 24b. the development of the conjugate band (Figs 
23~ and 24~) which forms a portion of the diamond 
pattern in Fig. 21~. As is evident from the 0.15 con- 
tours in Fig. 24a-2Jc. the regions of intense shearing 
propagate throughout the center portion of the speci- 
men along what have become characteristics of the 
governing equations. The misorientation of the lattice 
within the shearing material is monitored in Figs 
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Fig. 22. One quadrant of the deformed crystal shown in 
Fig. 21(a). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Orientation of the 

prtmary slip direction m each quadrilateral. 
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Fig. 23. One quadrant of the deformed crystal shown in 
Fig. 21(b). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Orientation of the 

primary slip direction in each quadrilateral. 
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Fig. 24. One quadrant of the deformed crystal shown in 
Fig. 21(c). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Orientation of the 

primary slip direction in each quadrilateral. 
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Fig. 25. Load YS end-displacement curve for the crystal 
hardening according to equation (3.35) with initial thick- 
ness inhomogeneity specified by 1, = 0.453 x lo-‘. 
i ,1 = 0.18 x lo-’ and m = 2 in (4.5). The arrows corre- 

spond to Fig. 26(a)-(e). 

Ed-24d; in Fig. 24d, the average rotation of the lat- 
tice in the shear band is approximately 6’ away from 
the tensile axis. The shear band itself again makes an 
angle of 40” with the tensile axis, as in Fig. 19d. 

The third specimen we consider obeys the law (3.35) 
and therefore its strain hardening moduli are still sub- 
stantial at large strains. The initial thickness inhom- 
ogeneity (4.5) was specified by m = 2, 
T, = 0.453 x lo-’ and f, = 0.18 x lo-‘. 

The computed load vs end-displacement curve is 
plotted in Fig. 25. The maximum load occurs at 
U/L., = 0.100, while the maximum load for a perfect 
single crystal obeying the same constitutive law is 
0.4% less and occurs at U/L,, = 0.102. 

The five meshes in Fig. 26 represent the deforma- 
tion at each of the arrows in Fig. 25. A diffuse neck 
grows from Fig. 26a to 26c, but unloading outside the 
core of the neck is evident in Fig. 26d, and the fully 
developed shear band is shown in Fig. 26e. The rather 
smooth load decrease in Fig. 25 is associated with the 
gradual rotation of the lattice mto a geometrIcally 
softer orientation. 

The plots in Figs 27-31 are analogous to those dis- 
cussed above, with the exception of Figs 27d-3ld. 
These latter figures, rather than plotting the primary 
slip direction itself, show contours of equal rotation of 
the primary slip direction from its initial orientation 
(30’ from the tensile axis). A positive value corre- 
sponds to rotation away from the tensile axis. 

Figure 27 corresponds to an end-displacement of 
L’/L, = 0.136. There is already substantial nuking, as 
may be seen from the higher strains at the specimen 
center in Fig. 27a. Figure 27d is perhaps the most 
interesting, though, in that rotation of the lattice is 
already taking place in such a way as to make the 
primary slip system geometrically softer. Here, the 
region of maximum lattice rotation is centered about 
the thinnest cross section. These trends continue in 
Fig. 28, corresponding to V/L,, = 0.151. In Fig. 28d, 
the region of greatest lattice rotation has moved down 
the free surface towards the .x1--axis. 
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The small 0.22 contours in Fig. 28b and 28c are a 
clue that the unloading noted in Fig. 25d and 25s is 
already underway. As the critical strain for short 
wavelength surface modes is 0.232 from Table 1, it is 
not surprising that the highest strain on the free sur- 
face is moving up from the xl-axis. The unloading is 
more marked in Fig. 29, at C/L, = 0.166. where we 
also see the first harbingers of the shear band mode. 
The kink in the 0.25 contour of Fig. 29a hints at a 
developing strain concentration on the free surface; at 
the same time, Fig. 29b and 29c indicate that primary 
and conjugate shear strain are intensifying in accord- 
ance with the eventual shear band pattern. It is inter- 
esting that, even though the greatest principal strain 
in the specimen scarcely exceeds 0.3 (a value notice- 
ably less than the critical strain of 0.367 for shear 
bands), the beginnings of the shear band pattern are 
evident. Significantly, the developing lattice rotations, 
which have grown still larger in Fig. 29d, are geome- 
trically softening the primary slip system throughout 
the material which eventually shears the most. 
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Fig. 26. Deformed meshes for the crystal which obeys the 
hardening law (3.35) and whose initial thickness inhom- 
ogeneity is specified by <, = 0.453 x IO-‘, zz = 
0.18 x lo-’ and m = 2 in (4.5). (a) U/L,, = 0.136, (b) 
U,‘LO = 0.151, (c) U/L, = 0.166, (d) U/L, = 0.176, (e) 

U/Lo = 0.200. 

Fig. 27. One quadrant of the deformed crystal shown in 
Fig. 26(a). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Contours of con- 
stant rotation of the primary slip direction away from the 

tensile axis. 
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Fig. 25. One quadrant of the deformed crystal shown in 
Fig. 26(b). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Contours of con- 
stant rotation of the primary slip direction away from the 

tensile axis. 
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Fig. 29. One quadrant of the deformed crystal shown in 
Fig. 26(c). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Contours of con- 
stant rotation of the primary slip direction away from the 

tensile axis. 
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Fig. 30. One quadrant of the deformed crystal shown in 
Fig. 26(d). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Contours of con- 
stant rotation of the primary slip direction away from the 
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Fig. 31. One quadrant of the deformed crystal shown in 
Fig. 26(e). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary sfip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Contours of con- 
stant rotation of the primary slip direction away from the . . tensile axis. tensile axis. 
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Both primary and conjugate shear bands are evi- 
dent in Fig. 3Oa: shear strains in excess of 0.4 have 
accumulated on the operative slip systems in each 
band. as may be seen from Fig. 30b and 30~. Figure 
30d shows the lattice rotations to be locally high in 
the primary band. while in the conjugate band (nearer 
the center of the crystai) these rotations are much 
smaller. The lattice in the central portion of the crys- 
tal, inside the 0.0 contour of Fig. 30d, has in fact 
rotated so that the conjugate system is geometrically 
softer. 

We stopped the calculations at U/L0 = 0.200; the 
corresponding contour plots in Fig. 31 show the large 
accumulations of strain. The 0.4 contours in Fig. 31a, 
31b and 31c indicate the intensification of strain along 
characteristic directions. The shear bands here, 
though, have developed more gradually and are nota- 
bly broader than those in the previous specimens. The 
more gradual development of the shear bands in this 
case can be attributed to the fact that the gradually 
developing lattice rotations due to diffuse necking 
play an important role in precipitating the localized 
deformation. Due to the geometrical softening 
induced by these lattice rotations, significant localized 
shearing occurs we11 before the bifurcation point for a 
symmetrically doubIe slipping crystal. The broadness 
of the shear band is, at least in part, an effect of the 
finite element grid. Due to the inhomogeneous geo- 
metrical softening in the neck the finite element mesh 
is not optimally oriented in the necked down region. 
As discussed by Tvergaard et al. (91, this leads to a 
mesh induced broadening of the shear band. 

The final crystal for which we report results is 
identical to the first crystal discussed above in all re- 
spects but one: the off-diagonal elements of H,, were 
made to exceed the diagonal elements by taking 
q > I. Guided by the sufficient condition for unique- 
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Fig. 32. Load vs end-displacement curve for the crystal 
hardening according to equation (3.33) with 9 given by 
(4.10). The initial thickness inhomofScneity is specified by 
;, = 0.42 x lo-’ , z, = 0.24 x LO- and m = 2 in (4.5). 

The arrows correspond to Fig. 33(a)-(c). 

(Cl 

Fig. 33. Deformed meshes for the crystal which obeys the 
hardening law. equation (3.35) with 4 given by (-t.lO). The 
initial thickness inhomogeneity IS 
z, = 0.42 x 10-Z. z, = 

specified by 
0.24 x 10-r and m = 2 in (4.5). (a) 

L’;L, = 0.084, (b) L‘i’tn = 0.092. (ct C!L,, = 0.102. 

ness of slip increments discussed in Section 3.3, we 
chose q (in each increment) to be 

1.3 

where & is 30”, H is as in (3.33) and r*’ is the contra- 
variant 2,2 component of r on the deformed coordin- 
ates. The overshoot arising from this variable q has 
already been noted in Fig. 12. 

The load vs end-displacement curve is shown in 
Fig. 32. This curve exhibits a slightly stiffer response 
than that depicted in Figs 15 and 20. a natural result 
of the higher Iatent hardening used here. As in Figs 15 
and 20, the abrupt load drop, which follows shortly 
after maximum load, is associated with the rotation of 
the lattice in the shear band into a geometrically 
softer orientation. The deformed meshes correspond- 
ing to the arrows in Fig. 32 show much the same 
shear band development as in Figs 14 and 21; these 
meshes are presented in Fig. 33. 

The most fascinating aspect of the calculation with 
q > 1 is seen in Fig. 34, where L’/L, = 0.084. While 
Fig. 34a exhibits the typical strain pattern just prior 
to the onset of macroscopic shear bands, Fig. 34b and 
34c demonstrate a nonuniformity completely absent 
in the specimens considered previously. As mentioned 
in the Introduction, the pattern of slipping on the 
primary and conjugate systems has developed a 
‘patchy’ appearance. Regions where primary shear 
strain is relatively high coincide with regions where 
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(d) 

Fig. 34. One quadrant of the deformed crystal shown in 
Fig. 33(a). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of eonsrant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate sIip system. (d) Orientation of the 

Fig. 35. One quadrant of the deformed crystal shown in 
Fig. 33(b). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary sIip system, (c) Contours of constant shear 
strain on the conjugate stip system. (d) Orientation of the 

primary slip direction in each quadrilateral. primary slip direction in each quadrilateral. 
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Fig. 36. One quadrant of the deformed crystal shovvn in 
Fig. 33(c). (a) Contours of constant maximum principal 
logarithmic strain. (b) Contours of constant shear strain on 
the primary slip system. (c) Contours of constant shear 
strain on the conjugate slip system. (d) Orientation of the 
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conjugate shear strain is relatively low and vice versa. 
Sate that conjugate and primary slipping are at 
nearly equal levels along the center line of the crystal. 
where symmetry constraints are enforced (see the left- 
most portion of each of Figs 34b and 34c). At the free 
surface conjugate slipping is dominant. 

This patchy slipping pattern develops very early in 
the deformation history. (While Figs 35 and 36 show 
the usual shear band development, the patchy pattern 
is not disturbed.) Due to the initial thickness imper- 
fection. initial yielding occurs inhomogeneously. The 
rather strong latent hardening present in this case in- 
hibits the development of double slip, so that patches 
of the crystal deform in single slip in the primary or 
conjugate system. The patches persist until an exten- 
sion of about 0.04. Subsequently, these patches gradu- 
ally disappear. as double slip occurs over most of the 
crystal. Thereafter. as the deformation concentrates in 
the shear bands, unloading occurs away from the 
neck. Although double slip does eventually take place. 
the predominance of primary or conjugate slip in 
patches of the crystal is evident. Figures 34d to 36d 
again plot the primary slip direction in each element. 
Rotation of the lattice away from the tensile axis is 
observed within the shear band, but the lattice rota- 
tions which accompany the earlier nonuniformities 
cannot be discerned in these plots. For this reason, 
Fig. 37 exhibits contour plots of lattice rotation anal- 
ogous to those in Figs 27d-31d. Figures 37a to 37c 
are at the same stages of deformation as Figs 33a-33c, 
respectively. In addition to showing the lattice rota- 
tions in the shear bands, Fig. 37 also displays them in 
the nonuniform regions first noticed in Fig. 34. When 
it is recalled that positive values indicate rotation of 
the primary slip system away from the tensile axis, it 
is evident that areas of higher conjugate slipping cor- 
respond to a slight geometrical softening of the 
primary system. 

Finally, we should point out that if the latent hard- 
ening is prescribed higher than just discussed a some- 
what different phenomenology can develop. For 
example, with q taken somewhat larger than in (4.10) 
the elements which initially deform in single slip 
become unstable once double slip begins. By this we 
mean that the governing equations for those elements 
lose ellipticity, in fact becoming parabolic rather than 
hyperbolic. and admit shear band solutions. With the 
numerical method we have used, this leads to a singu- 
lar finite element stiffness matrix so that the computa- 
tional procedure breaks down. As yet we have not 
attempted to study the implications of this phenom- 
enon with detailed calculations of shear localization 
within the patches, but there are implications of 
patchy deformation that merit further investigation. It 
may be, on the one hand. that unstable Bow within 
certain patches serves to trigger unstable flow within 
the bulk of the crystal. This may lead to a sort of 
network of contained shear bands which eventually 
propagate (perhaps by coalescence) once the sur- 
rounding crystal approaches a critical state. On the 

other hand. very strong latent hardening might have 
the effect of inhibiting double slip and lead to a more 
or less uniform mode of patchy slip. Shear bands may 
still form with positive hardening but only if there are 
deviations from the Schmid law for yielding as dis- 
cussed by Asaro and Rice [l]. Evidently there is a 
range of interesting phenomenologies to be studied 
theoretically and to be expected from experimental 
observations. 

In each of the four single crystals for which defor- 
mation histories were calculated, though, the results 
reported above show several key features that are in 
excellent agreement with experiment. Formation of 
macroscopic shear bands invariably occurs along 
planes rotated. relative to the dominant slip system, 
away from the tensile axis. Lattice rotations within 
the bands are such that the dominant slip system is 
geometrically softened; for those calculations employ- 
ing parameter values representative of the aluminum- 
copper single crystals aged to contain B precipitates, 
the computed lattice misorientations are in close 
quantitative agreement with the observations of 
Chang and Asaro [3]. The crystal which exhibits sub- 
stantial diffuse necking also has much larger lattice 
rotations and a more gradually developing shear 
band. The crystal with higher latent hardening dis- 
plays a patchiness of slipping consistent with experi- 
mental observations, yet the course of shear band for- 
mation is essentially unchanged. 

5. DISCL’SSION 

Our finite element calculations have illustrated the 
importance of kinematics in the development of 
nonuniform and localized deformation in ductile 
single crystals. Figures 17d to 19d and 22d to 24d 
show, for example, the development of geometrical 
softening in shear bands due to nonuniform lattice 
rotations. We recall that the strainhardening rule used 
in these calculations was taken directly from experi- 
mental data on an aluminum-copper single crystal. 
This hardening rule [ (3.33) and (3.34)] is typical of 
high strength. low strain-hardening materials. The 
bands form after very slight necking and tend to be 
sharply delineated. Consistent with this phenomena 
logy is the abrupt load drop, which is essentially con- 
current with an abrupt lattice misorientation in the 
band and with what appears to be a transition to a 
mode approaching single slip in the band. 

The experimentally observed load-deflection curve 
shown in Fig. 20 exhibits the same general trend as 
the computed one. but the load drop is somewhat 
smaller. This smaller load drop could be due to one 
or a combination of several factors. One is that the 
actual crystal may undergo slightly more diffuse neck- 
ing prior to localization and, as Fig. 25 illustrates, 
diffuse necking tends to smooth out the load drop. 
Another is that the greater constraint imposed by the 
actual three dimensional crystal kinematics would be 
expected to limit somewhat the amount of abrupt lat- 



tice misorientation as compared with that permitted 
by the two dimensional kinematics employed in the 
calculations. We also note that. as can be seen from 
Figs 15 and 70+ the amount of the abrupt load drop in 
our calculations does vary some with initial imperfec- 
tion. 

A comparison of the two calculations carried out 
here using an identical crystal hardening law but 
employing different initial imperfections is instructive 
in showing which features of shear banding are CO~SC- 
quences of material behavior and which are expected 
to be specimen dependent. As illustrated by Figs 14 
and 21, the shear band pattern itself varies consider- 
ably with the small initial imperfection and, as noted 
above, the amount and abruptness of the load drop 
also is different in these two cases. However, both the 
orientation of the material plane of the band and the 
amount of lattice misorientat~on across the band are 
virtually the same in each case and are not sensitive 
to the form (or magnitude) of the small initial imper- 
fection. Furthermore, the fact that a load drop does 
occur and that it is associated with an abrupt lattice 
misorientation is a consequence of the material strain- 
hardening behavior although the details of the load 
drop do depend on the initiai imperfection. 

Tvergaard er nl. [9] used a phenomenologicat 
polycrystal constitutive relation introduced by Chris- 
toffersen and Hutchinson [49] in their calculatons of 
shear band development in plane strain tension and 
also found that the location and pattern of shear 
bands was strongly inffuenced by the initial thickness 
imperfection. However, the orientation of the bands 
was not. For this phenomenological polycrystal 
model, Tvergaard et al. [9] noted that, since the 
material stiffens as the deformation in the band shifts 
from plane strain tension to shear (modelfing the stiff- 
ening effect in a potycrystal of some of the many 
active systems unloading as the deformation path 
changes), the strains outside the shear bands increase, 
leading, in some cases, to the emergence of a second- 
ary pattern of shear bands in the highly strained inter- 
ior of the neck. Tvergaard et nl. [9] also. for compari- 
son purposes. carried out calculations of shear band 
development for a nonlinear elastic solid which does 
not exhibit such a path dependent stiffening and for 
this material model, as the deformations concentrate 
in the shear bands, the remainder of the specimen 
rapidly unloads, leading to a snap-back phenomenon. 

The behavior of the high strength, Iow hardening 
crystals can be contrasted with that of the third crys- 
tal described in Section 4.2 and shown in Figs 25-31. 
The strainhardening law used in this case describes a 
material that hardens more strongly, especially at 
large strains. Localized shearing is now preceded by a 
relatively large amount of necking as shown in Fig, 
26. The load-strain curve (Fig. 25) does not display an 
abrupt drop (at least up to the strain levels reeordedf 
and the concentration of shear strain into a band de- 
velops much more gradually. In addition the kincma- 
tic effects of the neck itself are naw very pronounced 

as seen in the contours of lattice rotation shown in 
Figs 27d-3ld. Necking has the effect of causing non- 
uniform lattice rotations that, in turn, cause a geo- 
metrical softening. For example, in Fig. 31d the 
regions at the surface of the crystal have rotated ap 
proximately i2-15’ so that one of the slip systems lies 
very close to the maximum shear stress orientation. It 
is in these regions that maximum shear strains occur 
and a shear band develops. The band is again charac- 
terized by a transition to a single slip mode, but the 
transition is much more gradual than in the higher 
hardening crystal. Thus necking appears to serve as a 
triggering mechanism for shear localization due to the 
lattice misorientations it induces. In both cases, 
though, the bands are characterized by crpstallo- 
graphic misorientation with respect to the surround- 
ing crystal and by geometrical softness. 

The phenome~ology just described is in very c&e 
agreement with available experimental results as men- 
tioned in Section 2. For example. Chang and 
Asaro [3] found that macroscopic shear bands in 
aluminum-copper single crystals were misoriented 
with respect to the surrounding lattice as was the lat- 
tice ~irh&t the bands (see Figs 2 and 4). The rota&ions 
made the bands geometrically soft on that slip system 
to which the band was nearly aligned. In the strongest 
microstructures containing B precipitates on GPII 
zones, the bands formed abruptly, after very little nec- 
king and were quite straight as also seen in Figs 2 and 
4. in misrostructures containing 6, phase, on the other 
hand, which are softer and display larger strain hard- 
ening rates, shear bands were preceded by larger 
amounts of necking and formed somewhat less 
abruptly. Furthermore the bands were not straight, as 
can readily be seen in Fig. 3. One possible reason for 
the variable curvature seen in Fig. 3 is the large, and 
variable, httice rotations that accompany deep nece 
king as shown in Figs 27d-3fd. The shear band that 
is developing in Figs 29d-3ld (i.e. in the particular 
quadrant of the crystal shown) is nearly aligned with 
the slip system designated as primary. Further. the 
slip mode is becoming more single slip in character as 
shown in Fig. 30b and 3oC, but especially in Fig. 3lb 
and 3lc where the concentration is on the primary 
system. The orientation of the bands then, will tend to 
follow that of the underlying lattice and the primary 
slip plane. The same would be true in the lower 
lefthand quadrant. This would explain why the bands 
curve further away From the tensile axis as the free 
edge of the crystat is approached. 

Lattice rotations caused by necking, of the type just 
discussed, have been reported by Saimoto ec al. [ 1 l] 
as already mentioned. More recent work by Nel- 
son [SO] has shown that similar nonuniform rotations 
that cause geometrical softening occur prior to shear 
band formation even in aluminum~op~r alloy crys- 
tals with hard 8’ microstructures prior to shear band 
formation. Continuing studies are in progress to 
understand the crystallography of these rotations in 
more detail, The present results indicate very clearly, 
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though, the vital importance of kinematics in the for- 
mation of a nonuniform mode of deformation in 
single crystals. 

The present results have also brought out some 
very interesting and important effects associated with 
latent hardening. In the last example described in 
Section 4.2 the influence of strong latent hardening in 
promoting a .patchy’ mode of slip was noted. This 
pattern is quite similar to that shown in Fig. 1 which 
was attributed by Piercy er al. [12] to strong latent 
hardening. The onset of ‘patchy’ slip is associated 
with the incremental moduli nearly satisfying the con- 
dition for the governing incremental equations to be 
parabolic. It is interesting that the phenomenology 
that emerges in the calculations is consistent with the 
behavior that could be anticipated based on the bifur- 
cation considerations discussed in Section 3.3. We 
recall that at the elliptic-parabolic boundary the 
shear band is parallel to the tensile axis and gives rise 
to unloading on one slip system. Suppose that a slight 
stress state inhomogeneity, as induced, say, by the 
initial geometric imperfection employed in the calcu- 
lations, leads to activation of this mode. The resulting 
unloading on one of the the slip systems (for the pur- 
pose of discussion here taken to be the primary sys- 
tem) gives a stiffening effect analogous to that dis- 

cussed previously in connection with the polycrystal 
model employed by Tvergaard er al. [9]. The response 
outside the band is then less stiff than inside and so 
deformation outside the band increases. This. in turn, 
induces some shearing parallel to the tensile axis in a 
neighboring region, which to be compatible with the 
overall geometric constraint involves single slip on 
the conjugate system. In this manner patches of single 
slip, alternating between the primary and conjugate 
systems, align themselves parallel to the tensile axis 
and propagate across the specimen. 

As noted in Section 3.3, the parabolic regime is 
entered only shortly before the sufficient condition for 
uniqueness (3.53) fails. Indeed, it is worthwhile to note 
at this point that this sort of ‘patchy’ slip has also 
been discussed by Boas and Ogilvie [13] with regard 
to uniqueness of active slip systems within grains of 
polycrystals. They were particularly concerned with 
the lattice rotations resulting from slip and the devel- 
opment of texture. Franciosi er al. [lS] have more 
recently called attention to the fact that strong latent 
hardening will lead to a nonuniform pattern of slip 
(i.e. ‘patchy slip’) which will complicate the prediction 
of texture development. The present analysis, based 
on the simple double slip model, shows that latent 
hardening rates only 30-40% larger than selfharden- 
ing rates can lead to the phenomenology discussed 
above. It is very interesting that the experimental esti- 
mates of latent hardening rates, discussed in Section 
3.2, indicate that in fact, this is often the case. 

The rate independent calculation procedure breaks 
down if the condition for parabolic behavior is 
actually met. A similar computational breakdown was 
noted by Needleman and Tvergaard 1471 in their 

analysis of equal biaxial stretching using a deforma- 
tion theory of plasticity constitutive model. Within 
the rate independent framework, we see no obvious 
way to carry out calculations of nonhomogeneous 
deformation states when the governing equations are 
parabolic in character. The inclusion of rate sensi- 
tivity in the constitutive model may allow a more 
complete analysis of the phenomenology of ‘patchy 
slip.’ ‘Patchy slip’ is an experimentally observed 
phenomenon, the origins of which lie in latent hard- 
ening and its implications for the unique prediction of 
active slip systems should be explored further. It may 
well be that no unique description of texture develop- 
ment, and therefore of polycrystalline behavior in 
general at finite strains. is possible within a rate inde- 
pendent idealization. at least within one that attempts 
to describe latent hardening in a realistic way. 

Finally, we note that while the present calculations 
have brought out many fundamental and inherent 
features of nonuniform deformation in single crystals. 
there are other aspects of the phenomenon which we 
have not discussed. For example, as noted by Chang 
and Asaro [3] and in the above discussion, the 
present analysis provides an extremely accurate de- 
scription of mncroscopicall_v localized shearing in alloy 
crystals. However, in microstructures containing 
coherent zones the phenomenology is distinctly differ- 
ent in that the macroscopic bands are preceded by the 
formation of what were termed coarse slip bands by 
Price and Kelly [19]. These form before the load 
maxima and are not characteristically misoriented 
with respect to the slip systems. .-\ preliminary 
approach to an understanding of these bands was 
given by Chang and Asaro [3] but a detailed under- 
standing of them awaits further study. Whether or not 
coarse slip bands form is not a matter of strength or 
strainhardening level as discussed above. but rather is 
a result of material behavior distinctly microstruc- 
tural in origin. Another factor not included in the 
present analysis is thermal softening which may be 
important at ultra high strain rates. Other strain- 
softening mechanisms also exist: for example, those 
which occur in radiation damaged materials lead to 
dislocation channelling which causes localized defor- 
mation. Such effects can be incorporated into an 
analysis of the type presented here; in any case, re- 
gardless of the detailed constitutive behavior, a care- 
ful description of kinematics is essential. 
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Latent hardening in single crystals 
1. Theory and experiments 

BY TIEN-YUE Wult, JOHN L. BASSANTIl AND CAMPBELL LAE-RD2- 

1Department of Mechanical Engineering and Applied Mechanics, 2Department of 
Materials Science and Engineering, University of Pennsylvania, Philadelphia, 

Pennsylvania 19104, U.S.A. 

Accurate measurements of the initial yield stress on previously latent slip systems as 
well as a reinterpretation of widely reported experimental observations have led to 
a new description of single crystal hardening within the framework of the incremental 
(flow) theory of plasticity. Slip interactions and the history of slips are essential in 
explaining well-known physical phenomena such as stage II deformation and latent 
hardening. Guidelines for deriving the set of instantaneous hardening moduli are 
given in terms of inequality restrictions. Although time-independent behaviour is 
assumed throughout the present study, these restrictions are expected to apply as 
well to time-dependent creep behaviour at low to intermediate temperatures. In Part 
II, a complete constitutive theory is developed with analytical forms given for the 
instantaneous hardening moduli. 

1. Introduction 
In the early 1920s Taylor & Elam (1923, 1925) began a systematic study of 
crystallographic slip. Their observations and those of others since have led the way 
in the development of phenomenological single crystal continuum plasticity models 
that began with the work of Taylor (1938). With varying degrees of accuracy, these 
models can predict, for example, the overall stress-strain response under a given 
loading history, the hardening-rate variation with respect to crystal orientation, and 
lattice rotation that leads to tensile overshoot in uniaxial stressing of single crystals 
and to texture in polycrystal deformation. The accuracy of these predictions depends 
intimately on the characterization of the hardening on all the slip systems, both the 
instantaneously active and inactive ones. This characterization is the focus of this 
two-part paper (Part I and Part II). 

The continuum framework adopted in these papers is consistent with the one 
proposed by Hill (1966) and Mandel (1965), where the plastic deformation of single 
crystals at low-temperature arises from crystallographic slip and is idealized to be 
time independent. The Schmid stresses are assumed to be the driving force for slips 
(shears) on the well defined slip systems (Hill 1966; Asaro & Rice 1977). The complete 
constitutive equations are naturally expressed in rate or incremental form since there 
is a complex hardening dependence on strain history and a distinct elastic unloading 
behaviour. 

The instantaneous hardening moduli that relate the rate of hardening of the 
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critical Schmid stress on any slip system with the slip-rates on all systems are the 
least well characterized part of the continuum description. Kuhlmann-Wilsdorf 
(1989) notes that the flow stress alone may not be indicative of the magnitude of 
work hardening under multiple slip. She emphasizes that the magnitude of work 
hardening relates increments in flow stress to increments in strain, where the latter 
result from the motion of dislocations. Consequently, pre-existing dislocation 
structures can lead to hardening rates that are so high that they are 'likely to be 
mistaken for elastic'. 

Direct measurements of the evolution of these hardening moduli during plastic 
deformation is formidable, if not impossible, due to limitations in simultaneously 
measuring infinitesimal stress and strain increments on different slip systems. 
Instead, indirect measurements are used to infer hardening rates on different systems 
based on implicit assumptions of single slip in certain regimes of deformation and of 
a simple dependence of hardening on strain history. For example, in latent hardening 
experiments (see, for example, Edwards & Washburn 1954; Kocks 1964; Ramaswami 
et al. 1965; Jackson & Basinski 1967; Franciosi et al. 1980), first the most highly 
stressed slip system is activated (primary test). Then, in a successive (secondary) test 
a previously latent system is activated, and the amount of latent hardening during 
the primary test is estimated from the apparent initial yield stress in this secondary 
test, as measured based on an offset strain or back extrapolation. This procedure, 
which involves activating the previously latent system, leads to an estimate of its 
hardness at the end of the primary test that typically depends on the amount of slip 
in the second test as well as the assumption of single slip in the primary test. As 
another example, when a single crystal is uniaxially loaded in a stiff testing machine, 
as slip progresses the lattice tends to rotate with respect to the tensile axis. The 
tendency for the tensile axis to overshoot the symmetry boundary between the 
stereographic triangles (Bell & Green 1967; Joshi & Green 1980) instead of stopping 
there as predicted by Taylor & Elam (1925) is regarded as a measure of the hardening 
anisotropy between different slip systems (Ramaswami et al. 1965). Once again, this 
indirect measure of latent hardening assumes single slip. 

A precise interpretation of these indirect measurements is difficult. Nevertheless, 
simple hardening descriptions have been proposed that are consistent with some of 
these observations, including, for example, that the hardness on the previously 
latent system after some amount of slip on that system in the secondary test is 
typically 1-1.6 times (Kocks 1971) the hardness of the primary system and that the 
active hardening-rate is of the same order of magnitude regardless of the straining 
history. However, within the framework of time-independent plasticity, the 
constitutive equations based upon the simple hardening descriptions do not lead to 
a unique prediction of the set of active slip systems as noted by Hill (1966), Hill & 
Rice (1972), and Asaro (1983a). To circumvent this non-uniqueness problem Havner 
& Shalaby (1977) have proposed an additional maximum work requirement, while 
Asaro (1983a) has proposed a time-dependent formulation. Nevertheless, these 
alternative approaches, which generally but not necessarily adopt the simple 
hardening description, have not addressed fundamental issues such as the transition 
from stage I to stage II deformation or the orientation dependence of the uniaxial 
stress-strain curve (see, for example, Honeycombe 1984). 

In searching for a hardening description that is consistent with those well-known 
observed physical behaviours, a careful examination of previous experiments has 
been undertaken and many important observations can be made. For example, (i) 
Proc. R. Soc. Lond. A (1991) 
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the activation of secondary slip during stage II deformation before overshoot is 
inconsistent with the notion of stronger latent hardening during single slip for most 
crystal orientations; (ii) the hardening anisotropy as determined from the overshoot 
experiment is based on the assumption of single slip, whereas experiments show that 
significant amount of secondary slips occur long before the overshoot (Basinski & 
Basinski 1970) and that the rotation path is also inconsistent with the single-slip 
assumption (Mitchell & Thornton 1964; Joshi & Green 1980); (iii) the estimates of 
the initial yield stress based on back extrapolation in the secondary test of the latent 
hardening experiment ignore the details of initial hardening. Consequently, the high 
active-hardening caused by slip interactions during the secondary test is often 
confused with latent hardening during the primary test (see, for example, Edwards 
& Washburn 1954; Kocks 1964; Ramaswami et al. 1965). These observations are 
shown to have important implications in determining proper continuum descriptions 
of the instantaneous hardening for all slip systems. 

This paper together with Part II focuses on the characterization of hardening 
under multislip conditions in Fcc crystals, begins with a review of the observations 
from uniaxial stressing of FCC single crystals. The point of view taken is primarily 
phenomenological, that is we emphasize the characterization of various macroscopic 
hardening behaviours under multiple slip within the framework of continuum 
plasticity. Occasionally, reference is made to the forest hardening model or to the cell 
length theory to further justify the characterization we propose. Since our theory is 
based primarily upon macroscopic observations, it is not limited to these two 
microscopic mechanisms. Within a time-independent constitutive framework, 
inequality constraints are derived based upon these observations. It is shown that 
both the enhanced hardening arising from secondary slips during stage II 
deformation (e.g. forest hardening) and the activation of secondary slips before the 
tensile axis reaches the symmetry boundary indicate that the hardening of an active 
(primary) system is greater than that of an inactive (latent) system. Furthermore, 
it is also shown that the initial rapid hardening associated with activation of a 
previously latent system is caused by slip interaction and, therefore, should be 
interpreted as active (self) hardening. 

Latent hardening experiments have been carried out on copper single crystals 
utilizing computer data acquisition and analysis to obtain accurate estimates of the 
initial yield stress on the previously latent system during the secondary test. These 
experiments are described in this paper. If back extrapolation is used, the initial 
yield stress on the previously latent system is estimated to be larger than the flow 
stress on the primary system. In this case, the traditional viewpoints follow, namely 
that latent hardening is stronger than active hardening and that the active- 
hardening rate is constant. However, when the initial yield stress is estimated by the 
first drop in the overall (uniaxial) hardening-rate (slope of the stress-strain curve) 
from the elastic modulus, it is found that (i) latent hardening is actually less than 
active hardening during the primary test and (ii) the high active hardening-rate in 
the secondary test (caused by slip interaction) rapidly causes the flow stress on the 
secondary system to exceed the primary one and saturate after a small plastic strain. 

Equations for the evolution of the instantaneous hardening moduli under 
arbitrary multislip strain histories are developed in Part II. Even within the time- 
independent framework, these equations lead to a unique evolution for the active set 
of slips. Fundamental behaviours such as stage II rapid hardening, stress-strain 
curves for various orientations, and secondary slips before overshoot are predicted. 
Proc. R. Soc. Lond. A (1991) 

1-2 

3 

This content downloaded from 130.126.32.13 on Tue, 15 Oct 2013 23:29:49 PM
All use subject to JSTOR Terms and Conditions



T.-Y. Wu, J. L. Bassani and C. Laird 

2. Observations from uniaxial stressing of FCC single crystals 
Observations of the mechanical response to uniaxial stressing of single crystals 

undergoing predominantly single slip are reviewed below. The observations are based 
primarily on load-displacement curves which reflect the macroscopic resistance of 
the specimen to continued deformation. From the measured load the resolved shear 
stress (T - mO) on the most highly stressed slip system is calculated, while from the 
measured axial extension the shear strain (y -e/m) on this primary system is 
approximated in the sense that the total plastic strain in the specimen is assumed to 
be accommodated by this slip system alone. Figure 1 is a typical T-y curve for a FCC 

single crystal with the tensile axis oriented within the standard stereographic 
triangle (see, for example, Honeycombe 1984; Clarebrough & Hargreaves 1959). 
Parameters that characterize the different stages of macroscopic behaviours reflected 
in the r-y curve are (i) the critical resolved shear stress T0 at the initiation of plastic 
flow and deviation from linear elastic behaviour and the stage I stress T, at the onset 
of relatively large plastic flow and a (nearly constant) low hardening rate OI during 
easy glide, where 0 = dT/dy; (ii) the stress TI at the beginning of stage II where the 
hardening rate Oi0 (which is also nearly constant) is much higher than in stage I; and 
(iii) the stage III stress T17i at the beginning of the parabolic hardening region where 
the hardening rate decreases continuously until fracture occurs. In many investi- 
gations, T0 is approximated by T7, which is obtained by backward extrapolation 
from the linear region in stage I to zero strain. 

Rosi (1954) and Garstone et al. (1956) observed that TI,-rT is nearly a constant for 
all orientations undergoing easy glide, while the hardening rate O, = (d7/dy)I is 
typically an order of magnitude lower than OII. Although linear r-y behaviour in 
both stage I and stage II suggests a constant work hardening rate, the possibility of 
secondary slip in stage II suggests a more complex hardening of individual systems. 
In these experiments, 0, was seen to vary with the orientation by almost an order 
of magnitude while OI varies at most by a factor of 2. 

Figure 2 shows r-y curves of copper single crystals as a function of the initial 
orientation of the tensile axis (Diehl 1956). It is seen that, as the orientation 
approaches the <100)-<111> symmetry boundary, the length of stage I decreases 
while the hardening rate 0, increases. Under high symmetry orientations of the 
tensile axis for which multiple slip (stage II) occurs from the onset of plastic 
deformation, stage I easy glide is suppressed (Kocks et al. 1964). This dependence of 
the hardening rate and extent of stage I on initial orientation is an important 
characteristic of the multislip hardening and is consistent, as shown in Part II, with 
the analytical description of latent hardening that is developed in these two papers. 

A generally accepted notion is that the rate of work hardening is correlated with 
dislocation interactions. Various models have been proposed to describe work 
hardening by micro-mechanisms such as dislocation pile-ups (Seeger 1957), forest 
dislocations (Basinski 1959), and dislocation tangles (Hirsch 1959). A qualitative 
description of the dislocation substructures in FCC materials during room temperature 
deformation is described, for example by Basinski (1979), as follows. (i) In stage I 
deformation (easy glide) isolated long bundles of primary dislocations of pre- 
dominantly edge character are formed and these lie in extensive regions of very low 
dislocation density. Layered structures are formed, and the forest (secondary) 
dislocation density is about an order of magnitude lower than the primary one 
throughout stage I deformation. (ii) In stage II deformation (rapid hardening) 
Proc. R. Soc. Lond. A (1991) 
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Figure 1. Typical T-y curve of a pure FCC single crystal loaded in uniaxial tension/compression with 
an initial orientation for single slip. Point B denotes where secondary slip commences and II 
denotes a state in stage II deformation. 
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Figure 2. r-y curves of copper single crystals as a function of orientation (from Diehl 1956). 

bundles containing shorter segments and a high portion of secondary dislocations are 
linked together by secondary tangles. Lomer-Cottrell locks also are observed. A 
more isotropic structure develops as the forest density approximately equals the 
primary. (iii) In stage III deformation (parabolic hardening) the development of cell 
structure becomes more marked. Thermally activated cross-slip occurs which allows 
dislocations to circumvent obstacles, and thereby decreases the hardening rate. 
Dislocation tangles and double cross-slip lead to the formation of slip bands. 

In the continuum theory introduced in the next section the strength of dislocation 
interactions on all slip systems are characterized by a set of instantaneous hardening 
moduli {ha} which, at any stage of the deformation, relate the rate of increase (or 
decrease) in the critical flow stress -r(ar on a particular system c to the rate of shearing 
Proc. R. Soc. Lond. A (1991) 
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y) on all systems f = 1, N, where N is the total number of slip systems. In general, 
these moduli are taken to be functionals of the slips {y(a), O = 1, N} so that the plastic 
response of the crystal depends on the history of the slips. Adopting this point of view 
we imagine that the dislocation structure can be approximately characterized by the 
slips, in which case it is necessary to take each of the slips to be non-negative, i.e. 
7() > 0, to preclude automatic annihilation of dislocations during reverse slip. (In 
effect, the positive and negative sense of slip is counted separately.) Based on well- 
accepted experimental observations it is argued that a precise, but reasonably simple, 
characterization of this history dependence is essential if fundamental behaviours of 
single crystals such as the three stages of hardening and the orientation dependence 
of hardening are to be predicted. In ?4 these behaviours are interpreted to derive 
inequality restrictions on the instantaneous hardening moduli. Finally, in ?5 new 
latent hardening experiments are shown to be in accord with these restrictions. A 
particular form for the instantaneous hardening moduli is proposed in Part II. 

3. Constitutive framework for time-independent plasticity 
The notation used throughout this paper is as follows. Second-order tensors are 

denoted by bold-face upper-case English letters and by bold-face Greek letters. 
Vectors are denoted by bold-face lower-case English letters. Lower-case indices (e.g. 
i,j, k) denote cartesian components of a tensor on a basis embedded in the crystal 
lattice. For example, for Fcc and BCC crystals these base vectors naturally would lie 
along <100) directions. Summation over 1,2,3 is implied for repeated English 
indices. Lower-case Greek indices (e.g. a or /,) denote slip systems, and summation 
is not implied over repeated Greek indices. These Greek indices range from either the 
total number of slip systems for a particular crystal class or the total number of 
active or potentially active slip systems at a given stage in the deformation, as 
indicated. 

The constitutive development in this study is consistent with the theory proposed 
by Hill (1966) and Mandel (1965), which builds on the pioneering work of Taylor 
(1938). Deformation of single crystals at low temperatures is idealized to be time 
independent and composed of an elastic straining of the lattice and a plastic straining 
that arises solely from crystallographic shears on well-defined slip systems. This 
paper focuses on hardening in the regime where plastic strains are large compared 
with elastic strains and, therefore, the elastic strains are neglected. Many of the 
considerations of multislip hardening in this paper and in Part II are expected to be 
applicable for viscoplastic or rate-dependent behaviour associated with dislocation 
glide. Effects of recovery are not believed to significantly influence behaviours under 
consideration and, therefore, are neglected in this study. 

The constitutive equations are expressed with respect to a cartesian coordinate 
system that convects with the crystal lattice. The relationship between this rotating 
frame and a fixed reference frame is discussed in Part II. The complex kinematics 
associated with dislocation generation and motion are idealized as continuous 
crystallographic shears or slips, and the total slip on each system, rather than 
dislocation density, is used to correlate the evolution of hardening. The only 
driving force for slip is taken to be the resolved shear stress on each slip system (the 
Schmid stress). Non-Schmid phenomena such as diffusion, twinning or cross-slip are 
not considered. Although strain-rate effects are also neglected, the interactive 
hardening behaviour that is considered may be relevant to certain regimes of time- 
Proc. R. Soc. Lond. A (1991) 
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Figure 3. Stereographic projection from [100] orientation showing the 24 standard triangles for 
the FCC single crystal. 

dependent plasticity. Finally, although the experimental evidence cited in Part I and 
analytical results presented in Part II are based on the FCC structure, the 
fundamental hardening description that is proposed is expected to be relevant to 
other crystal structures. 

The displacement rate in the crystal arising from a set of slip rates {7(a); a = 1,N} 
is (neglecting elastic deformation) 

N 

u= Z y()(n()' x) s(a) (3.1) 
ca=l 

where 7(Y) is the rate of slip (or shear) on the ath slip system with unit normal n(a) and 
unit slip direction s(\), and N is the total number of slip systems. The component of n(a) 
and s(a) are most naturally defined with respect to a coordinate system that convects 
with the crystal lattice. The corresponding plastic strain-rate DP is the symmetric 
part of Vi (or ui,j) so that with (3.1) 

N 

DP = E V(a)(Ya), (3.2) 
a=l 

where the transformation tensor #(U), which is the symmetric part of the dyad n(a)s(x), 
has cartesian components with respect to a coordinate system embedded in crystal 
lattice as (Hill 1966) 

jU(a) = (sa,x)n(+) nX()a)) a C = 1 N. (3.3) 

For a Fcc single crystal, the a = 1,12 slip systems are defined by the normals to the 
four close-packed (octahedral) {111} planes and by the three close-packed <110> 
directions lying in those planes (i.e. along the octahedral edges). Notations for the 
slip systems and slip planes are given in figure 3 and table 1 (Schmid & Boas 1935). 
The components of ;(u) for Fcc crystals are given, for example, in Bishop & Hill 
(1951). 

Although plastic shearing alone does not distort or rotate the crystal lattice, in 
general the components of /(a) and (a), the antisymmetric part of the dyad n(X)s(X), 
change with respect to a fixed coordinate system due to lattice rotations arising from 
overall material spin. Furthermore, elastic distortion of the lattice can also change 
these tensors. Asaro & Rice (1977) have discussed several choices or constitutive 
Proc. R. Soc. Lond. A (1991) 
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Table 1. Notation for the FCC slip systems 
(From Schmid & Boas (1935) and Basinski & Basinski (1979).) 

primary system i B4 (111) [101] 
2 B5 (111) [011] 
3 B2 (111) [110] 

conjugate system 4 C1 (111) [110] 
5 C5 (111) [011] 
6 C3 (111) [101] 

cross-glide system 7 D4 (111) [101] 
8 D (111) [110] 
9 D6 (111) [011] 

critical system 10 A3 (111) [101] 
11 A6 (111) [011] 
12 A2 (111) [110] 

assumptions concerning lattice rotations and distortions. One possibility is to assume 
that the lattice vectors rotate rigidly at the spin-rate WR = W- WP (recall that 
elastic deformations are neglected in this study), where W is the total spin and 

N N 

Wp = _ Q o (a)/(-) ( 1/((a) - (a)s (a)) ?(o). (3.4) ij? Y 2^ 2 j34) 
a=l a=l 

For example, in a uniaxial tensile test if the testing machine is very stiff relative to 
the specimen then a material fibre parallel to the tensile axis remains aligned with the 
tensile axis. The relative rotation-rate of this material fibre (with unit vector b) with 
respect to the crystal lattice is given by 

= (Wp +Dbj-b(bD b). (3.5) 
The derivation of (3.5) is presented in Part II. 

The resolved shear stress on slip system a which is taken to be the driving force 
for crystallographic slip on that system is given in terms of the Cauchy stress a acting 
on the crystal as 

Y-(? = o (a) = O'ij ,u(-) (3.6) 
A slip system is said to be potentially active if r(a) = T), where (r) is the critical or 
current flow stress on that system. 

The relations between T(a) and >(a) are given by a generalization of Schmid's law 
which requires that the rate of stressing of a potentially active system must equal the 
rate of hardening if that system is active (Hill 1966; Mandel 1965; Hill & Rice 1972; 
Asaro 1983b). Consider any potentially active system for which r() = T(): 
if (a) < i (, then y() 0, (3.7 a) 
if () = i(a), then y() > 0. (3.7b) 
If (3.7a) holds then the potentially active system is inactive while if (3.7 b) holds it 
is said to be active. Hill & Rice (1972) and Asaro & Rice (1977) have discussed 
various choices for i. If the slip system vectors n and s remain orthogonal unit 
vectors that rotate rigidly at the lattice spin-rate WR = W- WP, as discussed above, 
then, the rate of change of the shear stress on a particular slip system is (.X) = ' . u(a) 
where a is the time derivative of the Cauchy stress formed on a coordinate frame 
rotating but not deforming with the lattice (Hill 1966; Asaro & Rice 1977). A 
detailed discussion of this stress rate is given in Part II. 
Proc. R. Soc. Lond. A (1991) 
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To complete the constitutive description the hardening rate on each slip system is 

assumed to be a linear combination of the slip rates on all systems (see Hill 1966), 
where N 

(a)= hai( ). (3.8) 
P=1 

Here i(r denotes the rate of hardening on the cath slip system as it rotates with the 
lattice (Rice 1971; Havner & Shalaby (1977); Asaro 1983b). The instantaneous 
hardening moduli hp, reflect, for example, the (elastic) interaction between the 
dislocations on slip system a and the dislocation motion on slip system fl. For isolated 
dislocation these interactions can be analysed in terms of the elastic stress field that 
a given dislocation exerts on another. 

Coupling between hardening on the acth system due to slip on the f,th system are 
admitted by (3.8). For example, a unit slip on slip system a causes a flow stress 
increase h. (active hardening) on system a and a flow stress increase h., (latent 
hardening) on slip system ,8. Based upon the understanding of dislocation interactions 
and experimental evidence including the extent of secondary slips in uniaxial 
stressing and the latent hardening experiment, one would expect that the 
instantaneous hardening moduli are a somewhat complex function of the history of 
slips, haf ({^j()}, a = 1,N). The remainder of this paper and Part II focus on the 
analytical characterization of these instantaneous hardening moduli at any stage in 
a deformation. It is shown that a physically motivated characterization leads to a 
unique determination of the active set of slips so long as strain localization in the 
sense of Asaro & Rice (1977) is precluded. 

4. Inequality restrictions on the hardening moduli 
Restrictions on the instantaneous hardening moduli hp of (3.8) are derived based 

on experimental observations of stage I, II and III deformation. For example, 
'early' activation of secondary slips during stage II deformation, i.e. when tensile 
axis is still within the stereographic triangle, indicates that the initial flow stress on 
the secondary (previously latent) system actually is less than the flow stress on the 
primary system. That is, hardening of a latent or true inactive system is weaker than 
that of an active system. Furthermore, rapid stage II hardening indicates that the 
active hardening-rate is strongly dependent on the strain history on all slip systems. 
These restrictions (i) point out the importance of slip interaction and deformation- 
history dependence in the characterization of the hardening behaviour, especially in 
stage I and stage II deformation (ii) facilitate the interpretation of latent hardening 
experiment, and (iii) provide a basis for an analytical description of the instantaneous 
hardening moduli. 

Active versus latent hardening-moduli in single slip 
In a uniaxial loading test (o11 = o-), the resolved shear stress on the xth slip system 

is given by (3.6) as T(a) = Oll-Ua= 'm( (4.1) 
where m() =- ,L is the Schmid factor of slip system a with respect to the loading 
axis. From (3.2), the axial plastic strain-rate component is given as a function of the 
slip rates as N 

DP = E m(^,(, (4.2) 

where N is the number of (active) slip systems. 
Proc. R. Soc. Lond. A (1991) 
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For simplicity in illustration, assume that only two slip systems may become active 
with the primary system denoted by 1 and the secondary system denoted by 2. That 
is, during stage I, only system 1 is activated and during stage II, both systems 1 and 
2 are activated (Basinski 1979). In this case, rates of hardening on these two slip 
systems are 

(l) = hll )(1) + hi2 (2) (4.3 a) cr 1-- (4.3 a) 
(2) = h21 ?(1) + h22 (2) (4.3 b) cr (4.2) 

Throughout stage I deformation, all of the plastic flow is accommodated by the 
primary system, i.e. y(1) > 0 and y(2) = 0. Therefore, from (3.6) to (3.8) integration of 
(4.3) during stage I give 

T(1) = m() = T) = T1) + h i dy(, (4.4a) 
Jo 

(1) 

T(2) = om(2) < T(2) = T(2) + h2 dy(. (4.4b) ?cr f0 ( 4.4)o 

Equation (4.4a) represents the measurable shear stress on system 1 and, therefore, 
hi1 can be determined during stage I accordingly. However, because of the inequality 
(4.4b), the latent hardening modulus h21 cannot be directly determined from these 
stage I (single primary slip) measurements. 

Nevertheless, the magnitude of h21 relative to h1l during stage I deformation, can 
be analysed from the observation that as stage II deformation commences, 
secondary slip is activated. Let this be denoted by point B (see figure 1), i.e., when 
both slip systems 1 and 2 are potentially active. At point B, the inequality (4.4b) is 
replaced by an equality, and (4.4) now becomes 

YB 
r() = rm) = T(1) + hi dyi(1). (4.5a) 

o 

T() = 2) + h21dy(1). (4.5b) 
o 

For simplicity, assume that h21 = qh11 throughout stage I deformation where q is 
a constant. This relation between the latent and active hardening moduli is 
commonly adopted (Asaro 1983a). Then it follows from (4.5) that 

T(2) -T2) = q(T()- T1). (4.6a) 

For well-annealed crystals it is reasonable to take (1) = T(2) = T in which case 

T(2) -To = q(T( )-o) (4.6b) 

Now, for a single-slip orientation experimental evidence indicates that at the begin- 
ning of stage II deformation (point B) the loading axis is still within the standard 
triangle, which implies that m(2) < m) and, therefore, T(2)/T() = m(2/m) < 1. 
Consequently, with T() > T0 > 0 and T() > T0 > 0 it follows from (4.6b) that 

0 < q < 1 or h2l < h1 (4.7) 

during Stage I deformation. That is, for secondary slip to commence at point B latent 
hardening must be smaller than active hardening. 
Proc. R. Soc. Lond. A (1991) 
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Inequality (4.7) is derived for stage I deformation assuming single-slip, however, 
similar but less direct conclusions can be reached in the case of multislip. For 
example, experimental results indicate that the amount of secondary slip(s) increases 
continuously during stage II and stage III deformation (Basinski & Basinski 1970), 
i.e. flow stress on the secondary system(s) never exceeds the primary one. Therefore, 
it is expected that (4.7) holds even under multiple slip so that, in general, the 
magnitude of the off-diagonal components of the instantaneous hardening moduli ha 
are less than the diagonal components. The conclusions reached here are also 
consistent with the latent hardening experiments as described in ?5. 

Active hardening-moduli in multiple slip 
When stage II deformation commences as secondary slips are activated, the rapid 

hardening of the crystal reflects a stronger resistance to flow on all the active slip 
systems due to the accumulated primary slip. Again considering only two slip 
systems for simplicity, the flow stress now is a function of both y(1) and y(2). Let II 
denote a state in stage II deformation (see figure 1) where both systems are 
activated. The corresponding shear stress increments can be written as 

d -m) = [hll d(l1) + h12 dy(2)]I, (4.8) 
d(2) = [h21 dy() + h22 dy(2)] (4.9) 

Note that once multiple-slip deformation begins, as in stage II deformation, the 
meaning of the shear strain in a T-y plot becomes ambiguous. What is typically 
plotted in stage II is an apparent shear-strain y = e/m(1) where e is the overall 
tensile (compressive) strain on the specimen. With this definition there are 
contributions to yI from both systems so that from (4.2) 

dyII = [dy(l) + (m(2)/m(1)) dy(2)]II. (4.10) 
Using (4.8) the corresponding hardening rate O}i relative to the apparent shear- 
strain yII is 

h dy ?11)dY + h12 dy (2.) II-dr I) /dyI = (m(l))2(do-/de) = [d +(m)/()) d(2) (4.11) 
dy(1) + (M(2)/m(l)) d7(2) 

or, using (4.9) and T(1) = (mM/m(2))T(2), 

[,m(l) h21 dy()+h d(2) (4.12) II = m() dy(1) + (m(2)/m(l)) dy (2) ' 

Now, let F- (dy(l)/dy(2))II and M (m(2)/m(1))i, where typically Fr 1 (Kocks 
1964; Basinski & Basinski 1970) and M < 1, and rewrite (4.11) and (4.12) as 

_ 1/h IM 
II = (ll+hl2)II = +M (rh21+ h22)1 (4.13) 

Again, for simplicity, let h21 = qh11 and h12 = qh22, and then from (4.13) 
(h221/h11)I = F(M-q)/(1-qM), (4.14) 

which in the limit as q < M < 1 becomes 

(h22/h11)II rFM. (4.14a) 
(In the development of the analytical forms for the hardening moduli in Part II, 
q = 0 proves to be reasonable. In this case, a truly latent system does not harden 
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until it is activated.) Equation (4.14) is an approximation for the ratio between the 
active-hardening moduli of the primary and secondary slip systems. Experimental 
data show that F [dy(l)/dy(2)]% is large throughout stage II deformation (see, for 
example, Kocks 1964; Basinski & Basinski 1970; Mitchell & Thornton 1964; Ahlers 
& Haasen 1962), typically 100 to 1000 in the beginning and reduces to unity at the 
end of the overshoot which occurs in stage III. Since M is on the order of unity and 
F > 1, (4.14) with q < Mimplies that h22 > hll during stage II (see (4.18) below). This 
hardening anisotropy can only be explained by the difference of deformation 
histories of both slip systems. 

Active-hardening moduli in different stages of deformation 
Variations in the active hardening-rate on the primary systems between stage I 

and stage II deformation (caused by the secondary slip) can be estimated by 
substituting (4.14) into (4.13) which gives 

[( ) (t )h (4.15) 
The ratio between the (h11),, and (h,,), 6} (the actual stage I primary hardening- 
rate), therefore, is 

(h1j)II = 91Ir+M Iq M 
(4.16) 

O,(lI-qM OIl 
oI; 2 1 q )II eI(4.16a) 

Note that 0,,/0O is the ratio of the overall hardening rate in stage II (multiple slip 
regime) to the single-slip hardening rate in stage I. Again, if M and q do not vary 
much from stage I deformation, (4.16) implies that the actual hardening rate on the 
primary system varies as much as the macroscopic hardening rate O does, which is 
about an order of magnitude. 

In summary, a description of single crystal hardening (at least for FCc crystals) 
should incorporate the following physical observations. 

(i) The total hardening on any truly latent, secondary system is lower than the 
total active-hardening on the primary system, at least before the activation of the 
secondary slips. 

(ii) The interaction of slips on different systems has a stronger effect on work 
hardening than slip from the same system. 

(iii) The activation of a new slip system causes a greater hardening rate increase 
on systems with low slip intensity than on ones with high slip intensity. 

These observations in the case of double slip are summarized by the following 
inequalities: 

h2l(yl1), 0) < h11(y(, ), (4.17) 
hll(Y(1),0) < hll(y(1), /(2)), (4.18) 

h11(y(1), (2) < h22(y(1), y(2)), if (2) <'(1) (4.19) 

5. Latent hardening experiment 
Latent hardening tests on copper single crystals loaded in uniaxial compression 

have been carried out to obtain direct estimates of the slip-system hardening moduli 
hap during the primary and secondary tests. Using a computer data acquisition 
Proc. R. Soc. Lond. A (1991) 
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system, data was numerically smoothed and differentiated to determine the overall 
(apparent) tangent modulus 0 = dT/dy = m2do-/de. The initial yield point in the 
secondary test was associated with a precipitous drop in the tangent modulus. The 
resolution using this technique is sufficient to demonstrate that the initial flow stress 
on the secondary (previously latent) system tends to be lower than the current flow 
stress on the primary system. 

Experimental set-up 
Alternate compression tests on single crystal copper specimens with square cross 

sections have been conducted similar to those of Ramaswami et al. (1965). The 
crystal was first compressed along the longitudinal direction and then an axis 
perpendicular to that. The compression test was chosen because it more readily 
allows for secondary system testing with low constraint for small specimens. 
Specimens that minimized the difference of size effect between the primary and the 
secondary test were chosen. The rectangular primary specimen (with a length 
approximately twice the width of the cross section) provides reasonably shaped 
secondary specimens. 

Single crystals of copper having a purity of 99.99 % were grown with a square cross 
section from OFHC polycrystal copper by the Bridgman method to a size of 6 x x X 
inch (1 inch = 2.54 cm). Crystals were then sectioned by spark cutting into smaller 
rectangular and cubic specimens of 2 and - inch, respectively, in length. The surfaces 
were polished using 1 ptm abrasive on a motorized lapping wheel and then etched 
with nitric acid for X-ray photography. The specimen orientation with respect to the 
three orthogonal crystal axes were determined by the Laue back reflection method. 
The specimens were then annealed in Argon at atmospheric pressure for I h at 
860 ?C and electropolished just before the primary test to eliminate surface dislo- 
cations and oxides. 

After the primary test, slip lines on the surfaces of the deformed crystals were 
observed through an interference optical microscope to check if the desired slip 
system had been activated. Only those specimens which truly displayed single slip 
were chosen for the secondary tests. After the primary test, the } inch specimens were 
sectioned into 4 inch cubes. All specimens were then mechanically planed with an 
abrasive using a special jig to obtain parallel surfaces along the secondary loading 
axis. This significantly improved the initial contact between specimens and 
compression jig and hence the accuracy of the compression test. The secondary 
specimens were also electropolished right before the secondary test. 

All specimens were deformed at room temperature in an Instron table model 
screw-drive machine. Specimens were centred in a specially designed compression jig 
and lubricated by molybdenum disulfide in an organic grease. The crosshead speed 
was about 3 x 10-3 in s-1. Loads were measured using a 1000 pound (ca. 450 kg) load 
cell and displacements were measured using an Instron extensometer across the 
compression jib with a maximum deviation of 0.5 %. Results were recorded both 
with a pen plotter and a computer data acquisition system at a rate of 40 samples 
per second. The raw data collection by the data acquisition system were smoothed 
using a second-order polynomial to fit intervals of 40 samples. Each interval; had 30 
samples overlapped with the previous interval for smoothness. 
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Figure 4 
5 - Figure 5 
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Figure 4. Primary T-y curves obtained from latent hardening experiment on virgin crystals with 
a single-slip orientation. Length to width ratio of specimens (l/w) is ca. 2. 
Figure 5. Primary T-y curves obtained from latent hardening experiment on virgin crystals with 
a single-slip orientation. Length to width ratio of specimens (Ilw) is ca. 1. 

Table 2. Orientation of the compression axis and Schmid factor for the primary system 

primary tests secondary tests 
compression axis m compression axis m 

P, [-1, 2.9, 5.227] 0.4934 P1S, [1, -5.47, 3.157] 0.4927 
P2 [-1, 2.9, 5.227] 0.4934 P1S2 [1, -5.47, 3.157] 0.4927 
P3 [-1, 3.15, 5.47] 0.4928 P2S1 [1, -5.47, 3.157] 0.4927 
P4 [-1, 3.15, 5.47] 0.4928 P2S2 [1, -5.47, 3.157] 0.4927 

P3S1 [1, -3.9, 2.49] 0.4811 
P4S1 [1, -3.9, 2.49] 0.4811 

Results 
Slip systems are designated according to the Schmid & Boas (1935) notation (see 

figure 3) and ordered as in Basinski & Basinski (1979) (see table 1). The active slip 
system corresponding to the loading axis in the primary test is always labelled B4. 
The slip system in the secondary test is chosen such that the primary and secondary 
loading axes have nearly the same relative orientations with respect to the standard 
stereographic triangles, i.e. with a Schmid factor m 0.5. Under this requirement, 
C5 is chosen to be the slip system in the secondary test. Data from four primary tests 
designated P-P4 and from six secondary tests designated P1S1, P1S2, P2S1, P2S2, 
P3S1, and P4S1 are reported below. For example, P1S2 denotes the secondary 
specimen 2 cut from primary specimen 1. Approximately 20 tests were conducted 
and the results were reproducible. The orientation of the uniaxial compression axis 
and the Schmid factor for each test reported on is given in table 2. 

Figures 4 and 5 compare the r-y curves from the primary tests on two sets of 
identically oriented crystals. Differences in hardening behaviour between these two 
groups of crystals can only be explained by their different aspect (length/width) 
ratio. When the same aspect ratio was used in the secondary test, all specimens were 
found to display the same hardening behaviour (figures 7-9 below). The size effect 
has been discussed at length by Kocks et al. (1964). 

Relative slip-system hardening behaviour is represented first in the r-y curves 
from the primary and the secondary test on the same plot. Figure 6 is a schematic 
representation of such a plot (also see figures 7-9). The specimen is first compressed 
Proc. R. Soc. Lond. A (1991) 
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Figure 7 
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Figure 6. Typical r-y curves from the latent hardening experiment. Tp denotes the current yield 
stress of the primary system corresponding to the flow stress before unloading. Backward 
extrapolation is often adopted as a measure of the initial yield stress of the secondary system Ts. 
Figure 7. z-y curves from the latent hardening experiment. 

Figure 8 Figure 9 
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Figure 8. r-y curves from the latent hardening experiment. 
Figure 9. r-y curves from the latent hardening experiment. 

on the primary slip system B4 to a stress Tp and then unloaded. After a change in the 
loading axis the previously deformed crystal is then compressed to activate a 
previously latent system C5. The r-y curve of the secondary test can be approximated 
by three regions, as depicted in figure 6, namely, a linear elastic region, a high 
hardening rate transition region and a linear plastic region. The conventional way of 
determining the yield stress of the secondary system Tr is to extrapolate from the 
linear plastic region back to zero strain as shown in figure 6. This definition of Ts is 
ambiguous in terms of determining the latent hardening moduli because the initial 
rapid hardening or transition region, which involves a finite amount of secondary slip 
ys, is neglected. An alternative definition is proposed below. 

Figures 7-9 are typical data from both the primary and secondary tests in the 
latent hardening experiments. In figure 7, for example, P1 denotes the primary test 
on parent crystal 1 (l/w = 1.96), and P1S1 and P1S2 denote the secondary tests on 
Proc. R. Soc. Lond. A (1991) 
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specimens and 2, repectively, cut from parent crystal 1. From the raw ,y data 

terminus of the primary -r---y curve, while it is difficult to define the initial flow stress 

during the secondary tet. 

r 3 and particularly the hardening (3.8), a more precise measurer f T in the secondary 

test is basedd on the decrease of the tangent modulus from the linear elastic modulus 
which indicates the onset of plastic deformation. In practiee for uniaxial compression 
loading, two specimen end esp ects tend to lead to an initial modulus which is lower 
than the elastic one. One is the initial incomplete contact between the specimen 

^ '. 

o 

O -2 ii i i 0 i i i i 
- 0.002 0.006 0.010 0.002 0.006 0.010 

Figure in10. (t) -al curves as complte contact develops with deformation and the from figure 7 plotted on a finer scale and (b) tangent 
modulus 0 = dr/dy against shear strain ys. Note that in both tests 0 begins to drop at a flow stress 
Ts which is lower than Tp. 

specimens 1 an d 2, respectively, cut from parent c rystal 1. From the raw r-y data 
the current flow stress on thea primary system is unambiguously taken as the 
terminus of the primary r- curve, while it is difficult to define the initial flow stress 
during the secondary test. 

Consistent with the incremental formulation of the plastic constitutive relations of 
? 3 and particularly the hardening (3.8), a more precise measure of rTs in the secondary 
test is based on the decrease of the tangent modulus from the linear elastic modulus 
which indicates the onset of plastic deformation. In practice for uniaxial compression 
loading, two specimenent end eff t o lead to an initial modulus which is lower 
than the ela stic one. One is the initial incomplete contact between t he specimen 
surfaces and the platens on the compression jig which tends to cause an increase in 
the initial modulus as complete contact develops with deformation and the other is 
enhanced or premature yielding near those surfaces due to addition of fritional 
stresses. with these effects in mind, Ts corresponding to general yielding of the 
specimen can be defined as the stress where the tangent modulu s or overall hardening 
rate dr/dy first displays a precipitous decrease as the load is increased during 
the secondary test. The tangent modulus is estimated from differentiating the 
smoothed data from the secondary tests as described above. 

Figures 10-12 display the Ts-ys curves with a greater resolution and the (log10 O)-ys 
curves from the secondary test. The tangent modulus is normalized with respect to 
the resolved elastic modulus m2E, where E is the uniaxial (Young's) modulus for the 
given orientation of the compression axist and m is the Schmid factor for the most 
highly stressed slip system (B4); see table 2. With the initial yield stress on the 
secondary system associated with a precipitous drop in the tangent modulus, these 
results indicate that plastic flow in the secondary test commences at a flow stress that 
is lower than the current hardness of the primary system. Furthermore, the initial 

t Elastic constants for pure copper at room temperature are taken from Smithells & Brandes (1976): 
Cl = 170 GPa, C12 = 124 GPa and C44 = 64.5 GPa. 
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Figure 11. (a) T-7 curves P2S1 and P2S2 from figure 8 plotted on a finer scale and (b) tangent 
modulus 0 = dT/dy against shear strain y,. Note that in both tests 0 begins to drop at a flow stress 
Ts which is lower than Tp. 
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Figure 12. (a) r-y curves P3S1 and P4S1 from figure 9 plotted on a finer scale and (b) tangent 
modulus 0 = dr/dO against shear strain ys. Note that in both tests 0 begins to drop at a flow stress 
Ts which is lower than Tp. 

high hardening rate on the previously latent system, which is consistent with 
inequality (4.19), leads to a greater flow stress on that system after only a small 
amount of secondary slip, which is consistent with traditional views of latent 
hardening. That is, at initial yield Ts < Tp, but as the secondary system continued to 
be loaded rT was observed to increase rapidly. Typically, for ys > 0.005 then Ts > Tp. 

As described above, the latent hardening experiment involves unloading the 
crystal at the end of the primary test, and then reorienting and reloading the crystal 
in the secondary test. A question naturally arises concerning the influence of 
unloading on the subsequent response and, in particular, the conclusion that Ts > Tp. 
In this regard, unloading effects usually are associated with the concept of a back 
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stress. Certain pertinent observations can be made from our experiments. When the 
primary system was reloaded after unloading then, for the strain levels considered, 
slip commenced during reloading at a stress that was at most 10% lower than the 
flow stress before unloading. This lower flow stress on reloading is often attributed 
to the un-piling of dislocations during unloading. Since at the end of the primary 
test the dislocation density on the secondary system and, hence, the effects of 
secondary pile-ups are much smaller than that on the primary system, the effects of 
the back stress on reloading are expected to be much smaller on the secondary 
system than on the primary system. Recall that the latter effects are already small. 
Therefore, we believe that Ts > Tp is not a result of unloading effects. 

The high hardening transition region also has been observed by other researchers 
including Kocks (1964), Ramaswami et al. (1965), and Edwards & Washburn (1954), 
who noted that back-extrapolated measures of the initial yield stress in the 
secondary test neglected the initial rapid hardening. Without the incremental 
continuum theory of crystalline plasticity in mind, they associated this rapid 
hardening (transition behaviour) with latent hardening in the primary test rather 
than with active hardening in the secondary test. Furthermore, it is important to 
note that the observation that Ts > rp is in agreement with the restrictions developed 
in the previous section for the instantaneous hardening moduli, i.e. inequalities 
(4.17)-(4.19). These are derived from well established observations of stage I, II and 
III deformations. 

6. Conclusions 
An attempt has been made to demonstrate that an accurate description of slip 

system hardening which differentiates latent from active systems and includes a 
strong dependence on the history of slips is necessary to characterize fundamental 
behaviours such as stage II hardening and orientation dependence of the T-y curves. 
Within a time-independent framework, various macroscopic observations from a 
uniaxial loading tests are reinterpreted to demonstrate the importance of slip 
interaction and to derive restrictions on the instantaneous hardening moduli, h~,. 
This led to the inequality restrictions on the hardening moduli given in (4.17)-(4.19). 
The traditional viewpoint that the diagonal components of h, depend at most only 
on the corresponding accumulated slip ya and that the off-diagonal components h, 
are greater in magnitude than the diagonal components is insufficient. 

Experimental results from new latent hardening tests support these findings. A 
hardening description that is consistent with this study, when incorporated into a 
continuum model (whether time dependent or independent, should result in a more 
precise phenomenological description of the plastic behaviour of Fcc single crystals). 
A particular choice of the instantaneous hardening moduli is given in Part II, and 
through several predictions good agreement with experiment is demonstrated. 
Furthermore, this description leads to a set of plastic constitutive equations that can 
generate a unique solution for a boundary value problem within the time- 
independent framework. 
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Latent hardening in single crystals 
II. Analytical characterization and predictions 

BY JOHN L. BASSANI AND TIEN-YUE Wut 

Department of Mechanical Engineering and Applied Mechanics, University of 
Pennsylvania, Philadelphia, Pennsylvania 19104, U.S.A. 

Constitutive equations are developed that characterize the multiple-slip behaviour of 
crystalline materials at low temperature. A matrix of instantaneous hardening 
moduli that relate the rate of hardening on each slip system to all slip-rates is 
proposed based upon well-known observations and the latent hardening experiments 
reported in Part I. In general, these moduli depend on the history of slips. 
Simulations of various behaviours are presented for Fcc single crystals (copper) that 
are in good agreement with observations. These include, for example, stress-strain 
curves in a uniaxial loading test, hardening rate variations with respect to initial 
orientation, latent hardening, tensile overshoot and secondary slips. Numerical 
calculations are facilitated using an extremum principle and a modified quadratic 
programming algorithm. 

1. Introduction 
In this paper (Part II) based on the experimental observations discussed in Part I, 
an analytical form for the evolution of the instantaneous slip-system hardening 
moduli ha, is developed for a single crystal undergoing multiple-slip plastic 
deformation. These moduli relate the rate of hardening of the critical shear stress (or 
flow stress) (r) on each system, which is most naturally defined with respect to the 
rotating crystal lattice, to the rates of slip (shear) y(0) > 0, i = 1, N on all N systems as 
(see Hill 1966; Mandel 1965) 

N 

T(> = hE hX.2, (1.1) 
,?=1 

This hardening description incorporates the effects of slips y(I) > 0, fi = 1, N, on all 
systems both on the active or self hardening of each system (i.e. diagonal components 
h,) and on the latent hardening (i.e. the off-diagonal components hp) of each system. 
As a starting point for the development in this paper, the components of h, are 
required to satisfy the inequalities (I4.17)-(I 4.19) derived from physical observations 
in Part I. In general, the hardening moduli depend on the complete history of slips. 

The point of view taken is phenomenological in that we emphasize the 
characterization of various macroscopic hardening behaviours within the framework 
of continuum plasticity. Simple forms for h, that have been adopted, for example by 
Hutchinson (1970) and Asaro (1983a), typically take active hardening on any slip 

t Present address: IBM Technology Laboratory STD, Endicott, New York 13760, U.S.A. 
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system (diagonal components h,) to be independent of the slips on other systems 
and, thereby, incorporate only a limited coupling between slip systems through off- 
diagonal components that scale with corresponding diagonal components. These 
forms are incapable of describing many of the fundamental hardening behaviours of 
single crystals such as (i) stage I easy glide followed by stage II rapid hardening 
which is associated with secondary slips, (ii) the hardening rate variation with 
respect to orientation (Diehl 1956), (iii) the significant amount of secondary slips 
before overshoot (Basinski & Basinski 1970, 1979; Joshi & Green 1980), and (iv) the 
high 'latent hardening' (i.e. initial hardening in the secondary test) at the onset of 
secondary deformation observed by Franciosi et al. (1980) as well as in many earlier 
studies (see Part I). Even though the finite distortional rule proposed by Havner & 
Shalaby (1977) can account for 'tensile overshoot' after a large amount of strain, 
secondary slips before overshoot and the hardening anisotropy at the initial stage of 
deformation observed by Jackson & Basinski (1967) is not accounted for. 
Furthermore, if, as often assumed, the latent hardening moduli (off-diagonal 
components of ha,) are taken to be greater than the active ones (diagonal 
components), then the time-independent formulation may not predict a unique set 
of slips as demonstrated by Hill (1966) and Hill & Rice (1972). Although uniqueness 
is not an issue in a time-dependent framework proposed by Asaro (1983a), this alone 
does not address the salient features of multiple-slip hardening. 

Plastic flow of crystalline solids at low temperature has been studied in a time- 
independent continuum framework, for example, by Taylor (1938), Bishop & Hill 
(1951), Hill (1966), Hutchinson (1970), Havner & Shalaby (1977) and Asaro & Rice 
(1977). In these analyses the complex kinematics associated with dislocation 
generation and motion which give rise to overall plastic deformation are described in 
terms of continuous crystallographic slips (shears). The activation of slips is 
determined from a generalization of Schmid's law (flow rule) whereby any slip 
systems is active if and only if the corresponding shear stress and stress-rate on that 
system attain critical values associated with the hardness of that system (Hill 1966). 
The rate of hardening is related to the slip (shear) rates through the instantaneous 
hardening moduli hp as given by (1.1). In the next section, the kinematical and 
constitutive framework is outlined, and a sufficient condition is given such that the 
active set of slips are determined uniquely at any stage in the deformation. 

The notion of truly latent hardening is reinterpreted in this two-part study. An 
essential feature of single crystal hardening is found to be the different strengths of 
interactions between slips (dislocations) on different slip systems as studied, for 
example, by Saada (1960a, b), Zarka (1975), and Franciosi et al. (1980). The simplest 
example is the difference between coplanar and non-coplanar interactions (non- 
coplanar interactions involve several possibilities, see Franciosi & Zaoui (1982) and 
?3 below). Zarka (1975) accounted for different slip interactions in measures of the 
resistance to slip on each system that depend explicitly on the total slips on all 
systems and, thereby, can capture the features of stage I and stage II hardening. 
Zarka's description, in contrast to the incremental hardening law (1.1), is not 
dependent on the history of slips except possibly through overall kinematical 
considerations. Slip history effects are certainly important under general loading (e.g. 
non-monotonic). 

In Part I, discrepancies between the simple hardening descriptions and 
observations are closely examined. Many of the observed phenomena caused by slip 
interactions often have been misinterpreted as intrinsic characteristics of single-slip. 
Proc. R. Soc. Lond. A (1991) 
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One prominent example is what has been interpreted as strong (truly) latent- 
hardening is actually strong active-hardening during the initial deformation on a 
previously latent system caused by slip interactions between secondary and primary 
slips (dislocations). The importance of slip interactions also is revealed by other 
observations, for example: stage II rapid hardening is always accompanied by 
secondary slip(s); and as the initial orientation of the tensile axis approaches the 
[100]-[11l] symmetry boundary the hardening rate increases in a way consistent 
with the multislip condition. 

Based on these observations, inequality restrictions on the instantaneous 
hardening moduli h4p have been derived in Part I. First, to predict secondary slip 
before the tensile axis overshoots the symmetry boundary, the off-diagonal 
components of h,p (the terms that truly characterize latent hardening) must be less 
than the diagonal terms (active hardening), at least during stage I deformation (see 
14.17). Secondly, the active-hardening moduli should vary at least as much as the 
overall hardening rate, which for the transition from stage I to stage II deformation 
precludes a monotonic decrease in h, (no sum) with increasing primary slip (see 
14.18). As a new slip system(s) becomes active the hardening rate on each system will 
tend to increase at a magnitude that depends on the type of dislocation locks formed 
with other systems. However, the new system(s) will tend to harden much faster than 
the others since the existing forest obstacles outnumber the newly created ones (see 
14.19). These restrictions are reviewed below in ?3. The first inequality can assure 
unique determination of the set of active slips in the time-independent framework for 
an arbitrary stress-rate or strain-rate imposed on the crystal. The second and third 
inequalities clearly identify the high hardening caused by slip interactions that 
should be interpreted as 'active' hardening. 

Weng (1981) noted the tendency for high initial hardening in the secondary test of 
the latent hardening experiment consistent with the experiments reported in Part I. 
He developed a combined isotropic and kinematic hardening law, where for the latter 
slip interactions are accounted for through geometrical relations between the slip 
vectors (both plane normals and slip directions). This treatment neglected important 
physical differences among slip interactions, and from the examples presented it is 
not clear that either the transition from stage I to stage II hardening or the 
orientation dependence of hardening associated with the evolution of different 
multiple slips can be systematically predicted. 

In ? 3 an analytical form is developed for the instantaneous hardening moduli under 
general multislip conditions which is consistent with these inequalities. The active 
hardening modulus for each slip system includes a term that depends only the 
magnitude of slip on that system (similar to the self-hardening adopted by Pierce et 
al. (1982) and Asaro (1983 b)) which is multiplied by another term that incorporates 
contributions from other slips. Latent hardening moduli are taken simply to be a 
multiple of these active ones. Physical interpretations of the parameters in the 
hardening law are discussed including an explicit characterization of the strength of 
interactions between different systems for FCC crystals. 

In ?4, numerical simulations are presented based on a simplified hardening rule 
where latent hardening is totally suppressed, i.e. [h,p] is a diagonal matrix so that a 
previously latent system only hardens once it is activated. (This resembles the 
independent hardening law for multiple yield functions proposed by Koiter (1953).) 
Thus positive definiteness of [h,p] is assured so long as no slip system softens and, 
therefore, within the time-independent framework uniqueness of the active set of 
Proc. R. Soc. Lond. A (1991) 
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slips is guaranteed (Hill 1966). (Even with some latent hardening uniqueness is 
preserved so long as active hardening dominates.) With this pure active-hardening 
rule, numerical predictions for: uniaxial z-y curves for different orientations, the 
amount of secondary slips before tensile axis reaches the symmetry boundary, 
crystal lattice rotations and tensile overshoot, and latent hardening are in good 
agreement with experimental observations. As detailed in the Appendix, a quadratic 
programming problem is formulated to solve the constitutive equations and 
determine the active set of slips. 

2. Constitutive relations for single crystals 
The constitutive framework adopted is consistent with the one proposed by 

Mandel (1965) and Hill (1966) and developed further, for example, by Hill & Rice 
(1972), Asaro & Rice (1977), Havner & Shalaby (1977), and Asaro (1983b). This 
section begins with a summary of the kinematical relations for single crystals 
undergoing crystallographic slip in the context of rigid-plastic deformations. For 
simplicity, small-strain elastic deformations (typical of metals) can be neglected in 
the presence of large plastic deformations, even when considering lattice rotations 
resulting from constrained slip. Lattice rotations are important for the evaluation of 
the multislip hardening relations. Objective stress-rates incorporated in the 
constitutive equations are taken to be co-rotational with respect to a reference 
coordinate system that convects with the crystal lattice. The relation between this 
lattice coordinate system and a fixed global system is given explicitly in the case of 
a uniaxial tension/compression test, where material fibres aligned with the stiff 
testing machine do not rotate. Stress-strain relations, yield criteria, and associated 
flow rules are then presented with respect to this reference coordinate system 
embedded in the crystal lattice. Sufficient conditions for uniqueness for an imposed 
stress-rate or strain-rate on the single crystal also are briefly discussed. 

The notation used throughout this paper is as follows. Second-order tensors are 
denoted by bold-face upper-case English letters and by bold-face Greek letters. 
Vectors are denoted by bold-face lower-case English letters. Lower-case indices (e.g. 
i,j, k) denote cartesian components of a tensor on a bases embedded in the crystal 
lattice. For example, for Fcc and BCC crystals these base vectors naturally lie along 
<100) directions. A symbol * is to signify quantities defined with respect to this 
lattice (rotating) frame. Summation over 1,2,3 is implied for repeated English 
indices. Lower-case Greek indices (e.g. cc or ft) denote slip systems and summation is 
not implied over repeated Greek indices. These Greek indices range from either the 
total number of slip systems for a particular crystal class or the total number of 
active or potentially active slip systems at a given stage in the deformation, as 
indicated. 

Kinematics of rigid-plastic deformation of single crystals 
A fundamental kinematical postulate that arises from the notion of dislocations 

(neglecting elastic core effects) is that the lattice is undistorted as a result of 
crystallographic slips. Furthermore, neglected elastic straining of the crystal 
altogether the total deformation gradient F is composed of a plastic part FP 
associated with shearing on well-defined slip systems and a rigid body rotation R 
associated with boundary constraints. The latter can give rise to crystal lattice 
rotations relative to a fixed (reference) coordinate system. 
Proc. R. Soc. Lond. A (1991) 
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Let 

F= R.FP. (2.1) 
The velocity gradient L calculated from (2.1) is 

L = FFT = R.RT +RP.FP.FP-.RT (2.2) 

where superscript T denotes transpose. The rate of stretching tensor D and the spin 
tensor W are defined as the symmetric and antisymmetric parts of L, respectively: 

D= (RFPPFP1-.RT)sym _ DP, (2.3) 
W= RT+(R F. Fp-F. RT)sy WR+ Wp, (2.4) 

where the purely rigid part of the spin is WR = RRT and the remaining part 
associated with slip is denoted WP. 

The plastic part of the velocity gradient is related to the slip rates y() > 0, a = 
1, N, where N is the total number of slip systems (e.g. N = 24 for FCc crystals where 
the positive and negative sense of slip is counted separately). With respect to the 
undeformed lattice, for system a let s) denote the unit vector in the slip direction 
and n?) the unit normal to the slip plane. First, imagine that the crystal undergoes 
a set of slip rates without any rotation of the lattice. Then, in this intermediate 
configuration (Asaro 1983a; Aravas & Aifantis 1991) 

N 
P. FP- = ys(a) s) n(a) (2.5) 

a=l 

Next, after a superposed rigid body rotation of the lattice, from (2.3)-(2.5), 

DP + W' = R- FP.F' - FP R. = 
(,) s() n() RT, (2.6) 

x=1 

where DP and WP are the symmetric and antisymmetric parts, respectively, of the 
right-hand side of (2.6). 

Since FP arises solely from crystallographic slips associated with dislocation 
motion, this part of the deforniation does not distort or rotate the crystal lattice. 
Therefore, with elastic deformation neglected s?) and n?) can only rotate rigidly due 
to R. In the current configuration (Asaro 1983b) 

S() = R.s?) and n(a) = n).RT. (2.7) 
With (2.7), (2.6) can be written as 

N 
DP+ WP = - (a) S(a) n(. (2.8) 

a=l 

Equation (2.6) is most naturally expressed with respect to the undeformed (reference) 
coordinate system, while (2.8) is expressed with respect to the crystal lattice 
coordinate which has a simple expression and is readily determined from the stress 
rate on the crystal. Consequently, the most natural choice of a coordinate system for 
calculating rate quantities at finite strain is the one that rotates with the crystal 
lattice. To see this more explicitly, note from (2.7) that 

s = R so+Ro = R = RT.s = WR.s, (2.9) 
n = ,ioRT?+no.RT = n.R.RT = n WT = WRn.n (2.10) 

Proc. R. Soc. Lond. A (1991) 

25 

This content downloaded from 130.126.32.13 on Tue, 15 Oct 2013 23:34:02 PM
All use subject to JSTOR Terms and Conditions



26 J. L. Bassani and T.-Y. Wu 

Rates formed on a basis rotating with the lattice 
The constitutive equations for the single crystal are most naturally expressed with 

respect to a basis e* (e.g. unit vectors along the <100> directions in a cubic crystal) 
that is embedded in the lattice and rotates rigidly with respect to a fixed (reference) 
basis so that 

e = WR e*. (2.11) 

Then s - W -s = 0 and, similarly, n = 0, where the superscript * above each 
quantity denotes the corotational time derivative formed on a basis that rotates with 
the lattice, i.e. the basis e*. Furthermore, this corotational rate of any lattice 
geometry parameter vanishes identically. After an increment in deformation 
corresponding to a time increment At, the updated lattice vectors are given as e*' = 
(e* + WR e*f\t)/le* + WR'e* Atl. 

Effects of lattice rotations do not explicitly appear in the constitutive equations 
when all rate quantities are formed on this rotating lattice frame (see Asaro & Rice 
1977; Asaro 1983b). The time derivative formed on the rotating lattice frame of a 
second-order tensor, e.g. the Cauchy stress, is given by 

= d- WR'.r+f? WR. (2.12) 

Rotation of the lattice in the tensile test 
The uniaxial tension/compression test is considered in detail in Part I and in the 

numerical simulations that follow. In a stiff tensile machine, material fibres that are 
initially parallel to the tensile axis are assumed to remain aligned with this axis 
throughout the deformation. Under this condition, the (lattice) spin tensor WR is 
determined as follows. 

Let b denote a unit vector attached to a material fibre along the tensile axis. Due 
to slip alone (i.e. ignoring the rigid spin for the moment) at an instant of time At 
latter the rotated unit vector is 

b' = (b+bPAt)/lb+ PAtl, (2.13 a) 

where 
-= (DP + WP)-b-(b-DP-b)b. (2.13b) 

Now b' is brought back to b by a rotation of AO = arcsin lb' x bl about the axis a = 
(b' x b)/lb' x bl. Therefore, the rigid spin WR required such that b remains fixed, i.e. 
b= (D+ W)*b-(b .Db)b=O, is given in terms of the dual vector o = 
(0)1, 0)2 03)T, such that 

) = Oa, (2.14a) 

where 0 = AO/At, and 
'0 -(3 2t)2 

WR = ?03 0 - (1. (2.14b) 
- 0)2 o)1 0 

The orientation change of the lattice can now be readily calculated using (2.12). 
The updated lattice vectors after an increment of deformation can also be calculated 
as 

e*' = e* cosA + (e* . a)a(1-cos A)+ (a x e*) sin A0. (2.15) 
Proc. R. Soc. Lond. A (1991) 
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Figure 1. Stereographic projection from [100] orientation showing the 24 standard triangles for 
the FCC single crystal. 

Finally, we note that if the tensile axis is represented in the lattice frame as 
b = b* e*, then b = b* e* where with (2.8) 

b = b- WRb = (DP+ WP)b-(b.DP.b)b 
N 

~>(s) - n() b b = ( (z) s sn(x)) b-b( E () s(a) n() b b. (2.16) 
\~~a=l a) L ~=l /sym 

Note from (2.13) and (2.16) that bP = b. 

Stress-strain relations, yield criteria, and associated flow rule 
Constitutive equations that govern the plastic behaviour of single crystals are 

expressed with respect to the rotating lattice coordinate system introduced above. A 
crystal can deform plastically, that is one or more slip systems can be activated, 
when the resolved shear stress on a given slip systems reaches a critical value. This 
is often referred to as Schmid's law (see ?3, Part I). The displacement rate during 
plastic deformation of the crystal is associated with a set of slip rates 
{()J);a = 1,N} on systems with unit normal n(a) and unit slip direction s(a) is 

N 

uP = E 7( n(n Xj) x)s'S, (2.17) 
a=l 

where y() is the rate of slip (or shear) on the cth slip system and x is the position 
vector whose components are also represented in the lattice frame. 

The plastic strain-rate DP is the symmetric part of VtP, which from (2.17) is 
N 

D. = E ()^ ( (2.18) 
a=l 

where the transformation tensor u() characterizing a slip system (a) has cartesian 
components 

() = 21s() nna) + n() cs)) a = 1 ,N. (2.19) t3 2 t i i 

For a FCC single crystal, the 12-slip systems (or 24 when counting positive and 
negative senses of slip separately) are defined by four close-packed {111} planes and 
three close-packed <110> directions. Notations for the slip systems and slip planes 
are given in figure 1 (Schmid & Boas 1935) and table 1 (Basinski & Basinski 1979). 
The components of Et() for FCC crystals are given, for example, in Bishop & Hill 
(1951). 
Proc. R. Soc. Lond. A (1991) 
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Table 1. Notation for the FCC slip systems 
(From Schmid & Boas (1935) and Basinski & Basinski (1979).) 

primary system 1 B4 (111) [101] cross-glide system 7 D4 (111) [101] 
2 B5 (111) [011] 8 D (111) [110] 
3 B2 (111)[110] 9 D6 (111)[011] 

conjugate system 4 C1 (111) [110] critical system 10 A3 (111) [101] 
5 C5 (111) [011] 11 A6 (111) [011] 
6 C3 (111) [101] 12 A2 (111) [110] 

The plastic spin tensor WP is given by the antisymmetric part of ViP 
N N 

zWP. _0()= Q 2 ((a) ()n(a) 

( 

)) )(a ) (2.20) ij 7 = 2 nsy. (2.20) 
a=l a=l 

The resolved shear stress on slip system a is given in terms of the Cauchy stress a 
acting on the crystal as (a) =- o u = - ij () (2.21) 
A slip system is said to be potentially active if T(a) = 7(), where T(r) is the current 
value of the critical shear stress on system a. The rate of change of the shear stress 
on system ca is ( () -- = (j #= ). (2.22) 
When elastic distortions of the lattice are included, Asaro & Rice (1977) discuss 
various possible choices for #() 

The relations between i(a) and y(Y) are given by a generalization of Schmid's law 
which requires that the rate of stressing of a potentially active system must equal the 
rate of hardening if that system is active (Hill 1966; Mandel 1965; Hill & Rice 1972). 
Consider any potentially active system for which T() = T(): 

if () < 7(2), then () - 0, (2.23a) 
if iT() =i (r then i( ) 0. (2.23b) 

If (2.23a) holds then the potentially active system is inactive while if (2.23b) holds 
it is said to be active. 

To complete the constitutive description the rate of hardening of the critical shear 
stresses on each slip system is assumed to be linearly related to the slip rates on all 
systems (Hill 1966), where 

(-r)= E h7(f). (2.24) 
?=1 

The components matrix [h,.] are the instantaneous hardening moduli whose 
analytical characterization are the focus of this paper. History-dependent hardening 
and coupling between hardening on the ath system due to slip on the f,th system are 
admitted by (2.24). In Part I various physical observations are interpreted and 
restrictions are derived to aid in the characterization of these moduli. 

Sufficient conditions for uniqueness 
Sufficient conditions such that a unique set of slip-rates {yf(); a = 1, N} can be 

determined when either the stress-rate or the strain-rate is imposed on the single 
crystal have been discussed by Hill (1966) and Hill & Rice (1972). In general, these 
conditions depend on the choice of stress measure (Hill & Rice 1972; Asaro 1983a, 
b; Havner & Shalaby 1977), and elasticity plays an important role. Let L be the 
Proc. R. Soc. Lond. A (1991) 
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fourth-order tensor of elastic moduli with the usual symmetries and positive 
definiteness. Following Hill (1966), if ( is prescribed then [h,] must be positive 
definite to insure that the set of slips and, therefore, the strain-rate are uniquely 
determined by (2.22)-(2.24). If the strain-rate is prescribed relative to the rotating 
lattice frame, then a weaker requirement on the hardening moduli results, namely 
that [hap + /) L :(fl/)] must be positive definite to insure that the set of slips and the 
stress rate are uniquely determined. 

In the case where the material (Jaumann) stress-rate or the total deformation-rate 
D is prescribed, the slip-rates are uniquely determined if F, or Ga, respectively, are 
positive definite, where (Hill & Rice 1972; Asaro 1983a, b) 

Fa3 = ha,-l(a): B(?)-B(a)L-B 1 :B( (2.25) 
G = ha + (a): L () + B (a) :) (2.26) 

Here, B(a) = Q(T) '- T. *9(), where T is the Kirchhoff stress defined as (po/P) a where 
a is the Cauchy stress, po and p are material densities in the reference and current 
states, respectively, and f is defined in (2.20). Note that if the terms involving B in 
F4g, and GaB are neglected that these sufficient conditions for uniqueness reduce to 
those when rates are prescribed relative to the lattice frame. For other stress 
measures, (2.25) and (2.26) may vary by terms of order (o-/L) where o- and L are 
representative magnitudes of stress and elastic modulus tensors, respectively. 

It is noted that as long as [hp] is positive definite and O(or) < O(ha), that 
uniqueness is expected (Hill & Rice 1972). Furthermore, it should be emphasized 
that conditions summarized above are sufficient. Whether they are necessary is an 
open issue. Finally, note that at each stage in the deformation, N is associated with 
the number of potentially active systems, and each of the square matrices [ha.], [Fa], 
and [G,p] has dimension NxN. For the hardening law proposed below, positive 
definiteness of [hap] is readily assured. For the calculations presented in ?4 and the 
quadratic programming problem defined in the Appendix, the stress rate is 
prescribed relative to the lattice frame. 

3. Representation of the instantaneous hardening moduli 
The least well-characterized aspect of the constitutive framework (for both time 

dependent and independent behaviour) is the set of instantaneous hardening moduli 
[hap] that relate the rate of hardening on each slip system to the plastic slip-rate on 
all systems as given by (2.24). The analytical forms for [h,p] developed below are 
chosen so that phenomena such as the transition from stage I to stage II hardening, 
the orientation dependence of hardening, latent hardening, and tensile overshoot can 
be reasonably predicted. To accomplish this it is necessary to incorporate a strong 
history dependence of slip on the instantaneous hardening moduli. 

There have been many proposals for the analytical representation of [ha]. For 
example, the isotropic hardening law proposed by Taylor (1938), ha = h; the 
independent hardening law of Koiter (1953), h,a = hS,, where 8a& is the Kronecker 
delta; the geometrical hardening law proposed of Budiansky & Wu (1962), hp = 
hu() : hu(fl); the simple latent hardening law of Hutchinson (1970) and Asaro (1983a), 
hp=qh+(l-q)hS,B; and the hardening law of Havner & Shalaby (1977) that 
includes the finite rotational effect to account for the overshoot. In each case, for 
simplicity, h has been chosen to be either a constant or a simple function that 
monotonically decreases with shear strain. 
Proc. R. Soc. Lond. A (1991) 
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Asaro (1983a) proposed that active hardening can be approximated as 

h(y,) = ho sech2 (h0o y/(Ti-T )), (3.1) 
where z0 is the initial critical resolved shear stress on each slip system, 71 is the 
saturation stress, and h0 is the hardening modulus at initial yield. (To simplify the 
notation in the remainder of this paper y7() is written as y,.) Furthermore, with 
h, = qh + ( -q) 6, Asaro (1983a) adopts 1 < q < 1.4 to be consistent with the gross 
features of latent hardening reported by Kocks (1970), i.e. after some finite amount 
of slip on a previously latent system the flow stress on that system is greater than the 
flow stress on the primary system; the reader is referred to Part I for a complete 
discussion of this point. Nevertheless, this simplified description is not consistent with 
many physical observations. For example, with h,q = qh + (1 -q) Q,? and q > 1 during 
'single slip' the tendency of secondary slips (i.e. the rates relative to the overall strain 
rate) is predicted to decrease with deformation until lattice rotations overcome the 
latent hardening, which is not the case for many orientations of the tensile axis. (This 
predicted tendency is particularly obvious within a rate-dependent formulation.) 
Other observations not well described by the simplified description include, for 
example, the transition from stage I and stage II deformation, the orientation 
dependence of the T-y curve, and the initial rapid hardening and variation of ratio 
of the secondary to the primary flow stress (rs/Tp) with strain (both yp and ys) in the 
latent hardening experiment. 

Before developing a new analytical description for [ha], the restrictions on the flow 
stresses and hardening moduli derived in Part I are reviewed. These restrictions 
immediately point to the need to carefully take slip interactions into account. This 
is accomplished while preserving a relatively simple analytical form. 

Review of the inequality restrictions for two-slip systems 
In Part I, a careful interpretation of the transition from stage I and stage II 

deformation and the associated orientation dependence of the T-y curve as well as a 
reinterpretation of the latent hardening experiment that includes the variation of 
ratio of the secondary to the primary flow stress (Ts/Tp) with strain (both yp and ys) 
for FCC crystals lead to the following inequality restrictions. These form the basis 
from which a new hardening description is developed. With 1 denoting the primary 
slip system and 2 denoting the secondary system as defined, for example, in uniaxial 
stressing with the tensile axis within a spherical triangle (see ?4, Part I) 

T(2 (717Y2 = 0) < 7() (Y1, 2 = 0) (3.2a) 

(2) (71, 72 > 7) > r (71,72 = 0) (3.2b) 

Inequality (3.2b) holds for a sufficiently large offset strain yo. In our latent hardening 
experiments on copper summarized in Part I, yo was between 0.5 and 1%. 
The observations summarized by (3.2) are for well-annealed crystals for which 
T(1 (0, 0) = _(2) (0, 0). In this case (see ?4 of Part I), 

h2l(71, 0) < h11(71, 0), (3.3) 
hl(71, 0) < h11(7, 72), (3.4) 

hll(71, 72) < h22(71, 72), if 72 < 71' (3.5) 
Clearly, the simple hardening rules that others have adopted (see the second 
paragraph of this section) cannot satisfy all of these inequalities. 
Proc. R. Soc. Lond. A (1991) 
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han, under general multislip 
To describe the complex slip phenomena during plastic flow, we begin with the 

notion that h4a({y,; y = 1, N}), a, f = 1, N. Recall that y8 > 0, that is the positive and 
negative sense of slip are counted separately, so that Bauschinger effects and cyclic 
response can be captured (see Wu et al. 1990 b). That is, a particular component of the 
matrix of instantaneous hardening moduli [hap] depends on the total accumulated 
slip on all systems and, possibly, the history of slip. After exploring various 
possibilities, the following form proved to be reasonably flexible: 

haa = F(yj) G({yfl; = 1, N, /8 ca) (no sum on o), (3.6a) 
h, = qha, a = ft (no sum on a), (3.6b) 

where F(y,a) is the instantaneous hardening modulus under single slip and G is 
associated with interactive (cross) hardening and G({yg = 0; f = 1, N, f # ac}) = 1. 
In general, F and G may be functionals of their arguments. The hardening of 
the system / due to slip on the system a, which accounts for truly latent hardening 
if system ft is inactive, is simply taken to be a fraction of the active modulus haa (no 
sum) through the parameter q. Other choices for the off-diagonal terms, e.g. the 
symmetric one hp = q(ha + h,), could easily be adopted. The one given by (3.6a) 
seem natural, although not symmetric. Nevertheless, excellent agreement with 
experimental observations summarized in ?4 is obtained even with q = 0 or with a 
small non-zero value of q. 

The assumption that the active hardening moduli for each slip system can be 
expressed as a product of the two functions (or functionals) as given in (3.6a) can be 
interpreted as follows. Consider uniaxial stressing of a crystal with an initial single- 
slip orientation. Let a denote the primary slip system. Then, during stage I 
deformation when y, > 0 and y7 = 0, f/ # a, the function F characterizes the single- 
slip hardening behaviour, namely easy glide, and G = 1. During stage II deformation 
when secondary slips are activated, i.e. y0 > 0 for some f/ = ac, the function G then 
characterizes the forest hardening effect caused by slip interactions between the 
primary system a and the secondary systems. Asaro and coworkers as well as 
others have adopted a hardening description that is a special case of the form of (3.6) 
where G - 1. 

A simple form for F (single slip) that is consistent with (3.1) at small plastic strains 
and gives a finite (or zero) rate of hardening at large y) is 

F(ya) = (ho-hs) sech2 [(ho-hs) yj(T-roT)] + hs. (3.7) 
The constants in F have the following interpretations: T0 is the initial critical 
resolved shear stress, TI is the stage I stress (or the breakthrough stress where large 
plastic flow initiates), ho is the hardening modulus just after initial yield, and hs is the 
hardening modulus during easy glide. Under truly single-slip conditions, with all 
other slips zero, (2.24) with (3.6a) and (3.7) can be integrated to give 

T(r) = 70 + (7i-T0) tanh [(ho-hs) yJ/(-To)]+ hs^,. (3.8) 
The four constants in (3.6) and (3.7) are kept distinct to facilitate the physical 
interpretation of each term. Nevertheless, these equations can be written more 
compactly in terms of T0, ' = TI-7T, y' = T'/(ho-hs), h' = T'/y' and hs as 

F(ya) = h' sech2 (y/y') + hs, (3.7 a) 
r() = o7 + 

' tanh (y,lY') + hsya, (3.8a) 
Proc. R. Soc. Lond. A (1991) 
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Table 2. Strength amplitude factors f/ for the 12-slip systems defined in table I for FCC single crystals 
(N, no junction, fg = a1; H, Hirth lock, f = a2; C, coplanar junction, f, = a3; G, glissile junction, 

fa = a4; S, sessile junction, f,p = a5.) 
1 2 3 4 5 6 7 8 9 10 11 12 

1 0 
2 C 0 
3 C C 0 
4 S G H O 
5 G N G C 0 
6 H G S C C 0 
7 N G G G S H O 
8 G S H N G G C O 
9 G H S G H S C C O 

10 H S G G G N H S G 0 
11 S H G S H G G G N C 0 
12 G G N H S G S H G C C O 

and it is seen that F involves only three parameters. A similar expression to (3.8) has 
also been used by Harren & Asaro (1989). 

A form for G (cross hardening) that equals unity when its arguments are all zero 
and asymptotes to finite values when all slips y?, /,8 aX are large is 

G({yp; = 
i=,N,; 

vo a}) = ^1 + tanh 
-) (3.9) 

where yo is the amount of slip after which the interaction between slip system a and 
ft reaches peak strength (here, for simplicity, yo is taken to be the same for all pairs 
of systems) and each component fag represents the magnitude of the strength of a 
particular slip interaction. For example, coplanar interactions tend to be weaker 
than non-coplanar ones. For FCC single crystals there are five distinct slip 
interactions, i.e. there are at most five independent components off,p as described 
below. Note that the sum in G extends over (N-1) slip systems. 

Values of the constants in (3.7)-(3.9) vary with respect to material, temperature, 
and prior straining history (including processing). In general, for a given material 
and well-defined conditions, these constants can be either directly measured from 
experiments or can be estimated from simulations of experimental results. For 
example, T0, T7, h0, and hs can be measured from uniaxial loading tests on crystals 
with single-slip orientations, q and y0 can be estimated from the latent hardening 
experiments. 

The amplitude factors fp depend on the type of dislocation junction formed 
between slip system a and /3, which in turn, depends on the geometric relation 
between the two-slip systems as discussed by Basinski & Basinski (1970) and 
Franciosi et al. (1980) and classified by Zarka (1975) and Franciosi & Zaoui (1982). 
In the present study on FCC crystals, slip interactions are classified into five groups 
and, consequently, the factors fp are given in terms of only five constants, ai, 
i =1,5: 

a1 (no junction): the resultant Burgers vector from slip system a and f is parallel 
to the original one; 

a2 (Hirth lock): the resultant Burgers vector is not energetically admissible; 
Proc. R. Soc. Lond. A (1991) 
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Figure 2. Geometrical depiction of the slip systems as listed in table 1. 

a3 (coplanar junction): the resultant Burgers vector is on the same slip plane as 
the original ones; 

a4 (glissile junction): the resultant Burgers vector is energetically admissible 
and on one of the two slip planes; 

a5 (sessile junction): the resultant Burgers vector is energetically admissible but 
not on either of the two-slip planes. 

In general, a5 > a4> a3> a2> a1. For each pair of slip systems in the FCc single 
crystal, table 2 gives the type of junction and relates each value of f to one of the 
ais associated with the slip systems listed in table 1 and depicted in figure 2. 

Combining (3.7) and (3.9) with (3.6a, b) gives the new form of the instantaneous 
hardening moduli [h,]: 

h = [(h0- hs) sech2 ((h- hs) 7 + hs1 + f tanh ) (no sum on a), L } tanh L\ r1-70 / J /=i 7o 

(3.10) 
h/ = qha, c # ft (no sum on a). (3.11) 

From the examples presented below in ?5, it will be seen that a diagonal form of the 
hardening law, i.e. one where q = 0, is adequate to reproduce the experimental 
observations mentioned above and detailed in Part I. 

4. Numerical simulations 
In this section the hardening rules proposed in ?3 are used to predict the plastic 

response of FCC single crystals under uniaxial stressing. The constitutive equations 
of ? 2 are integrated using an extremum principle and Wolfe's quadratic programming 
algorithm as detailed in the Appendix. The numerical simulations focus on various 
phenomena observed in the uniaxial tensile tests on single crystals (see Part I) 
including: (i) stress-strain curves for crystals with different initial orientations, (ii) 
variations in the flow stress on secondary system with primary and secondary strain 
in the latent hardening experiment, (iii) tensile overshoot, and (iv) the secondary 
slips before tensile axis reaches the symmetry boundary. 

For the calculations presented below, the influence of very small elastic strains are 
taken into account in the following approximate manner. The total strain-rate is 
taken to be the sum of the elastic strain-rate plus the plastic strain-rate given in 
Proc. R. Soc. Lond. A (1991) 
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(2.182. The elastic strain-rate is taken to be the product of the elastic modulus tensor 
and a. The influence of elastic strains on the deformation and spin of the lattice frame 
in the sense of Asaro & Rice (1972) (see, also, Aravas & Aifantis 1990) are ignored. 
The elastic constants are chosen to describe copper single crystals with cubic 
symmetry are normalized by the magnitude of the initial critical resolved shear 
stress, T0. The values are C1 = 10 x 103T, C4 = 3.8 x 103, and C12 = 7.35 x 103T0 
(Jacobson 1955). 

The constants in the hardening law are chosen to approximate plastic behaviour 
of copper single crystals: T7 = 1.370, h0 = 9070, hs = 1.570, y0 = 10-3, and the slip 
interactions governed by the factors fap are determined from only three constants, 
i.e. a1 = a2 = a3 = 8, a4 = 15 and a5 = 20 (see table 2). These values are based on the 
experimental results of Part I as well as those of Basinski & Basinski (1970) and 
Franciosi et al. (1980) on single crystal copper with purity of at least 99.99 %. The 
simulations presented below demonstrate that with a limited number of constants, 
namely seven, a good correlation with experimental data is obtained. 

At each stage in the deformation, the set of slips is uniquely determined when the 
symmetric part of instantaneous hardening matrix [h,p] is positive definite and the 
stress rate is imposed relative to the lattice frame as discussed at the end of ?2. 
(Recall, that this condition is simply sufficient.) Positive definiteness of [h,p] also is 
required for the quadratic programming algorithm to converge (see Appendix). To 
assure uniqueness, an approximate upper bound for q in (3.11) is (hmin/hmax) . For 
simplicity, latent hardening is totally suppressed here, i.e. q = 0. In this case, 
positive definiteness of h4, and, therefore, uniqueness of the calculation are 
guaranteed since the diagonal components given by (3.10) are inherently positive if 
material softening is absent. 

A stress increment of 0.170 is prescribed (i.e. 10% of the initial critical resolved 
shear stress 70) relative to the current lattice frame is prescribed at each stage in the 
calculation. This small increment in stress is required for accurate calculations in 
stage I associated with easy glide. For stage II and stage III deformation, when the 
overall hardening-rates are higher, increments of up to 0.570 yield good accuracy. 
At each step the quadratic programming calculation is said to converge when 

*- p P < 10-6 (see (A10)). A convergent solution is always obtained after 
n iterations where n is a number that is, at most, slightly greater than the number 
of potentially active slip systems, N. 

Rotation of the tensile axis relative to the crystal lattice is accounted for by 
updating the position of the tensile axis at the end of each increment using the 
procedures described in ?2 (see (2.13)-(2.16)). These rotations also are accurately 
calculated using the stress increments noted above. 

The predicted uniaxial stress-strain curve for a single crystal with the 'single-slip' 
orientation where the tensile axis is along the [632] crystal direction is plotted in 
figure 3. So long as the tensile axis is well within the spherical triangle the Schmid 
factor on the primary system is nearly 0.5 so that the uniaxial stress is approximately 
twice shear stress on the primary system. For all 'single-slip' orientations considered 
the primary system is B4 (see figure 1). As the tensile axis rotates towards the 
[100]-[111] symmetry boundary the Schmid factor decreases. During easy-glide in 
stage I only one slip system is active and it hardens faster than the others. For the 
present case where q = 0 in (3.11) only the primary system hardens during stage I. 
Eventually, the critical shear stress is exceeded on one or more secondary systems 
which leads to the high multislip hardening of stage II. Thereafter, the deformation 
Proc. R. Soc. Lond. A (1991) 
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Figure 3. Numerical simulation of uniaxial tension for a single crystal with the 'single-slip' 
orientation [632]. Note stage I and stage II deformations and overshoot of the symmetry 
boundary. 
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Figure 4. Numerical simulation of uniaxial tension for a single crystal with the multi-slip 
orientation [111]. Note easy-glide is suppressed and the orientation does not change throughout the 
deformation. 
Figure 5. Numerical simulation of uniaxial tension for single crystals with various orientations. 

is no longer single slip. Nevertheless, the tensile axis eventually overshoots the 
symmetry boundary as seen in experiments. That is, even though latent hardening 
is absent in this calculation, overshoot is still predicted. 

In stage I deformation the very fine secondary slips that have been reported, for 
example see Kulhmann-Wilsdorf (1989) are precluded in the time-independent 
framework adopted here. Although these fine slips do not contribute significantly to 
the overall hardening behaviour, they would naturally arise in a time-dependent 
framework. 

The predicted uniaxial stress-strain curve for the high symmetry [111] orientation 
of the tensile axis where multislip commences immediately after plastic deformation 
is plotted in figure 4. It is seen that easy-glide and lattice rotation are both 
suppressed here as observed in experiments. The initial high hardening rate is due to 
slip interactions. 

Figure 5 shows the stress-strain curves for various orientations. The dependence 
of the overall hardening-rate and the extent of stage I easy glide on the initial 
Proc. R. Soc. Lond. A (1991) 
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Figure 6. Numerical simulation of the latent hardening experiment on coplanar slip systems, e.g. 
B4 and B2. (a) T-y curves for the primary and secondary tests. (b) Flow stress ratio against 
primary slip (y,) for different offset secondary strains (y,,). 
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Figure 7. Numerical simulation of the latent hardening experiment on non-coplanar slip systems 
that form glissile dislocations, e.g. B4 and A 2. (a) r-y curves for the primary and secondary tests. 
(b) Flow stress ratio against primary slip (y7) for different offset secondary strains (yo). 

orientation is in reasonable agreement with experiments (see, Part I and Diehl 1956). 
Note that as the orientation approaches the [100]-[111] symmetry boundary, the 
length of easy glide decreases whereas hardening rate increases. This is due to 
secondary slip(s) and the resulting slip interactions which are captured by the G-term 
in (3.6a). 

An important test of the characterization of slip interactions in (3.10) with the f,B 
given in table 2 and the ai values chosen is the behaviour corresponding to the high 
symmetry orientations. From figure 5, note that the [111] orientation has a higher 
hardening rate than [100] even though [111] has a fewer number of active slip 
systems, namely 6 versus 8. This is due to different types of dislocation locks that are 
formed between the active slip systems which are characterized by the f4? (see table 
2) in the hardening law (3.10). It is also seen that even though cross-slip and other 
thermally activated mechanisms are not included in this formulation, a trend 
towards the stage III deformation (parabolic hardening) is still predicted for some 
orientations. 

Figures 6-8 show the simulations for the latent hardening experiment. In figures 
6a-8a, T-y curves for primary and different secondary slip systems are calculated. 
These behaviours reasonably reproduce various experimental findings (see Edwards 
& Washburn 1954; Kocks 1964). Figures 6b-8b are plots of the 'flow-stress ratio' 
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Figure 8. Numerical simulation of the latent hardening experiment on non-coplanar slip systems 
that form sessile dislocations, e.g. B 4 and C 1. (a) T-y curves for the primary and secondary tests. 
(b) Flow stress ratio against primary slip (y,) for different offset secondary strain (yso). 

(FSR - rTs/7) against the primary slip y, (see Franciosi 1980). This ratio is commonly 
referred to as the 'latent-hardening' ratio (LHR), but since our results include the 
behaviour when the secondary slip is small and the FSR tends to be less than unity, 
we use the term FSR avoid confusion with the notion that the LHR is greater than 
unity for finite secondary slips. Precisely defined, the flow-stress ratio, FSR = rs(yp, 
yso)/Tp(7, 0). 

Figures 6b-8b plot the FSR against yp for various secondary slip offsets, yso = 0, 
0.001, 0.002 and 0.005. Note that when yso = 0, i.e. initial yield of secondary system, 
that FSR < 1 consistent with our conjecture that the hardening of a truly latent or 
inactive system is less than that of an active system. Note that the extent of 
hardening of the secondary system ('latent hardening') depends on the type of 
secondary system relative to the primary system, that is, the strength of the 
particular slip interactions. 

Finally, figure 9 is a typical comparison of the extent of slip on the primary system 
(B4) with various secondary systems during uniaxial stressing with the tensile axis 
within the spherical triangle. Figure 9a is the overall stress-strain curve. Figure 9b 
shows the variation of the hardening rate on the primary slip system B4 as well as 
the secondary systems B5, C1 and A3. Figure 9c shows the accumulated slip 
corresponding to these systems. Note that even before the tensile axis reaches the 
symmetry boundary there are significant amounts of secondary slips. This prediction 
is in good agreement with the measurement obtained by Basinski & Basinski (1970). 
It is also predicted that the hardness of the slip systems becomes very anisotropic. 
For example, among the seven active slip systems, B4 is the primary system and 
A3 is the least stressed system, and after a uniaxial strain of 25%, Tcr(B4)/ 
Tcr(A3) ? 25. This ratio is consistent with the variation in the ratio of the Schmid 
factors for these two slip systems throughout the orientation. Finally we note that 
the predictions of Havner et al. (1979) based upon the Havner & Shalaby (1977) 
latent hardening descriptions assumes that under single slip conditions that the 
latent systems harden more rapidly than the active (primary system) so that 
secondary slips are precluded until lattice rotations, and therefore strain, are large. 
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Figure 9. (a) --e curve for uniaxial tension with a 'single-slip' orientation. (b) Variation of the 
active hardening rate (dz/dy) on slip system B 4, B 5, C 1 and A3. (c) Accumulated slip on slip 
system B 4, B 5, C 1 and A 3 during the deformation. 

5. Conclusions 
These two papers (Parts I and II) have focused on the characterization of 

hardening under multislip conditions in FCC crystals. The point of view taken is 
primarily phenomenological, that is we emphasize the characterization of various 
macroscopic hardening behaviours under multiple slip within the framework of 
continuum plasticity. 

A new hardening law has been developed which accounts for the effects of slips on 
all systems on the hardening of each system, where the mechanisms of multislip 
interactions have motivated this description. An important feature of this law is that 
the initial hardening on a previously latent system tends to be high. The matrix of 
instantaneous hardening moduli can reasonably be chosen to be positive definite so 
that within a time-independent framework, the active set of slips are uniquely 
determined. The incremental formulation is integrated with using a quadratic 
programming problem. Many of the observed behaviours of single crystals that can 
not be predicted by the traditional simple hardening laws are well simulated using 
the new hardening law with only seven independent material constants, three of 
which (al, a4 and a5) are chosen to approximate the relative strength of slip 
interactions between different pairs of systems. The predictions are not very sensitive 
to small changes in the ais. 

This research was supported by the United States Department of Energy under Grant DE- 
FG02-85ER45188. Discussions with N. Aravas, Z. Basinski, F. Kocks, and 0. Richmond are also 
gratefully acknowledged. 

Appendix. Extremum principle and quadratic programming problem 
To facilitate single crystal calculations governed by the time-independent 

constitutive equations given in ?2, which involve both equalities and inequalities, 
these equations are cast as an extremum principle. Slip rates on all the active slip 
systems are then computed by a modified quadratic programming algorithm. The 
extremum principle is similar to the one proposed by Guldenpfennig & Clifton (1977). 
Other principles have been derived by Noble & Sewell (1972) and Havner & 
Varadarajan (1973). It will be seen that the symmetry of h,p required in other 
extremum principles is not required in the present formulation. Here we limit 
attention to the determination of the active set of slips when the stress-rate relative 
to the lattice frame is imposed on the crystal. 
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Let T - T(a) _ (r1ij) denote the resolved shear stress on the xth system and, as 
before, y - y() denote the corresponding slip. The flow rule in (2.23a, b) combined 
with the hardening rule in (2.24) can be rewritten as: 

N ia 0, if Y ha,/=T0, (Ala) 
P/=1 

N 

a = O, if E h,a' > iT, (Alb) 
fi=1 

where the sum on fi is over the number of potentially active slip systems N. 
Let 

N 

E h f-rfll-f A O. (A 2) 
,f=1 

Then ) > 0 if Aa = 0 and j = 0 if A, > 0 follows from (A a, b). Next, define the 
objective function 

N N N 

= E Aaj= E- E ha0flA a S-a .a (A 3) 
Ca=l a=l 3=1 

Among all non-negative ?y such that Ah > 0, from (A 1) and (A 2) it follows that 
q > 0. Furthermore, 5 = 0 if and only if the set {7j} is a solution satisfying (A 1). The 
extremum principle is 

N N N 

minimize: = E hX a73)8 t-E tJCa (A 4) 
a=lf=l =1 =l 

subject to: 0, = 1,N, (A 5a) 
N 

E h0^ig-i00, h = , N. (A 5b) 
Pf=1 

In finding a solution that minimizes (A 4) subject to the inequality constraints 
(A 5a, b), only the potentially active set of slips corresponding to r _ -r() = rr) need 
to be considered. 

The extremum principle stated in (A 4) and (A 5) is not in the form of a standard 
quadratic programming problem (Kunzi & Krelle 1966) since the linear constraint in 
(A 5b) is not in the standard form 

N 

E A,,x, < b, where b 0, (A 6) 
f/=1 

since fi > 0 in (A 5b). To transform the extremum principle of (A 4) and (A 5) into 
a standard quadratic programming problem, another extremum principle that 
utilizes a penalty function and an extra variable is introduced. 

The standard quadratic programming problem can be stated as (Kuester & Mize 
1973) 

NN N 

minimize: qP = E2 Ca,x0xp-- E baxa, (A 7) 
a=1, =1 aX=l 

subject to: xb> 0, = 1,N, (A 8a) 
N 

E A xfl b,, a = 1,M, (A 8b) 
,/=1 

Proc. R. Soc. Lond. A (1991) 

39 

This content downloaded from 130.126.32.13 on Tue, 15 Oct 2013 23:34:02 PM
All use subject to JSTOR Terms and Conditions



J. L. Bassani and T.-Y. Wu 
where ba > 0, N > M and summation over repeated indices implied. The well-known 
algorithms for solving quadratic programming problems assume that the initial 
feasible solution can be taken as {x. = 0,a = 1,N} which satisfies the linear 
inequality constraints (A 8a) and (A 8b). From that starting point, the algorithm 
leads the feasible solution towards the global minimum so long as the symmetric 
part of C~, is positive definite. 

The single crystal plasticity problem is given by the extremum principle of (A 4) 
subject to the linear inequality constraints of (A 5a, b). The second linear constraint, 
(A 5b), can be rewritten as 

N 

E-ha7<- = 1=l,N. (A 9) 
f?=1 

Since -f < 0, (A 9) is not consistent with the requirement ba > 0 in (A 8b) as noted 
above, and, therefore, {7a = 0, a = 1, N} is not a feasible initial solution. 

To transform (A 4) and (A 5a, b) into the form of (A 7) and (A 7a, b), we introduce 
an extra variable yN+i and a penalty function 95 as follows. Let 

O* = ? + -p = 0 + W+ N+1i(N+1 -2). (A 10) 
Now the quadratic programming problem is restated as 

minimize: 0* (A 11) 
subject to: p 0, fI= 1,N+1, (A 12a) 

N 

E ha q+-7 aN+ 1 0< , (- 1, N, (A 12b) 
f/=1 

where W is a constant. Now, (A 11) and (A 12a, b) can be rewritten in the standard 
format given by (A 7) and (A 8a, b) as 

N+1 N+1 N+I 

minimize: qS*= h* p- T (A 13) 
c=l /=1 a=l 

subject to: 7i 0, f/= 1, N+1, (A14a) 
N+I 
E A ,7 Y<0, a = 1,N, (A 14b) 
?=1 

where 

[h* = L ] w(Nl)X(Nl) (A 15) 
(N+1)X(N+l) 

LT*]= T 1t , (A 16) a =2W NX(N+I)' 

[A*] = [[-h,] [TJ]Nx(Nl). (A 17) 

Equations (A 13) and (A 14a, b) are consistent with the standard quadratic 
programming format, i.e. {y = 0, Oc = 1,N+ 1} is a feasible solution. During 
the minimization process, the penalty function Qp will force yN+i to converge 
to 1 provided W is large enough relative to 0. When y>N+ becomes 1, (A 13) and 
(A 14a, b) are the same as (A 4) and (A 5a, b), and therefore they yield the same 
solution. The single crystal plasticity problem now can be solved using a standard 
quadratic programming algorithm, e.g. Wolfe's method or Beale's method (Kunzi & 
Krelle 1966; Kuester & Mize 1973), without any modification. 
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