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a b s t r a c t 
Despite the rich body of work on crack-tip asymptotics to date, the characterization of cracks in creep- 
ing solids remains an open problem. The purpose of this paper is to quantify the influence of primary 
creep on the near crack-tip stress field. We do this by simulating a classical compact tension test using a 
unified creep-plasticity model due to Robinson, Pugh, and Corum. This model accounts for the transition 
between primary and secondary creep organically through a kinematic hardening variable called the “in- 
ternal flow stress” (which is related to the dislocation density of the material), and reduces to classical, 
power-law creep when the flow stress is negligible compared to the Cauchy stress. Stamm and Walz have 
shown that, in the limit of high stresses, the near crack-tip stress field predicted by the Robinson-Pugh- 
Corum model is well approximated by the so-called RR solution of Riedel and Rice, which was derived 
for power-law creeping solids. For low stresses, we find that the RR solution only applies when the pri- 
mary creep response of the specimen is negligible. Indeed, the main contribution of this work is the 
identification of a dimensionless number !, which characterizes the primary creep response of a com- 
pact tension specimen. When !<< 1, the specimen exhibits very little primary creep, and consequently, 
the RR solution is still accurate within a finite region ahead of the crack tip under both small-scale creep 
and extensive creep conditions. When !>> 1, the specimen exhibits significant primary creep, and con- 
sequently, the RR solution is not accurate under small-scale creep conditions (although remarkably there 
does appear to be a region in which the RR solution is still accurate under extensive creep conditions). 
Our results suggest that the relevant loading parameter is still the familiar stress intensity factor K I under 
small-scale creep conditions, and the well-known C !-integral under extensive creep conditions, regardless 
of the primary creep response of the specimen, in agreement with previous work. 

© 2020 Elsevier Ltd. All rights reserved. 

1. Introduction 
Creep rupture is currently a major concern in many high- 

temperature energy conversion systems. To name one example, 
a leading design for next-generation nuclear reactors is the Very 
High Temperature Reactor (VHTR), in which temperatures are ex- 
pected to reach anywhere from 650 "C to 950 "C ( Chersola et al., 
2015 ). Not only do such high temperatures have the potential to 
afford hitherto unprecedented thermal e!ciency; they can also fa- 
cilitate the thermo-chemical processing of hydrogen gas. However, 

! Corresponding author. 
E-mail address: jwsanders@fullerton.edu (J.W. Sanders). 

by the same token, such conditions are expected to place a severe 
burden on the Intermediate Heat Exchanger (IHX), and creep rup- 
ture is expected to be the primary failure mechanism. Despite the 
rich body of work on creep rupture to date, the characterization of 
the stress field ahead of cracks in creeping solids remains an open 
problem. In particular, very little work has been done on under- 
standing how the near crack-tip fields behave—and what the rel- 
evant loading parameters are—during the transition from primary 
to secondary creep. The purpose of the present work is to gain fur- 
ther insight into the influence of primary creep on the near crack- 
tip fields. 

Asymptotic crack-tip analyses have been carried out for a 
number of different material constitutive models. For isotropic, 
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linearly elastic materials, Williams (1957) obtained the famous sin- 
gular elastic solution , in which the asymptotic fields are controlled 
by the stress intensity factor K . Later, Hutchinson (1968) and 
Rice and Rosengren (1968) derived independently the celebrated 
HRR solution : the asymptotic fields in a material whose consti- 
tutive behavior is given by power-law strain-hardening plasticity. 
They found that the asymptotic fields are in general controlled by 
the J-integral ( Eshelby, 1956; Rice, 1968 ). Under small-scale yield- 
ing conditions, it is well known that J is directly proportional 
to the stress intensity factor K , so that the asymptotic fields are 
still controlled by K under small-scale yielding conditions. These 
two solutions—the singular elastic solution ( Williams, 1957 ) and 
the HRR solution ( Hutchinson, 1968; Rice and Rosengren, 1968 )—
govern the stress field ahead of cracks in components operating 
near room temperature. 

Riedel and Rice (1980) later revisited the asymptotic prob- 
lem with power-law (secondary) creep in place of power-law 
hardening plasticity. By considering power-law creep, Riedel and 
Rice (1980) restricted attention to materials in which the primary 
creep response is negligible. Their solution, now known as the RR 
solution , is formally similar to the HRR solution, but with J re- 
placed by a different path-independent integral C ( t ), which is a 
rate-dependent analog to J . In the limit of very small times (and 
hence small-scale creep conditions), Riedel and Rice (1980) showed 
that C ( t ) is directly proportional to J (with a time-dependent scal- 
ing factor), which is in turn proportional to K . Hence, under small- 
scale creep conditions, the fields are still controlled by K , even 
for power-law creep. In the limit of very large times, at which 
there is extensive creep of the entire specimen, C ( t ) approaches 
a steady-state value C !, and it is C ! that governs the magnitude 
of the asymptotic fields at large times. 1 The validity of the RR so- 
lution was verified numerically by Bassani and McClintock (1981) . 
Riedel (1981) went on to perform similar analyses for a region of 
primary creep expanding within an elastic field, as well as a region 
of secondary creep expanding within a primary creep field, us- 
ing power-law hardening models of primary and secondary creep. 
For small-scale primary creep, Riedel (1981) ’s asymptotic solution, 
while different from the RR solution for small-scale power-law 
creep, is still controlled by the stress intensity factor K . 

A limitation of the asymptotics literature cited above is the 
consideration of power-law hardening models of primary and sec- 
ondary creep alone. Such models treat primary and secondary 
creep separately, and consequently fail to account for the transi- 
tion from primary to secondary creep. This motivated the develop- 
ment of “unified creep-plasticity” models ( Horstemeyer and Bam- 
mann, 2010 ). As the name suggests, such models capture (rate- 
dependent) plastic and primary/secondary creep deformation si- 
multaneously by incorporating a local deviatoric tensor "ij (re- 
ferred to as the “internal flow stress,” or simply “flow stress” for 
short), which is mathematically analogous to the kinematic hard- 
ening variable of classical plasticity theory and helps to represent 
the material microstructure. The inelastic deformation is then for- 
mulated in terms of the effective stress #ij = $ij # "ij , which is 
simply the difference between the local Cauchy stress tensor $ij 
and the local flow stress tensor "ij . At the very heart of these mod- 
els is the particular dependence of the equivalent creep strain rate 
˙ % c on the Mises equivalent effective stress #e : 
˙ % c = ˙ % c (#e ) . (1) 

Bammann (1984) , Enakoutsa et al. (2012) , and 
Salehghaffari et al. (2012) have proposed a hyperbolic sine relation. 
Others have proposed an exponential relation ( Horstemeyer and 
Bammann, 2010 ). Of particular interest in the present work, 

1 The interested reader will find a more detailed review of the RR solution in 
Appendix A . 

Table 1 
Limiting chemical composition of Alloy 230 HAYNES International . All values 
are percentage by weight. 

Al B C Co Cr Fe La 
0.3 0.015 (max) 0.1 5 (max) 22 3 (max) 0.02 
Mn Mo Nb Ni Si Ti W 
0.5 2 0.5 (max) 57 (balance) 0.4 0.1 (max) 14 

however, is a model due to Robinson et al. (1976) , who have 
proposed a power-law relation. The Robinson-Pugh-Corum model 
(or “RPC model,” for short) is distinctive in that it reduces to 
classical, power-law creep in the limit in which the flow stress 
"ij is negligible compared to the Cauchy stress $ij . The flow stress 
itself evolves according to a differential equation of the form 
˙ "ij = h ̇ % c ij # r"ij , (2) 

where a superscribed dot denotes differentiation with respect to 
time t , ˙ % c 

ij is the creep strain rate tensor, and h and r are the 
hardening and recovery coe!cients, respectively (not necessarily 
constants). As the names of the two coe!cients h and r suggest, 
the first and second terms on the right-hand side of (2) represent 
strain hardening and recovery of the material, respectively. It is 
the competition between strain hardening and recovery that brings 
about the transition between transient and steady-state conditions, 
the latter of which corresponds to ˙ "ij = 0 . In a classical, uniax- 
ial creep test, in which the applied stress is fixed, transient and 
steady-state conditions model primary and secondary creep, re- 
spectively. In a classical, uniaxial stress-strain test, in which the 
applied strain rate is fixed, steady-state corresponds to saturation 
of the axial stress at a constant value. 

The crack-tip asymptotics of unified creep-plasticity mod- 
els has received relatively little attention in the literature to 
date. One notable exception—and of particular relevance to the 
present paper—is the work of Stamm and Walz (1993) and 
Walz and Stamm (1993) , who performed both analytical and 
numerical investigations of the crack tip fields associated with 
unified creep-plasticity models due to Robinson (1978) and 
Robinson and Swindeman (1982) (a generalization of the RPC 
model Robinson et al., 1976 ), as well as Chaboche (1989) . 
Stamm and Walz (1993) and Walz and Stamm (1993) showed that, 
in the limit of high stresses, the stress field exhibits a singu- 
larity consistent with the RR solution of Riedel and Rice (1980) . 
Ning and Hui (2012) further investigated the asymptotic stress 
field predicted by the Chaboche model ( Chaboche, 1989 ), and they 
found that the region in which the RR solution is valid vanished 
at su!ciently large times. In the present work, we will identify 
more general conditions under which the RR solution ( Riedel and 
Rice, 1980 ) approximates the near crack-tip stresses predicted by 
the RPC model ( Robinson et al., 1976 ). 

All simulations in the present work will be carried out for ge- 
ometry representative of a compact tension specimen (which is the 
standard for assessing the versatility of fracture models), and for 
model parameters representative of real materials. The two mate- 
rials of particular interest here are Alloy 230, which is used in gas 
turbine combustor liners and has recently been the subject of sev- 
eral experimental studies at high temperatures ( Pataky et al., 2013; 
Tung et al., 2014; Maldini et al., 2010 ), as well as 2 1/4 Cr-1 Mo 
Steel, another high temperature alloy, which has been used in liq- 
uid metal cooled fast breeder reactor components ( Robinson et al., 
1976 ). The limiting chemical compositions of Alloy 230 HAYNES 
International and 2 1/4 Cr-1 Mo Steel are shown respectively in 
Tables 1 and 2 . We will find that Alloy 230 and 2 1/4 Cr-1 Mo 
Steel are representative of materials that exhibit very little pri- 
mary creep response and significant primary creep response, re- 
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Table 2 
Approximate chemical composition of 2 1/4 Cr-1 Mo Steel Bro . All values are percentage by mass. 

C Cr Fe Mn Mo P S Si 
0.05-0.15 2.0-2.5 95 (balance) 0.3-0.6 0.9-1.1 0.025 0.025 0.5 

spectively. They are therefore good candidates for investigating the 
influence of primary creep on the near crack-tip stress field. 

The remainder of this paper is organized as follows. In 
Section 2 , we review the creep constitutive equations of 
Robinson et al. (1976) in detail, proposing two small modifications 
to the model to make its predictions more physically realistic. We 
also identify a useful time scale that characterizes the transition 
from primary to secondary creep in this model. In Section 3 , we 
simulate compact tension tests of Alloy 230 at 800 "C and 2 1/4 Cr- 
1 Mo Steel at 566 "C using the RPC creep model ( Robinson et al., 
1976 ), and compare our numerical results to the RR solution of 
Riedel and Rice (1980) . We find that there do, in fact, exist re- 
alistic conditions under which the RR solution does not give an 
accurate approximation to the near crack-tip fields, and we ex- 
press those conditions in terms of a new dimensionless number 
!, which characterizes the primary creep response of a compact 
tension specimen. In Section 4 , we summarize our findings, and 
discuss the relevant loading parameters for materials undergoing a 
transition from primary to secondary creep. 
2. The Robinson-Pugh-Corum (RPC) creep model 

We review here the unified creep-plasticity model of 
Robinson et al. (1976) , which captures both primary and sec- 
ondary creep, with a smooth transition between the two. This 
model was originally formulated for small strains. Here, for the 
purposes of exploring the large-strain response, we will adopt 
finite strain formalism. 

In the RPC model, the creep contribution to the rate-of- 
deformation tensor is given by 
D c ij = ˙ % c N ij , (3) 
where the equivalent creep strain rate ˙ % c is 
˙ % c = A #m 

e , (4) 
and the tensor N ij is 
N ij = 3 

2 #
$ 
ij 

#e . (5) 
In the above equations, the scalars A and m are temperature- 
dependent material parameters, the effective stress #ij = $ij # "ij 
is the difference between the local Cauchy stress tensor $ij and the 
local flow stress tensor "ij , a subscript e denotes a Mises equiva- 
lent quantity such that, for any rank-two tensor T ij , 
T e = ! 

3 
2 T $ ij T $ ij , (6) 

a prime denotes the deviatoric part of a tensor such that T $ 
ij = 

T ij # 1 
3 T kk &ij , where &ij is the rank-two identity tensor, and we are 

employing indicial notation (according to which subscript indices 
label tensor components and vary from 1 to 3) and the Einstein 
summation convention (according to which it is understood that 
repeated indices are summed over). 

It should be noted that the mathematical form of (4) is remi- 
niscent of classical, power-law creep. Indeed, the only difference in 
the mathematical formulations of the RPC model and the power- 
law model is the introduction of the flow stress "ij . In going from 
power-law creep to RPC creep, one simply replaces the Cauchy 
stress $ij with the effective stress #ij = $ij # "ij . Consequently, 
when the flow stress "ij is negligible compared to the Cauchy 

stress $ij , the effective stress is identical to the Cauchy stress, and 
RPC creep reduces to power-law creep. This is important, and we 
will return to this point later. 

Physically, Robinson et al. (1976) interpret the flow stress as 
an internal state variable that represents the local material mi- 
crostructure. In particular, they relate the equivalent flow stress 
"e to the inherent resistance of the material to dislocation motion, 
setting 
"e = B % 

', (7) 
where ' is the local dislocation density and the scalar B is a 
temperature-dependent material parameter. According to this in- 
terpretation of the flow stress, it is understood that the applied 
stress should exceed some critical value in order to cause disloca- 
tion motion (and thereby cause the material to creep). The effec- 
tive stress #ij is a measure of how much the applied stress exceeds 
said critical value. The time-dependence of the flow stress is gov- 
erned by the following evolution equation: 
& 
"ij = 2 C 

3 "e D c ij # D"2 
e "ij , (8) 

where the scalars C and D are temperature-dependent material pa- 
rameters, and a superscribed triangle denotes the Jaumann rate-of- 
change, such that, for any rank-two tensor T ij , 
& 
T ij = ˙ T ij + T ik W kj # W ik T kj , (9) 
where W ij is the skew-symmetric part of the velocity gradient. 
2.1. Proposed modifications to the model 

We note here that, even though the flow stress "ij plays 
a similar role to the classical kinematic hardening variable, it 
does not make sense for it to be zero. Not only would this 
be physically unrealistic according to (7) , since the dislocation 
density never vanishes, but it would also cause the hardening 
term in (8) to become singular. Robinson (1978) , Robinson and 
Swindeman (1982) Stamm and Walz (1993) , and Walz and 
Stamm (1993) set the flow stress to zero initially, and avoided the 
singularity in (8) by fixing the hardening and recovery coe!cients 
until the dislocation density achieved a certain value. While there 
is nothing wrong with that approach from a mathematical stand- 
point, it does not seem consistent with the spirit of the model, in 
that it causes the physical interpretation of (7) to lose its mean- 
ing. In order to preserve the physical interpretation of (7) , the flow 
stress must have a nonzero initial condition. Anticipating the com- 
pact tension test simulations presented in Section 3 , we will take 
!(0) = 1 % 

3 B % 
'0 "ˆ e x ! ˆ e y + ̂  e y ! ˆ e x #, (10) 

or, in matrix form, 
[ "(0) ] = 1 % 

3 B % 
'0 

$ 
0 1 0 
1 0 0 
0 0 0 

% 
, (11) 

where '0 is the initial dislocation density (for metals at high tem- 
peratures, '0 is typically on the order of 10 12 m/m 3 ( Hussein and 
El-Awady, 2016; Zhou et al., 2017 )), and ˆ e x and ˆ e y point along the 
x - and y -axes shown in Fig. 5 . We have omitted the out-of-plane 
components "xz and "yz in order to preclude out-of-plane defor- 
mation. 
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Now because we do not allow the flow stress to vanish, the 

model as it was originally formulated would predict physically un- 
realistic deformation in certain situations. For example, in the ab- 
sence of external loading ( $ij = 0 ), there should be no creep re- 
sponse in a material. However, even if the applied stress were 
zero, the effective stress #ij = #"ij would still be nonzero, and this 
would cause creep strain to accumulate according to (4) . To rem- 
edy this, and in keeping with the spirit of the model, we propose 
modifying the flow rule (4) as follows: 
˙ % c = A #m 

e H($e # "e ) , (12) 
where H ( · ) is the Heaviside step function. Eq. (12) states that creep 
strain accumulates only when $ e ' "e . Physically, the stress on 
a given lattice cell must exceed the microstructural resistance in 
order to induce creep at that point. Additionally, using (8) , it can 
be shown that 
˙ "e = C"#2 

e D c ij "ij # D"3 
e . (13) 

Under the modification described in (12), (13) predicts that, in the 
absence of external loading, in which case D c 

ij = 0 , "e (and there- 
fore ') would tend to zero as time approaches infinity, another 
unrealistic result. To remedy this, we propose modifying the evo- 
lution Eq. (8) as follows: 
& 
"ij = 2 C 

3 "e D c ij # D"2 
e "ij H ( "e # B % 

'0 ) , (14) 
Eq. (14) prevents the dislocation density from falling below its 
original value. We will employ all of the above modifications in 
what follows. We note here that the present formulation of the 
model is intended specifically for monotonic loading configura- 
tions. 
2.2. Calibration of the model parameters 

The RPC model, as it has been formulated above, contains six 
temperature-dependent material parameters: A, B, C, D, m , and '0 
(although it should be noted that B and '0 only appear in the 
combination B % 

'0 ). As mentioned, '0 can usually be estimated 
very reliably based on experimental measurements, and for met- 
als at high temperatures it is typically on the order of 10 12 m/m 3 
( Hussein and El-Awady, 2016; Zhou et al., 2017 ). The five remaining 
material parameters A, B, C, D , and m can be calibrated to a given 
alloy at a given temperature by fitting the model to experimental 
creep curves. 

In the original work by Robinson et al. (1976) , where the 
RPC model was first proposed, the model was calibrated to 
2 1/4 Cr-1 Mo Steel at 566 "C. A comparison between experi- 
mental uniaxial creep test data and the calibrated model pre- 
dictions is shown in Figure 16 of Robinson et al. (1976) , which 
we reproduce here as Fig. 1 . The calibrated RPC model pa- 
rameters reported in Robinson et al. (1976) are as follows: 
A = 4 . 87 ( 10 #40 Pa #4 · s #1 ( 3 . 96 ( 10 #21 psi #4 · hr #1 ), B = 8 . 76 Pa ·
m (0.05 psi · in), C = 7 . 903 ( 10 17 Pa 2 (1.6625 ( 10 10 psi 2 ), D = 
2 . 382 ( 10 #23 Pa #2 · s #1 ( 4 . 076 ( 10 #12 psi #2 · hr #1 ), and m = 4 . 
Unfortunately, Robinson et al. (1976) did not report the initial dis- 
location density '0 they used in their simulations, so this had to 
be estimated. From Eq. (16) (to be discussed shortly in Section 2.3 ), 
'0 is related to the initial slope ˙ % c 0 of the creep curves by 
'0 = &$ # ( ̇ % c 0 /A ) 1 /m '2 

/B 2 . (15) 
From the data shown in Fig. 1 , we estimate that, for the curve 
labeled 69 MPa, ˙ % c 0 ) 0 . 6 ( 10 #2 / (200 hr ) . From this, we find the 
initial dislocation density to be '0 ) 2.79 ( 10 11 m/m 3 , which is a 
physically realistic value. 

The RPC model has also been calibrated to Alloy 230 at 800 "C 
according to a procedure developed by Sanders (2017) , using ex- 
perimental creep test data provided by Pataky et al. (2013) and 

Table 3 
Material parameters for Alloy 230 at 800 "C and 2 1/4 Cr-1 Mo Steel 
at 566 "C used in all simulations shown in the present work. 

Parameter Units Alloy 230 2 1/4 Cr-1 Mo Steel 
A Pa #m · s #1 5 . 01 ( 10 #72 4 . 87 ( 10 #40 
B Pa · m 0.4162 8.76 
C Pa 2 8.67 ( 10 16 7.9031 ( 10 17 
D Pa #2 ·s #1 1 . 00 ( 10 #16 2 . 382 ( 10 #23 
m - 8 4 
'0 m/m 3 1.00 ( 10 12 2.79 ( 10 11 
E GPa 190 140 
( - 0.3 0.3 

Maldini et al. (2010) . A comparison between the model predictions 
and experimental creep test data is shown in Fig. 2 , and a com- 
parison between the model predictions and experimental stress- 
strain data is shown in Fig. 3 . Because a perfect fit between the 
model predictions and all the experimental creep test data was not 
possible, priority was placed on matching the curve corresponding 
to the largest applied stress (i.e., 150 MPa) in Fig. 2 . It is note- 
worthy that no information from the stress-strain curves was fed 
into the calibration procedure, and yet the model predictions in 
Fig. 3 follow the data reasonably well (at least in terms of order- 
of-magnitude). We interpret this as lending physical credibility to 
the RPC model. 

The calibrated model parameters for both Alloy 230 at 800 "C 
and 2 1/4 Cr-1 Mo Steel at 566 "C are listed in Table 3 . Also listed 
are Young’s modulus E and Poisson’s ratio ( , as these proper- 
ties will be used in the simulations shown in Section 3 . Young’s 
modulus for Alloy 230 at 800 "C was taken to be the average of 
that estimated from the data of Pataky et al. (2013) and that 
reported by HAYNES International HAYNES International . Young’s 
modulus for 2 1/4 Cr-1 Mo at 566 "C was estimated to be ap- 
proximately 140 GPa based on the stress-strain data reported by 
Robinson et al. (1976) . In both cases, a typical value of 0.3 was 
used for Poisson’s ratio. 

We note here that the creep curves for Alloy 230 from 
Maldini et al. (2010) in Fig. 2 exhibit essentially no primary creep, 
and consequently neither does the RPC model calibrated to Alloy 
230 at 800 "C. In contrast, the creep curves for 2 1/4 Cr-1 Mo Steel 
in Fig. 1 exhibit significant primary creep, and consequently so 
does the RPC model calibrated to 2 1/4 Cr-1 Mo Steel at 566 "C. 
In short, Alloy 230 at 800 "C and 2 1/4 Cr-1 Mo Steel at 566 "C are 
representative of materials that exhibit negligible and significant 
primary creep response, respectively, and are therefore excellent 
candidates for investigating the effect of primary creep on the near 
crack-tip fields. 
2.3. A time scale characterizing the transition from primary to 
secondary creep 

The transition from primary to secondary creep is brought 
about through the flow stress "ij by the competition between 
strain hardening and recovery processes. It will prove useful to 
identify a time scale that characterizes this transition. To that end, 
let us consider the reduced form of the constitutive equations in 
the case of uniaxial tension. 

We take the z -axis to coincide with the loading direction. The 
only nonzero component of $ij is $zz = $ , where $ is the axially 
applied stress. Following Robinson et al. (1976) , in this instance we 
will take the nonzero components of "ij to be "zz = ", "xx = "yy = 
# 1 

2 ". In such cases, (4) and (13) reduce to 
˙ % c = A ( $ # B % 

') m 
, (16) 

˙ ' = 2 C 
B 2 ˙ % c # 2 DB 2 '2 , (17) 
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Fig. 1. Reproduction of Figure 16 from the original paper by Robinson et al. (1976) , showing a comparison between model predictions and experimental creep test data for 
annealed 2 1/4 Cr-1 Mo Steel at 566 "C. Used with permission. 
where we have used (7) to express the equations in terms of ' . In 
this form, the physical basis for the hardening and recovery terms 
becomes more clear. As noted by Robinson et al. (1976) , (17) is 
consistent with a dislocation density evolution equation proposed 
by Lagneborg (1972) , who reasoned as follows. In the absence of 
recovery, a small change in the dislocation density d ' gives rise to 
a small change in strain given by d % c = b)d ', where b is the mag- 
nitude of the Burgers vector and ) is the mean free path of disloca- 
tion motion. Lagneborg (1972) assumed that ) was approximately 
independent of ' , so that, in the absence of recovery, ˙ ' * ˙ % c . In 
the absence of hardening, when the dislocation line tension T pro- 
vides the driving force for climb, the lattice size R m evolves ac- 
cording to ˙ R m = MT R #1 

m , where M is the mobility of the climbing 
dislocation. Setting R m = '#1 / 2 , Lagneborg (1972) found that ˙ ' = 
#2 MT '2 , so that, in the absence of hardening, ˙ ' * #'2 . In this 
way, the evolution equation given by (14) is given a firm physical 
justification. 

It is unclear whether the system of differential equations given 
by (16) and (17) has a general analytical solution. However, dur- 
ing a uniaxial stress-strain test, the total strain rate ˙ % is held fixed, 
and if the exponent m is greater than unity, the elastic strain 
rate can be neglected in comparison to the creep strain rate, so 
that ˙ % c ) ˙ % = constant . In that case, the system given by (16) and 
(17) decouples, and an analytical solution is relatively straightfor- 
ward. 

Direct integration of (17) with constant ˙ % c yields 
'
'+ = tanh ( 2 ) t 

*

*
+ tanh #1 ) '0 

'+ 
*+ 

, (18) 

where the steady-state dislocation density is given by 
'+ = 1 

B 2 
! 

C ˙ % c 
D , (19) 

and we have defined a natural characteristic time * by 
* = 1 % 

CD ̇ % c . (20) 
It is clear from (18) that * characterizes the transition from pri- 
mary to secondary creep. To get a quantitative idea of the role 
of * , note that '0 / '+ is typically quite small. For example, for 
metals at high temperatures this ratio is on the order of 10 #4 . 
In that case, when t/* = 1 , '/ '+ ) 0.964. This means that, with 
'0 /'+ = 1 ( 10 #4 , * is the time required for ' to reach 96.4% of 
its steady-state value. 

Even when ˙ % c is not constant, we may still define a characteris- 
tic time inspired by (20) . In particular, making use of (16) , we can 
define a characteristic time as 
* = 1 , 

ACD ( $ ! # B % 
'0 ) m , (21) 

where $ ! is some scalar measure of the applied stress (and it is 
understood that $ ! should be greater than B % 

'0 ). Note that * as 
defined by (21) depends on all five material parameters involved 
in the RPC model ( A, B, C, D, m ), the initial dislocation density '0 
(which, in a multiaxial simulation, dictates the initial value of the 
flow stress tensor), and a measure of the applied load. It is there- 
fore representative of both the material and the loading conditions. 

To check whether the characteristic time given by (21) does 
indeed provide a measure of the transition from primary to sec- 
ondary creep, we will compute it for the creep curves shown in 
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Fig. 2. (a) Experimental creep test data for Alloy 230 at 800 "C, along with corresponding numerical simulations of the RPC creep model with the calibrated parameters 
listed in Table 3 . The data for the experiments at 50 MPa and 75 MPa come from Pataky et al. (2013) , and the rest of the experimental data come from Maldini et al. (2010) . 
(b) Close-up view of (a) at small times. 
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Fig. 3. Experimental stress-strain test data for Alloy 230 at 800 "C, along with corresponding numerical simulations of the RPC creep model with the calibrated parameters 
listed in Table 3 . The experimental data comes from Pataky et al. (2013) . 
Figs. 1 and 2 for 2 1/4 Cr-1 Mo Steel at 566 "C and Alloy 230 at 
800 "C, respectively. For 2 1/4 Cr-1 Mo Steel at 566 "C, we find that 
the transition times evaluated for the curves labeled 96.5 MPa, 83 
MPa, 69 MPa, and 55 MPa in Fig. 1 come out to approximately 
344 hr, 472 hr, 700 hr, and 1140 hr, respectively. For Alloy 230 at 
800 "C, we find that the transition times evaluated for the curves 
labeled 150 MPa, 125 MPa, 100 MPa, 85 MPa, 75 MPa, and 50 MPa 
in Fig. 2 (a) come out to approximately 0.0842 hr, 0.175 hr, 0.429 hr, 
0.823 hr, 1.36 hr, and 6.97 hr, respectively. Inspection of Figs. 1 and 
2 confirms that these times reflect the transition from primary to 
secondary creep for the corresponding curves. Based on these re- 
sults, * as given by (21) appears to be a useful measure of the 
primary/secondary creep transition in the RPC creep constitutive 
model. 
3. Compact tension test simulations 

We now present simulations of a compact tension test using 
the general-purpose, finite element program ABAQUS . As noted 
in Section 2 , the RPC creep model reduces to power-law creep 
when the flow stress is negligible compared to the Cauchy stress. 
Now it is well known that large stress concentrations develop 
near loaded crack tips, and these stress concentrations manifest as 
spatial singularities in the asymptotic fields. In contrast, the flow 
stress (which is proportional to the dislocation density) is always 
and everywhere finite. It seems reasonable, then, to expect that the 
flow stress should be negligible compared to the Cauchy stress suf- 
ficiently close to the crack tip. If that is the case, then the RR so- 
lution of Riedel and Rice (1980) , which was derived for power-law 

creep, should also be accurate even for RPC creep. In other words, 
it is tempting to assume that we can “get away with” the RR solu- 
tion, even with the RPC creep model. However, we will see shortly 
that this is not always the case. 

Fig. 4 illustrates the geometry of a standard, compact tension 
specimen ASTM E647-15e1 . In Mode I tension, antiparallel forces F 
are applied at the two circular holes, as shown. The values of the 
reference dimensions considered in the present work are a = 0 . 635 
cm and w = 2 . 6416 cm. Fig. 5 (a) shows a simplified model of the 
compact tension specimen used in our simulations. The corre- 
sponding finite element mesh is shown in Fig. 5 (b), and a close- 
up view of the notched crack tip is shown in Fig. 5 (c), which also 
shows the coordinate system that will be used here. Standard, four- 
noded, plane strain, isoparametric elements were used in all sim- 
ulations. The crack-tip notch has a radius of 12.7 µm, and the ele- 
ment size in the vicinity of the crack tip is 2.03 µm (about 16% the 
length of the notch radius). Due to the symmetry of the specimen 
and the applied loads, only the top half of the specimen is con- 
sidered. The boundary conditions are also illustrated in Fig. 5 (a). 
All nodes ahead of the crack tip along the symmetry plane are 
constrained in the vertical direction, and the bottom right node 
is completely fixed in order to prevent rigid body motion. A con- 
centrated force of F /10 is applied at each of 10 nodes along the 
left-hand boundary. During all simulations, the applied force is in- 
creased from zero to its maximum value at a constant rate over a 
period of 1 s and held constant for the remainder of the simula- 
tion. This is done quickly so that the specimen does not have time 
to creep while the load is applied, and indeed *>> 1 s in all cases. 
For a given value of F , the corresponding stress intensity factor K I 
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Fig. 4. Schematic diagram of a standard compact tension specimen ASTM E647-15e1 , with relevant geometry labeled. Applied loads are illustrated for the case of Mode I 
tension. 
for the compact tension specimen can be computed according to 
the following expression ASTM E647-15e1 : 
K I = F 

b % 
w g 

)
a 
w 

*
, g(x ) = 2 + x 

( 1 # x ) 3 / 2 
(

"
0 . 886 + 4 . 64 x # 13 . 32 x 2 + 14 . 72 x 3 # 5 . 6 x 4 #. (22) 

In what follows, we consider two different applied loads, corre- 
sponding to K I = 15 MPa ·% 

m ( F = 508 . 3 kN) and K I = 30 MPa ·% 
m 

( F = 1 , 017 kN). To facilitate discussion, we will refer to these as 
the “Small load” and “Large load,” respectively. 

In the simulations presented here, the constitutive behavior of 
the material is modeled as a combination of isotropic, linear elas- 
ticity and incompressible creep (using either the RPC model or the 
classical, power-law model). In particular, the rate-of-deformation 
tensor D ij is decomposed additively into an elastic component D e 

ij 
and a creep component D c 

ij , as follows: 
D ij = D e ij + D c ij , (23) 
where, according to Hooke’s law, 
D e ij = 1 

E 
( 
( 1 + () & 

$ ij # (
& 
$ kk &ij + , (24) 

E is Young’s modulus, and is ( Poisson’s ratio. For RPC creep, 
D c 

ij is given by (3) and the equations that follow, and this con- 
stitutive model has been implemented in ABAQUS® via a user- 
defined material subroutine (UMAT), the details of which can be 
found in Appendix E of Sanders (2017) . For classical, power-law 
creep, the same equations hold in the absence of the flow stress, 
with creep exponent m = n and creep modulus A = ˙ % 0 /$ n 

0 , where 
˙ % 0 = 1 ( 10 #6 s #1 is the conventional reference strain rate and $ 0 

is the reference stress for power-law creep. 
We pause here to address a concern regarding the present for- 

mulation of the problem. The reflectional symmetry of the problem 
about the x -axis requires that "xy (x, #y, t) = #"xy (x, y, t) , and con- 
sequently that "xy (x, 0 , t) = 0 . A strict interpretation of the model 
leads to the conclusion that "e (and thus the dislocation density ') 
must vanish along the symmetry axis at time t = 0 (note that the 
same conclusion does not apply for finite times t > 0, when the 

flow stress "ij develops nonzero components along the main diag- 
onal). This issue does not arise in the present simulations, since we 
are only simulating the top half of the specimen ( y > 0), where "e 
is always and everywhere finite. Nevertheless, this issue is worth 
noting and needs to be resolved when the entire specimen is sim- 
ulated. 
3.1. A dimensionless number characterizing the primary creep 
response of a specimen 

In Section 2.3 , we defined a time scale * , given by (21) , that 
characterizes the transition from primary to secondary creep in the 
RPC model. For the purposes of computing * for a compact ten- 
sion test, we define the following stress-like measure of the ap- 
plied load: 
$ ! = K I / % 

a , (25) 
which is simply the opening stress predicted by the singular elastic 
solution at a distance of a /2 + from the crack tip. 

Riedel and Rice (1980) defined a second time scale relevant to 
the compact tension test, which characterizes the transition from 
small-scale creep to extensive creep of the entire specimen: 
t RR = (1 # (2 ) K 2 I 

(n + 1) EC ! , (26) 
where n is the power-law creep exponent and C ! is the 
steady-state value of the C-integral, which can be determined 
from numerical analysis. For a Mode I test, it is found 
Kumar et al. (1981) that 
C ! = $0 ˙ % 0 ch 1 (a/w, n )(F /F 0 ) n +1 , (27) 
where $ 0 and ˙ % 0 are the reference stress and strain rate, respec- 
tively, in the power-law creep model, c = w # a, numerical values 
for h 1 ( a / w, n ) are tabulated in Kumar et al. (1981) , F 0 = 1 . 455 ,c$0 , 
and 
, = &4(a/c) 2 + 2(a/c) + 2 '1 / 2 # [ 2(a/c) + 1 ] . (28) 
For more a slightly more detailed discussion of t RR , see Appendix A . 
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Fig. 5. (a) Simplified model of the compact tension specimen, with applied load, boundary conditions, and relevant geometry labeled. Due to the symmetry of the problem, 
only the top half of the specimen is considered. (b) Corresponding mesh used for the finite element simulations in the present work. (c) Close-up view of the blunted crack 
tip. 



464 J.W. Sanders, M. Dadfarnia and H. Sehitoglu et al. / International Journal of Solids and Structures 193–194 (2020) 455–473 
We observe here that the following dimensionless number can 

be interpreted as a measure of the primary creep response exhib- 
ited by a given compact tension specimen: 
! , *

t RR = (n + 1) EC !*
(1 # (2 ) K 2 I , (29) 

where * is given by (21) . This ! is simply the ratio of two time 
scales: the time * it takes the material to transition from primary 
to secondary creep, and the time t RR it takes the specimen to tran- 
sition from small-scale creep to extensive creep of the entire speci- 
men. When !<< 1, it means that the transition to secondary creep 
occurs long before the transition to large-scale creep, that is, that 
the time spent in the primary creep regime is negligible, and hence 
that the specimen exhibits negligible primary creep. When !>> 1, 
it means that the transition to secondary creep occurs long after 
the transition to large-scale creep, that is, that the time spent in 
the primary creep regime is significant, and hence that the speci- 
men exhibits significant primary creep. This number ! will prove 
very useful in making sense of our simulation results, which we 
now present. 

In what follows, all simulation results will be suitably normal- 
ized. We note that there are two candidate time scales: * and t RR , 
either one of which could be used to normalize time. We have cho- 
sen to normalize all times by * , so that the dimensionless time t / *
gives an indication of whether the specimen is undergoing mainly 
primary ( t / * < 1) or secondary ( t / * > 1) creep. Similarly, there are 
two candidate reference stresses: $ !, as given by (25) , as well as 
the following reference stress, which is defined in analogy to the 
reference stress of power-law creep: 
$0 = ( ̇ % 0 /A ) 1 /m 

, (30) 
where ˙ % 0 = 1 ( 10 #6 s #1 . We note that $ ! varies depending on the 
applied load, whereas $ 0 remains constant for a given material at 
a given temperature. Therefore, in order to facilitate comparison 
between the results for the two loading levels, we have chosen to 
normalize all stresses by $ 0 . 
3.2. Alloy 230 at 800 "C 

We begin with results for Alloy 230 at 800 "C. The calibrated 
material parameters listed in Table 3 for Alloy 230 at 800 "C yield 
the following reference quantities. The reference stress is $0 = 
145 . 4 MPa. For the Small and Large loads, * comes out to about 
0.0340 hr and 0.00211 hr, respectively, and likewise, t RR comes out 
to about 19.3 hr and and 0.151 hr, respectively (here we have set 
n = m ). The dimensionless number ! = * /t RR is therefore about 
0.00175 and 0.0140, respectively. These values, being much less 
than one, are consistent with the observation that Alloy 230 at 
800 "C exhibits very little primary creep. 

Fig. 6 shows the opening stress distributions ( $ yy / $ 0 versus r / a ) 
directly ahead of the crack tip (i.e., at - = 0 ) at various times for 
the two loading levels, using the RPC creep constitutive model cal- 
ibrated to Alloy 230 at 800 "C. Superimposed on each figure are the 
singular elastic solution 
$yy | -=0 = K I / % 

2 + r , (31) 
and the corresponding RR solutions at the same times. By the 
“corresponding RR solutions,” we mean the RR solutions with the 
same reference stress $ 0 and creep exponent n = m = 8 (refer to 
Appendix A ). Here we have estimated - $yy (0 , 8) ) 2 . 4 and I 8 ) 4.7 
from Figures 5.12 and 5.14 of Kanninen (1985) . 

It can be seen from Fig. 6 (a) that, for the Small load at the 
smallest time shown ( t/* = 5 . 03 ( 10 #2 ), there is a region ( r/a < 
7 ( 10 #3 ) in which the stress increases with distance from the 
crack tip; this is due to crack-tip blunting. At larger distances, 

the stress starts to decrease, and the singular elastic solution be- 
comes a fairly accurate approximation to the numerically simu- 
lated field. Then, as time increases, a region starts to form in 
which the RR solution is an accurate approximation to the numer- 
ically simulated field. This is apparent at t/* = 4 . 72 ( 10 0 for dis- 
tances 7 ( 10 #3 < r/a < 5 ( 10 #2 , at t/* = 5 . 50 ( 10 1 for distances 
7 ( 10 #3 < r/a < 1 ( 10 #1 , and at t/* = 8 . 20 ( 10 2 for distances 
7 ( 10 #3 < r/a < 2 ( 10 #1 . We note that four of the five times 
shown ( t / * - 5.50 ( 10 1 ) are less than t RR /* = 570 , which means 
that small-scale creep conditions prevail for these four simulations. 
The fifth time shown ( t/* = 8 . 20 ( 10 2 ) is greater than t RR /* = 
570 , which means that at that time the specimen is exhibiting ex- 
tensive creep (and the RR solution curve for t/* = 8 . 20 ( 10 2 cor- 
responds to the RR solution for extensive creep). We have therefore 
shown that, for the Small load, there is a region in which the RR 
solution is valid under both small-scale creep and extensive creep 
conditions. 

Fig. 6 (b) shows similar plots to Fig. 6 (a) for the Large load. The 
qualitative behavior is much the same as that in Fig. 6 (a). There 
still develops a region in which the RR solution is accurate under 
both small-scale creep and extensive creep conditions. However, 
the offset between the numerically simulated curves and the RR 
solution curves is slightly larger in Fig. 6 (b) than it is in Fig. 6 (a). 
That is, the numerical solution for RPC creep deviates from the RR 
solution to a greater degree for the Large load than it does for the 
Small load. It is interesting to note that, for both applied loads, 
there is a region in which the RR solution is approximately valid, 
even though we are using the RPC creep model instead of power- 
law creep, for which the RR solution was originally derived. 

At this point, it is useful to compare Fig. 6 to what it would 
have looked like using power-law creep (with the same creep mod- 
ulus A = ˙ % 0 /$ n 

0 and creep exponent n = m ). The results for power- 
law creep are shown in Fig. 7 . If the flow stress were indeed neg- 
ligible compared to the Cauchy stress near the crack tip, we would 
expect Figs. 6 and 7 to be identical (or nearly so). In fact, that 
is precisely what we observe. The only major difference between 
the two figures is that the offset between the numerically simu- 
lated curves and the corresponding RR curves is slightly smaller in 
Fig. 7 than it is in Fig. 6 . In other words, not unsurprisingly, the RR 
solution is more accurate for power-law creep than it is for RPC 
creep, although the difference is extremely small. 

Before we move on, it is of interest to verify whether the flow 
stress is indeed negligible compared to the Cauchy stress for the 
numerical simulations shown in Fig. 6 . Fig. 8 shows the distribu- 
tions of the ratio "e / $ e directly ahead of the crack tip at various 
times for the two applied loads. It can be seen from Fig. 8 that "e 
is rather small compared to $ e at all of the times simulated for 
both applied loads. In particular, the ratio "e / $ e peaks at about 
10% for the Small load and 14% for the Large load at the first 
times shown. The ratio quickly decreases to quantities on the order 
of 1% at subsequent times. This appears to confirm that the flow 
stress is indeed negligible compared to the Cauchy stress for these 
simulations, and that is why there is little difference between the 
RPC and power-law creep models. However, we emphasize that the 
model calibrated to Alloy 230 at 800 "C exhibits essentially no pri- 
mary creep. In retrospect, then, these results are not very surpris- 
ing. To see the effect of primary creep, we turn to 2 1/4 Cr-1 Mo 
Steel at 566 "C. 
3.3. 2 1/4 Cr-1 Mo Steel at 566 "C 

The material parameters listed in Table 3 for 2 1/4 Cr-1 Mo 
Steel at 566 "C yield the following reference quantities. The refer- 
ence stress is $0 = 212 . 9 MPa. For the Small and Large loads, *
comes out to 86.1 hr and 21.0 hr, respectively, and likewise, t RR 
comes out to 5.68 hr and 0.710 hr, respectively (again, we have 
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Fig. 6. Numerically simulated opening stress distributions (solid curves) directly ahead of the crack tip (i.e., along the line - = 0 ) at various times with RPC creep for (a) the 
Small load and (b) the Large load. Superimposed are the singular elastic solution (dashed black line) and the corresponding RR solutions (dashed colored lines) at the same 
times. The material parameters represent Alloy 230 at 800 "C. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.) 
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Fig. 7. Numerically simulated opening stress distributions (solid curves) directly ahead of the crack tip (i.e., along the line - = 0 ) tip at various times with power-law creep 
for (a) the Small load, and (b) the Large load. Superimposed are the singular elastic solution (dashed black line) and the corresponding RR solutions (dashed colored lines) 
at the same times. The material parameters represent Alloy 230 at 800 "C. (For interpretation of the references to color in this figure legend, the reader is referred to the 
web version of this article.) 



J.W. Sanders, M. Dadfarnia and H. Sehitoglu et al. / International Journal of Solids and Structures 193–194 (2020) 455–473 467 

Fig. 8. Numerically simulated "e / $ e distributions directly ahead of the crack tip (i.e., along the line - = 0 ) at various times with RPC creep for (a) the Small load, and (b) 
the Large load. The material parameters represent Alloy 230 at 800 "C. 
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Fig. 9. Numerically simulated opening stress distributions (solid curves) directly ahead of the crack tip (i.e., along the line - = 0 ) at various times with RPC creep for (a) the 
Small load, and (b) the Large load. Superimposed are the singular elastic solution (dashed black line) and the corresponding RR solutions (dashed colored lines) at the same 
times. The material parameters represent 2 1/4 Cr-1 Mo Steel at 566 "C. (For interpretation of the references to color in this figure legend, the reader is referred to the web 
version of this article.) 
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Fig. 10. Numerically simulated opening stress distributions (solid curves) directly ahead of the crack tip (i.e., along the line - = 0 ) tip at various times with power-law creep 
for (a) the Small load and (b) the Large load. Superimposed are the singular elastic solution (dashed black line) and the corresponding RR solutions (dashed colored lines) 
at the same times. The material parameters represent 2 1/4 Cr-1 Mo Steel at 566 "C. (For interpretation of the references to color in this figure legend, the reader is referred 
to the web version of this article.) 



470 J.W. Sanders, M. Dadfarnia and H. Sehitoglu et al. / International Journal of Solids and Structures 193–194 (2020) 455–473 

Fig. 11. Numerically simulated "e / $ e distributions directly ahead of the crack tip (i.e., along the line - = 0 ) at various times with RPC creep for (a) the Small load, and (b) 
the Large load. The material parameters represent 2 1/4 Cr-1 Mo Steel at 566 "C. 
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set n = m ). The ratio ! = * /t RR therefore comes out to about 15 
and 30, respectively. Note that, in contrast to the values of !
for Alloy 230, which were much less than one, these values are 
much greater than one. This is consistent with the observation that 
2 1/4 Cr-1 Mo Steel exhibits significant primary creep. 

Fig. 9 shows the simulated opening stress distributions ( $ yy / $ 0 
versus r / a ) directly ahead of the crack tip ( - = 0 ) at various times 
for the two loading levels, using the RPC creep constitutive model 
calibrated to 2 1/4 Cr-1 Mo Steel at 566 "C. Superimposed on each 
subfigure are the singular elastic solution and the corresponding 
RR solutions at the same times (again, refer to Appendix A ). Here 
we have estimated the quantities - $yy (0 , 4) ) 2 . 18 and I 4 = 5 . 25 
from Figures 5.12 and 5.14 of Kanninen (1985) . Note that, because 
the transition from small-scale creep to extensive creep occurs at 
times much smaller than * , the RR solution curve for the second 
time shown is also the RR solution curve for all subsequent times. 

Fig. 9 (a) shows the results for the Small load. At the small- 
est time shown ( t/* = 1 . 11 ( 10 #2 ), the material exhibits the ini- 
tial, elastic response under small-scale creep conditions. The tran- 
sition to extensive creep occurs at t/* = 6 . 60 ( 10 #2 (between the 
first and second times shown). Note that the numerically simulated 
curve at time t/* = 1 . 00 ( 10 2 is well approximated by the RR 
solution within the region defined by 1 ( 10 #2 < r/a < 1 ( 10 #1 . 
However, none of the curves at earlier times are well approximated 
by the RR solution. In other words, unlike in Fig. 6 , there is no re- 
gion in which the RR solution gives an accurate approximation to 
the numerically simulated behavior under small-scale creep con- 
ditions, but there is a region in which the RR solution is accurate 
under extensive creep conditions. This region appears to form at 
some time at or before t/* = 1 . 00 ( 10 2 . 

Fig. 9 (b) shows the corresponding results for the Large load. 
The qualitative behavior of this figure is very similar to Fig. 9 (a). 
The major difference is that the region in which the RR solution is 
accurate for large-scale creep is generally smaller. In fact, this re- 
gion only extends between 4 ( 10 #2 < r/a < 1 ( 10 #1 at time t/* = 
1 . 06 ( 10 2 in Fig. 9 (b). Still, it is interesting that the RR solution 
should be valid at all for the RPC model with these material pa- 
rameters. We will return to this observation shortly. 

Again, it is of interest to see what Fig. 9 would have looked like 
using power-law creep (with the same creep modulus A = ˙ % 0 /$ n 

0 
and creep exponent n = m ). The results for power-law creep are 
shown in Fig. 10 . Again, if the flow stress were negligible com- 
pared to the Cauchy stress near the crack tip, we would expect 
Figs. 9 and 10 to be nearly identical. On the contrary, however, 
they are quite different. In both Figs. 10 (a) and 10 (b), there is 
a region in which the RR solution is accurate before the transi- 
tion from small-scale creep to extensive creep. For example, in 
Fig. 10 (a), this region extends between 5 ( 10 #3 < r/a < 5 ( 10 #2 
at time t/* = 1 . 23 ( 10 #2 . Such a region is not present in Fig. 9 . 
Comparing Figs. 9 and 10 , it would appear that primary creep 
(which is accounted for in Fig. 9 but not in Fig. 10 ) interferes with 
the validity of the RR solution under small-scale creep conditions. 
It seems that the RR solution is not accurate while primary creep 
prevails, but once the transition to secondary creep has occurred, 
the RR solution becomes accurate within a finite region ahead of 
the crack tip. 

We conclude this section by verifying that the flow stress is 
indeed not negligible compared to the Cauchy stress for the nu- 
merical simulations shown in Fig. 9 . Fig. 11 shows the distribu- 
tions of the ratio "e / $ e directly ahead of the crack tip at various 
times for the two applied loads. In contrast to Fig. 8 , in which 
"e / $ e never exceeded about 14%, the vast majority of the curves 
in Fig. 11 greatly exceed 10%. The local peak that develops just 
shy of r/a = 1 ( 10 0 at time t/* = 1 ( 10 2 appears to be an arti- 
fact, since $ e is very small there (this is near the point at which 
$ yy transitions from positive to negative along the uncracked lig- 

ament). Disregarding this peak, it appears that as time progresses, 
"e / $ e becomes rather uniform at about 70%, regardless of the ap- 
plied load. Thus, it cannot be said that the flow stress is negligible 
compared to the Cauchy stress in these simulations. In light of this 
observation, it is quite remarkable that the RR solution should be 
accurate anywhere in Fig. 9 , and yet that is the case within finite 
regions for times t/* = 1 . 00 ( 10 2 in Fig. 9 (a) and t/* = 1 . 06 ( 10 2 
in Fig. 9 (b). One possible explanation is that the RPC model in 
steady-state creep coincides with, or at least emulates , the power- 
law model. 

To summarize, we have shown that, for certain material pa- 
rameters (representative of Alloy 230 at 800 "C), the near crack-tip 
fields obtained with the RPC creep model are essentially identical 
to those obtained with classical, power-law creep. Consequently, 
the RR solution of Riedel and Rice (1980) , which was derived for 
power-law creep, is still accurate—even for RPC creep—within a fi- 
nite region ahead of the crack tip, under both small-scale creep 
and extensive creep conditions. For different material parameters 
(representative of 2 1/4 Cr-1 Mo Steel at 566 "C), the RR solution is 
not accurate under small-scale creep conditions. These two distinct 
behaviors seem to be related to the amount of primary creep ex- 
hibited by the specimen, and in particular the dimensionless num- 
ber ! = * /t RR . When !<< 1 (as it is for the simulations of Alloy 
230 at 800 "C), it can be said that primary creep is negligible, since 
the transition to secondary creep occurs long before the transition 
to extensive creep of the entire specimen. Hence, it makes sense 
that the near crack-tip results should be almost identical, regard- 
less of whether or not primary creep is accounted for. In contrast, 
when !>> 1 (as it is for the simulations of 2 1/4 Cr-1 Mo Steel 
at 566 "C), it can be said that primary creep is significant, since 
the transition to secondary creep occurs long after the transition 
to extensive creep of the entire specimen. Hence, it makes sense 
that the results should be different depending on whether or not 
primary creep is accounted for. In other words, when the speci- 
men exhibits very little primary creep, the RR solution is still valid 
even with the RPC model, but when the specimen exhibits signif- 
icant primary creep, the RR solution is not, in general, valid un- 
der small-scale creep conditions, prior to the transition to exten- 
sive creep. Remarkably, however, it appears that the RR solution is 
still accurate within a finite region after the transition to extensive 
creep, even when the specimen exhibits significant primary creep 
response. 
4. Summary and conclusion 

In this paper, we have gained new insight into how the stress 
field ahead of a crack tip in a creeping solid behaves during the 
transition from primary to secondary creep. We did this by nu- 
merically investigating the opening stress distribution predicted 
by a unified creep-plasticity model due to Robinson et al. (1976) . 
This model accounts for both primary and secondary creep, with 
a natural transition between the two characterized by the time 
scale * , as given by (21) . Because large stress concentrations de- 
velop near loaded crack tips, and because the RPC model reduces 
to power-law creep when the flow stress is negligible compared 
to the Cauchy stress, one might expect the opening stress to be 
well approximated by the RR solution of Riedel and Rice (1980) , 
which was derived for power-law creep, even when the RPC model 
is used. However, we have found that this is only the case when 
the specimen exhibits very little primary creep response. 

The extent to which a compact tension specimen exhibits pri- 
mary creep appears to be well described by a new dimensionless 
number !, as defined in (29) . When !<< 1, the specimen exhibits 
very little primary creep, since the time spent in the primary creep 
regime is negligible compared to the time it takes for extensive 
creep conditions to prevail. Consequently, the flow stress becomes 
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negligible compared to the Cauchy stress near the crack tip, the 
near crack-tip fields obtained with the RPC creep model are essen- 
tially identical to those obtained with power-law creep, and the 
RR solution ( Riedel and Rice, 1980 ) is still accurate within a fi- 
nite region ahead of the crack tip under both small-scale creep 
and extensive creep conditions. When !>> 1, the specimen ex- 
hibits significant primary creep, since extensive creep conditions 
prevail long before the transition to secondary creep. Consequently, 
the flow stress is not negligible compared to the Cauchy stress 
near the crack tip, the near crack-tip fields obtained with the RPC 
creep model are quite different from those obtained with power- 
law creep, and the RR solution ( Riedel and Rice, 1980 ) is not ac- 
curate anywhere under small-scale creep conditions. Remarkably, 
however, there does appear to be a region ahead of the crack tip in 
which the RR solution is accurate under extensive creep conditions, 
even when the specimen exhibits significant primary creep. One 
possible explanation is that the RPC model emulates the power- 
law model in steady-state creep. 

In regard to the relevant loading parameters during a transition 
from primary to secondary creep, we make the following obser- 
vations. Regardless of the extent to which the specimen exhibits 
primary creep, under small-scale creep conditions, there appears 
to be a region ahead of the crack tip in which the singular elas- 
tic solution ( Williams, 1957 ) gives an accurate approximation to 
the opening stress distribution ahead of the crack tip. Based on 
this observation, we conclude that the stress intensity factor K I is 
still the relevant loading parameter under small-scale creep con- 
ditions, in agreement with the conclusion of Ning and Hui (2012) . 
Additionally, as remarkable as it may seem, under extensive creep 
conditions, there appears to be a region ahead of the crack tip in 
which the RR solution ( Riedel and Rice, 1980 ) is valid even for 
RPC creep, regardless of the extent to which the specimen ex- 
hibits primary creep. Based on this observation, we conclude that 
C ! is still the relevant loading parameter under extensive creep 
conditions. We interpret these conclusions—which are based not 
on power-law hardening models that treat primary and secondary 
creep separately, but rather on the integrated RPC creep model 
Robinson et al. (1976) —as confirming the original conclusions of 
Riedel (1981) , Riedel and Rice (1980) , and Ning and Hui (2012) . 
The relevant loading parameter during the transition from small- 
scale to extensive creep is less clear and requires further analysis. 
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Appendix A. Review of the RR solution 

Riedel and Rice (1980) considered a material whose constitutive 
behavior is governed by a combination of isotropic, linear elastic- 
ity and power-law creep (thereby restricting attention to materials 
that do not exhibit significant primary creep response). The small- 
strain formulation of the governing equations (local static equilib- 
rium, the material constitutive law, and the strain-displacement re- 
lation, respectively) in that case is summarized below: 
$i j, j = 0 , (A.1) 
˙ % i j = 1 

E &(1 + () ̇ $i j # ( ˙ $kk &i j ' + 3 
2 ˙ % 0 )$e 

$0 
*n #1 $ $ 

i j 
$0 , (A.2) 

˙ % i j = 1 
2 " ˙ u i, j + ˙ u j,i #, (A.3) 

where ˙ % i j is the total strain rate tensor, E is Young’s modulus, (
is Poisson’s ratio, ˙ % 0 is a reference strain rate, $ 0 is a reference 
stress, n is the stress exponent for power-law creep, u i is the dis- 
placement field, and a comma represents the gradient operation, 
i.e., (·) , j = .(·) /.x j . 

Upon application of an external load, there is an initial elastic 
response such that the singular elastic solution prevails near the 
crack tip. Subsequently, the material creeps, and since the stresses 
are largest in the vicinity of the crack tip, creep accumulates most 
rapidly there. In this way, a region in which the elastic strain rate 
is negligible compared to the creep strain rate develops near the 
crack tip and begins to grow. Within this region (henceforth called 
the creep zone), the constitutive law (A.2) reduces to 
˙ % i j ) 3 

2 ˙ % 0 )$e 
$0 

*n #1 $ $ 
i j 

$0 . (A.4) 
Riedel and Rice (1980) noted that the governing equations 
within the creep zone are the same as those considered by 
Hutchinson (1968) and Rice and Rosengren (1968) , except that the 
strain field has been replaced by the strain rate field, and the dis- 
placement field has been replaced by the velocity field. They con- 
cluded that, within the creep zone, the HRR solution holds in rate 
form. Their solution (known as the RR solution ) can be summarized 
as follows: 
$i j = $0 . C(t) 

˙ % 0 $0 I n r 
/ 1 

n +1 
- $i j (- , n ) , (A.5) 

˙ % i j = ˙ % 0 . C(t) 
˙ % 0 $0 I n r 

/ n 
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- % i j (- , n ) , (A.6) 
˙ u i = ˙ % 0 r . C(t) 
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- u i (- , n ) . (A.7) 

Here I n is a known dimensionless function of n ; the quantities with 
a superscribed tilde are known dimensionless functions of - and n 
but not r ; 
C(t) = 0 

/

1
W !n x # . ˙ u i 

.x $i j n j 2ds (A.8) 
is a path integral Kanninen (1985) ; the path / originates on the 
lower crack surface, extends counterclockwise around the crack, 
and ends on the upper crack surface; n i is the unit outward normal 
to /; and 
W ! = n 

n + 1 ˙ % 0 $0 )$e 
$0 

*n +1 
(A.9) 

is a potential function defined such that, within the creep zone, 
$i j = . W !

. ˙ % 
i j . (A.10) 

In general, because (A.4) only holds within the creep zone, C ( t ) is 
only path independent within the creep zone, and it is understood 
that the path should be taken within the creep zone. 

For small, finite times, when the creep zone is still small com- 
pared to the entire specimen (a condition known as “small-scale 
creep”), Riedel and Rice (1980) argued based on dimensional con- 
siderations that the stress tensor must go like (1 /t) 1 / (n +1) . Using 
this result, it is possible to integrate (A.4) directly, and it can be 
shown that % i j = (n + 1) t ˙ % i j . It follows that C ( t ) is related to the 
J-integral ( Eshelby, 1956; Rice, 1968 ) as follows: 
C(t) = J 

(n + 1) t . (A.11) 
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They also noted that, for small-scale creep, J is path-independent 
everywhere in the specimen, and can therefore be related to the 
stress intensity factor as 
J = 3(1 # (2 ) K 2 I /E plane strain 

K 2 I /E plane stress (A.12) 
Hence, for small times, the asymptotic crack tip fields are charac- 
terized by the stress intensity factor K I . For large times, when the 
creep zone has grown to the point of enveloping the entire speci- 
men, C ( t ) approaches a steady-state value 
C ! = lim 

t.+ C(t) , (A.13) 
which is path-independent everywhere in the specimen. Hence, for 
large times, the asymptotic fields are characterized by C !. 

Riedel and Rice (1980) defined a useful time scale by equating 
C ( t ) in (A.11) to C !, yielding 
t RR = J 

(n + 1) C ! , (A.14) 
where J is evaluated according to (A.12) depending on the stress 
state under consideration. As noted in the main text, this time 
scale characterizes the transition from small-scale creep to exten- 
sive creep of the entire specimen. 
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