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This study systematically analyzes the {1012} twin in Hexagonally Close Packed (HCP) materials. Despite
several propositions over 50 years, the Twin Boundary (TB) structure and twinning mechanism remain a
debated topic, precluding determination of twinning energy barriers. This debate is resolved via Crystal-
lographic Analytical Methods (CAM), Molecular Statics (MS) simulations in HCP Ti and Density Functional
Theory (DFT) calculation of the Generalized Planar Fault Energy (GPFE) curve for several HCP materials.
The {1012} crystallographic plane is “corrugated” comprising of two non-coincident sub-planes of lattice-
sites (L-plane) and motif-sites (M-plane), causing ambiguity in determining the TB structure. This study
resolves this ambiguity by establishing an energy-minimizing lattice-offset between the twin and ma-
trix. At this offset, the TB forms by relaxation of both sub-planes into coincidence on a common atomic
plane. A crystallographic calculation of this offset is proposed, extendable to non-single-lattice structures,
in general. The twinning mechanism is determined, obtaining a shear-shuffle partition clarifying the mo-
tion of lattice and motif atoms. Nudged Elastic Band (NEB) simulations verify the mechanism along with
disconnection-mediated migration of the twin. The GPFE is calculated for the first time in literature, to
the best of our knowledge, revealing energy barriers for twin nucleation and migration. An absence of
correlation of the unstable twinning energy barrier against twinning shear, Burgers vector magnitude or
cohesive energy is shown, emphasizing the irreplaceability of the calculated barriers for predictive twin-
ning models. Thus, a thorough clarification of the {1012} twinning mode is proposed, converging on the

correct TB structure, twinning mechanism and energy barriers.

© 2021 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Hexagonally Close-Packed (HCP) materials such as Magnesium,
Titanium, and their alloys constitute structural materials possess-
ing low density, high specific strengths and corrosion resistance.
Consequently, they are widely used in the aerospace, automotive,
biomedical domains and offer a promising test bed for the devel-
opment of next-generation lightweight structural alloys [1-8]. Even
though the HCP crystal structure is one of the three most common
crystal structures in structural materials (apart from Face-Centered
Cubic, FCC, and Body-Centered-Cubic, BCC), its modes of deforma-
tion exhibit higher complexity [9-12]. For a crystalline material to
accommodate any general applied deformation, its parent crystal
structure must offer a minimum of 5 independent deformation
modes (Taylor-von Mises criterion) [13,14]. While the FCC/BCC cu-
bic systems comfortably satisfy this criteria via a sufficient num-
ber of slip systems, this is not enabled in HCP. In addition to
slip, twinning modes are necessitated. This is why HCP materials
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vastly exhibit twinning under deformation consequently leading to
pronounced strain-hardening response [15-18] and microstructure-
sensitivity of fatigue response [19-21]. Furthermore, unlike the cu-
bic systems which exhibit 1-2 common twinning modes, there are
at least 7 different twinning modes in HCP materials [11,22-24].
The predominant twin system in HCP materials is the {1012}
twinning mode [9,11,13,25-29] and has been an active subject of
research, particularly in the past 2 decades [12,22,24,26,29-44].
A twinning mode is characterized by a set of five twinning el-
ements defined by the classical theory of deformation twinning
[39] . These five elements are composed of the twinning plane Kj,
twinning direction 7, the conjugate plane K,, the conjugate twin-
ning direction 7,, and twinning shear, s. The conjugate plane K,
is the second crystallographic plane that remains undistorted af-
ter undergoing twinning shear (the first undistorted plane is the
twinning plane K; itself). The fundamental twinning elements for
the {1012} twin mode has been shown in Table 1 and illustrated
in Fig. 1 where the c and a axis of HCP unit cell are also shown.
Despite several studies, there remain some discrepancies in
the understanding of the structure of the K; = {1012} TB, the
mechanism of detwinning and the energy barriers associated with
this mechanism. The current study begins with a comprehensive
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Fig. 1. Fundamental twinning elements of the {1012} twinning mode: K; is the
twinning plane, n; is the twinning direction, K, is the conjugate twinning plane,
1y is the conjugate twinning direction and q is the minimum number of planes
involved in the mechanism of twin migration; the HCP unit cell is also shown with
the ¢ and a axes, indicating the {1012} plane within the cell.

overview of the prevalent discrepancies, exhaustively covering rel-
evant literature, and aims to resolve them through a systematic
determination of the structure, mechanism and energetics through
Crystallographic Analytical Methods (CAM), Molecular Statics (MS)
and Density Functional Theory (DFT) simulations. It is imperative
to achieve such an understanding of this deformation mode in or-
der to inform design of a new generation of lightweight structural
materials comprising Ti-based alloys, Mg-based alloys and also the
recently discovered HCP High Entropy Alloys (HEAs) [45-49].

1.1. Challenges in understanding of the {1012} TB structure

Most understanding of TBs is derived from knowledge of cubic
systems of FCC (primarily {111}(112)twinning) and BCC (primarily
{112}(111) twinning) [23,50]. In cubic systems, TBs are common
crystallographic planes between the matrix and twin variants that
are related by a given orientation relation. This orientation rela-
tion is most often a mirror reflection implying that the TB plane
is a mirror plane common between the two variants. Construction
of the TB is straightforward as such a common plane can easily
be found owing to the high symmetry of the cubic system (re-
fer Figs. 2(a, b)). This plane is also known conventionally as the
“coincident site boundary” [23]. It is worth mentioning that in
BCC twins, although the TB structure is a common crystallographic
{112} plane, the twin resides at a slightly displaced position (an
“offset”) from the matrix [51] as shown in Fig. 2(b). Thus there is
a non-trivial “lattice offset” that exists between the twin and ma-
trix. This lattice offset was determined only via atomistic simula-
tion techniques and energy-minimization considerations [51] simi-
lar to those that will be employed in the current study. Neverthe-
less, both systems exhibit sufficient symmetry that allows the TB
structure to be determined unambiguously as a common crystallo-
graphic plane between the twin and matrix.

In HCP structures some key challenges arise. While the basal
and prismatic planes possess sufficient symmetry to allow TB con-
struction similar to the cubic systems, the {1012} plane is more
complex. This crystallographic plane is not flat but “corrugated”
in nature [11,22,26,33,52]. Therefore, the plane is composed of
two non-coincident sub-planes henceforth denoted by L and M
(Fig. 2(c)) planes. The L-plane is comprised of lattice site atoms
and M-plane is comprised of atoms in the motif-site of the rhom-
bohedral unit cell (Fig. 2(c)). The corrugation in the matrix and
twin variants are not commensurate with each other and conse-
quently, it is not as trivial to conceptualize a common TB similar
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to the cubic systems. Several researchers have sought the structure
within an atomistic simulation framework. The matrix and twin
variants are constructed in their respective crystallographic orien-
tations and allowed to relax, letting the atomistic framework find
the energy-minimum TB structure relying on an empirical inter-
atomic potential [22,26,30,42]. However the obtained structure is
contingent on underlying assumptions related to the initial con-
struction of the twin variants in the simulation (their relative po-
sitioning of the lattices) and dependent on the physical fidelity of
the underlying potential. There needs to be a more fundamental
crystallographic basis for constructing the TB and this basis has not
been clarified to the best of the authors’ knowledge. Existing ex-
perimental evidence, primarily High-Resolution Transmission Elec-
tron Microscopy (HRTEM) has identified the existence of a sharp
TB with a mirror-plane of atoms similar to the cubic structures
[31-33, 43,53-55]. This plane does not exhibit the same corrugation
that is expected from the crystallography of the {1012} plane. Such
a TB structure has also been an outcome of atomic-scale simula-
tions [22,26,30,42,56-58] somewhat inadvertently; it is not arrived
at from a crystallographic derivation hence not well understood.
This study explains the formation of the structure and the exis-
tence of a non-trivial lattice offset between the matrix and twin
variants upon distinction of lattice (L) and motif (M) atoms. A close
parallel to this problem was recently reported by the authors for
B19’ NiTi monoclinic martensitic structures [59-61], and we adopt
a similar methodology in this study.

We show in this study, that there is a variable known as the lat-
tice offset which needs to be determined before the TB structure
can be constructed within the atomistic framework. This offset, p,
defines the relative positioning of the twin lattice with reference
to the matrix lattice and is often implicitly assumed to be zero.
The importance of such an offset has been overlooked and only
been shown in select cases till date, for instance the “Isoceles” twin
in BCC structures mentioned above or in TBs of more complicated
crystal structures [51,59]. In this study, atomistic simulations are
employed to parametrically optimize the lattice offset in directions
in-plane and normal to TB. We use energy-minimization consider-
ations to find the correct offset yielding a unique energy-minimal
TB structure. The underlying crystallographic basis for this offset
value is proposed along with an analytical method to calculate it
so that the TB structure can be constructed unambiguously circum-
venting atomistic simulations. Understanding of the TB structure
precedes any study of the twinning mechanism as discussed be-
low. This construction is further utilized to determine the stable
TB energy values from ab initio DFT calculations en route to deter-
mining the complete Generalized Planar Fault Energy (GPFE) curve
for all HCP metals analyzed in this study.

1.2. Challenges in understanding the {1012} twinning mechanism

The mechanism of twinning refers to the set of atomic mo-
tions required to convert the matrix variant to the twin vari-
ant (or vice versa). For the highly symmetric cubic structures,
the twinning mechanism is comprised purely by shear displace-
ments without any shuffle [39]. In HCP however, the corrugated
nature of the plane necessitates additional atomic motions apart
from shear, henceforth referred to as “shuffles”. This adds a level
of complexity in determination of the mechanism because sev-
eral shear-shuffle combinations can be hypothesized to convert the
matrix variant into its twin. And indeed several such propositions
have been made over the past 5 decades [12,22,24,27,29,31,34-38,
41,42,44,57,62-64], only a select few of which are represented in
Fig. 3. Notice that every proposition has a distinct mechanism. We
classify the mechanisms based on 4 parameters:
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Fig. 2. Twin Boundary structures and lattice offsets: (a) {111} TBs in FCC materials are common crystallographic planes shared by the twin variants, with no lattice offset
between the variants (b) “Isoceles” {112} TBs in BCC materials are also common crystallographic planes but admit a lattice-offset p between the lattices of the twin variants
[23,51] (c) {1012} TB structure is unclear as a common atomic-plane of atoms cannot be constructed owing to “corrugated” nature of the {1012} plane in both variants; the
corrugation is understood as a composite of two sub-planes - L-plane comprising lattice-site atoms and M-plane comprising motif site atoms; the lattice and motif sites
are indicated in the cubic unit cells of FCC, BCC and rhombohedral unit cell of HCP; determination of lattice offset p is critical to obtain the equilibrium TB structure. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Existing propositions of shear-shuffle detwinning mechanisms characterized based on 4 parameters: whether the mechanism is homogeneous (shear)/heterogeneous

(dislocation-mediated), the number of planes involved (q), the net sum of shuffles (}"5) and lattice-offset between twin variants (p) (a) Song and Gray [27,64] proposed
a homogeneous instantaneous shearing of several planes, assuming zero lattice offset and non-zero sum of shuffles (b) Bevis and Crocker [24] proposed a heterogeneous
mechanism based on classical theory with net zero sum of shuffles and unknown lattice offset (c) Wang et al. [22,42] improved to a 2-plane heterogeneous mechanism
obtaining non-zero-sum of shuffles; (d) Our proposition establishes a heterogeneous 2-plane mechanism with net zero sum of shuffles arising from a precisely determined
lattice offset vector; Nudged-Elastic Band (NEB) simulation is shown illustrating disconnection-mediated twin migration and corresponding energy barrier, Eg.

a Nature of twin nucleation and growth: There are two major b The lattice offset across the TB: As mentioned before, determi-

categories corresponding to this nature, namely “homogeneous”
and “heterogenous” natures of twin nucleation and growth. Ho-
mogeneous twin nucleation and growth is achieved through in-
stantaneous shearing and coordinated motion of a large region
of matrix atoms, homogeneously, to form the twin. Contrast-
ingly, heterogeneous twin nucleation and growth occurs at the
local vicinity of certain line defects known as twinning dis-
connections and the sweeping motion of such disconnections
across the matrix progressively achieves the twinning. While
some of the earliest mechanisms were proposed to be homo-
geneous [64,65], it is now well-recognized that under nomi-
nal conditions (ambient temperature and pressure, low strain-
rate of loading), the twinning mechanism is heterogeneous, me-
diated by disconnections. Based on atomistic potential-energy
considerations, our study reaches the same conclusion through
a Nudged Elastic Band (NEB) simulation.

nation of the right equilibrium TB structure requires unambigu-
ous determination of the lattice offset p. Most studies implicitly
assume it to be zero drawing from understanding of the sim-
pler cubic structures (Fig. 2(a, b)). The deduced mechanism of
twinning is sensitive to the equilibrium TB structure and in turn
sensitive to the lattice offset parameter. In this study, the lattice
offset is determined to be non-zero using atomistic simulation
methods.

Shear-Shuffle partitioning of the twinning mechanism: The
twinning mechanism can be partitioned into atomic motions
arising from the twinning shear and additional motions called
“shuffles”. The twinning shear is one of the five fundamental
twinning elements (Table 1) which can be derived from the
crystallography of the matrix and twin lattices. However, the
shuffles cannot be determined in the same way. Several distinct
shear-shuffle partitions have been determined for the mecha-
nism (refer figure 3). The classical theory stipulates a net zero
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average shuffle for any twinning mechanism [24,39], but not all
propositions agree with this condition [27]. It is imperative to
determine the mechanism unambiguously so as to determine
the energy barriers associated with the mechanism. This mech-
anism depends on the offset and the equilibrium TB structure.
This study establishes the mechanism based on crystallographic
and energetic considerations, verifying it within a Molecular
Statics (MS) simulation framework.

d The number of planes involved in the mechanism, gq: This pa-
rameter is useful to quantify the complexity of the twinning
mechanism in terms of how many minimum planes are in-
volved. Classical theories defined this parameter based on crys-
tallographic periodicity of the lattice obtaining a higher value
of g =4 [23,24,39]. More recently, topological theory defines
this parameter based on a more reliable calculation of the twin-
ning disconnection’s Burgers vector, yielding a lower value q =
2 [37,53,54,66,67]. Our study verifies this value based on ener-
getic degeneracy of different positions of the TB (MS and DFT
simulations) and by Burgers vector calculations using the Topo-
logical Modeling (TM) framework.

It can be seen that all the proposed mechanisms summarized in
Fig. 3 differ from each other based on atleast one of the aforemen-
tioned parameters. Since the mechanism operates on a scale of few
angstroms, no direct observations are available from an experimen-
tal standpoint, to the best of the authors’ knowledge. Hence, the
use of atomistic modeling techniques is necessitated as employed
in this study. In the absence of a unique mechanism for twinning,
energy barriers or critical stresses cannot be predicted unambigu-
ously and will remain elusive. Several atomistic simulations fo-
cused on nucleation mechanisms, kinetic and morphological char-
acteristics associated with the twin mode [22,25,26,30,42,43,57,68-
73]. However it is necessary to obtain standardized energy barri-
ers at a more fundamental scale, such as the Generalized Planar
Fault Energy (GPFE). No such prediction has been made to the
best of the authors’ knowledge. And without reliable prediction
of these energy barriers, critical twinning stresses cannot be pre-
dicted. Hence, it is necessary to resolve existing discrepancies in
understanding of the twinning mechanism to approach calculation
of these fundamental energy barriers, as is done in this study.

1.3. Approach of current study

In this study, we forward a systematic analysis to determine the
{1012} TB structure, detwinning mechanism and twinning energy
barriers. Without any presumptions on the existence of a com-
mon mirror-plane, the equilibrium TB structure is constructed by
positioning the twin variants at a specific lattice offset. This lat-
tice offset is determined to be one which minimizes the poten-
tial energy as evaluated using Molecular Statics (MS). At this off-
set, volume-invariance of deformation twinning is upheld and it
is shown that the corrugated plane (discussed in Section 1.2) re-
laxes into a common mirror-plane similar to the highly symmetric
cubic systems (FCC/BCC). The mechanism of detwinning is deter-
mined, finding a shear-shuffle mechanism such that the net aver-
age shuffle is zero. This is verified in MS by establishing energetic
degeneracy of the TB every two {1012} planes instead of on every
consecutive plane (as found in cubic systems FCC/BCC). The shear-
shuffle mechanism is verified by a Nudged Elastic Band (NEB) sim-
ulation of twin migration. NEB verifies that the mechanism of twin
growth is disconnection-mediated and the proposed shear-shuffle
mechanism is observed at the disconnection front. The Burgers
vector of the disconnection is obtained using principles of Topolog-
ical Modeling (TM). The energetic degeneracy, shear-shuffle mech-
anism, NEB simulation and topological calculation of the Burgers
vector authoritatively establish g = 2 for this twinning mode con-

Acta Materialia 219 (2021) 117256

sistent with [22,33,37,38,57,66,70]. Energy barriers for twinning are
determined using ab initio Density Functional Theory (DFT) calcu-
lations of the Generalized Planar Fault Energy (GPFE) curve. This
is done for the HCP materials: Ti, Mg, Zr, Zn, Cd, Be and Hf. The
energy barriers of twinning for these twinning materials have not
been provided before on this scale, to the best of the authors’
knowledge. Hence, a thorough clarification of the structure, mech-
anism and energetics of twinning of the {1012} twinning mode in
HCP materials is proposed.

The need for understanding both the structure and mechanism
to this depth is ultimately for ab initio determination of TB energy
and energy barriers for twin nucleation/migration. For example, it
is the clarity of both those features in cubic (FCC/BCC) systems that
has led to the wealth of energy-barriers (stable and unstable twin-
ning energies) available for them [11,74-82]. Consequently, they are
leveraged in both analysis and design of new FCC/BCC alloys, for
instance the modern FCC High Entropy Alloys (HEAs). With the in-
creasing need for lightweight materials, it is imperative that we
understand the structure and mechanism of {1012} twinning in
HCP materials to as much depth so that we can both predict and
design energy barriers either favoring or preventing twinning de-
formation.

2. Modeling methodology and results

In this section, the atomistic approach to model the {1012} TB
structure and twinning mechanism in HCP materials is presented
with Ti as the study target. Our methodology consists of sequen-
tial steps presented concurrently with the results of each step. This
way of presenting is most effective to convey the methodology co-
herently, since the results of every step provide crucial informa-
tion for the subsequent steps in the sequence. Atomistic simula-
tions are performed within a Molecular Statics (MS) framework in
LAMMPS [83] employing energy-minimization routines. The scien-
tific interest on HCP materials in recent years led to many state-of
the-art interatomic potentials [84-89]. For Ti, the interatomic po-
tential developed in [84] was chosen as it was fitted to fault energy
signatures of inelastic deformation. This framework is sufficient to
determine both the equilibrium structure and detwinning mecha-
nisms. Additionally, the TB structure and shear-shuffle mechanism
is derived from Crystallographic Analytical Methods (CAM). This
approach is necessary as a prerequisite to DFT calculations for en-
ergy barriers, because it determines the correct atomic positions
independent of any governing interatomic potential. Consequently,
we incorporate the resulting structure and mechanism within an
ab initio DFT framework to obtain more accurate predictions of the
energetics of this twinning mode (TB energy and GPFE profile). We
explain the MS and CAM methods below followed by the DFT cal-
culations.

2.1. Structure of TB (MS)

Lattice constants consistent with the chosen potential are used,
a=2949 A and c=4.698 A found to be close to experimen-
tal measurements [90]. The rhombohedral unit cell of HCP crys-
tal structure is described in Fig. 2(c) along with the conventional
hexagonal cell. The unit cell contains two Ti atoms, one of which
resides at (0, 0, 0). This atom is termed as the lattice atom, while
the other atom residing at (1/3, 2/3, 1/2) is termed as motif atom
(see Fig 2(c)). The coordinates are expressed in Miller indices cor-
responding to the rhombohedral cell. In conventional HCP Miller-
Bravais, the coordinates of the motif site are (O, ]/3, —1/3, 1/2)[9].
For the {1012}twin, crystallographic relationship between the two
twin variants is of mirror-symmetry classified as a “Type 1" rela-
tionship by the definitions in the classical theory of twinning [39].
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(b) Variant A

I_d{loiz:

Variant B

Fig. 4. Construction and analysis of TB within a Molecular Statics (MS) framework; (a) construction of twin variants following lattice orientation specified by Eqgs. (1) and
(2); (b) defining lattice offset as the difference vector (xo,Yo,2o,) between reference origins O, and Og, chosen on crystallographic planes of variant A and B respectively.

Henceforth, the twin variant on the top will be designated as vari-
ant A, while the one at the bottom will be designated as variant
B (refer Fig. 4). The lattice orientation of variant A is chosen such
that the global x — y — z axes of the LAMMPS simulation box are
aligned as follows: x||[1011]a, ¥lIng1y, and z||[1210]4. This ori-

entation is more formally specified as a matrix Ck‘" in which the
columns represent the components of unit cell lattice vectors of
the variants in the global reference frame. For the chosen orien-
tation and the lattice constants this matrix can be calculated as:

-1.879 0 3.180
CHT = [ 1.729 0 3.458 (1)
—1.474 2.949 0

Given the lattice orientation of variant A, the lattice orientation
of its twin i.e. variant B can be determined from the classical the-
ory by applying mirror symmetry across the TB. This is given by
the equation:

G = (1-2(Aen))cT (2)

where 7 is the unit normal to the {1012} TB. The initial twin struc-
ture is constructed as follows. A partitioning boundary is speci-
fied in the simulation box. The region below is populated with
the crystal structure of variant B Fig. 4(a)) and variant A is con-
structed in the region above. The lattice orientations specified by
Egs. (1) and ((2) are followed.

2.2. Lattice offset (MS)

As mentioned in Section 1.1, the structures of the (1012), and
(1012)g crystallographic planes are corrugated and incommensu-
rate with each other (refer Fig. 4). Thus the first objective is to
resolve the equilibrium TB structure residing between the twin
variants. In cubic structures such as FCC/BCC, the crystallographic
planes in both variants have identical structure allowing the TB
to be a common mirror plane between both variants. Determining
this plane also fixes the relative positioning of the variant lattices
across the TB. However, since such a common TB cannot be deter-
mined in the present case, the relative positioning of the variant
lattices becomes a variable to be determined. This relative posi-
tioning is more formally defined as a lattice offset [59,61]. We de-
termine this lattice offset first based on energy-minimization con-

siderations. Then the equilibrium TB structure is determined by re-
laxing the twinned structure at this offset within the MS frame-
work.

First, the lattice offset must be defined. We define the lattice
offset with the help of two atomic planes, i.e. P, and Pg, shown
in Fig. 4(b). P, is an atomic plane of variant A immediately above
the partition, while Pg is a virtual plane extending from variant B
into variant A across the partition. In other words, Pg is where the
next (1012)p plane of variant B would have been located if vari-
ant B structure was allowed to extend one plane above the par-
titioning boundary in the simulation box. Two arbitrary reference
points are chosen on lattice-sites of both planes, Os and Og. The
lattice offset vector is determined by the relative position of Op
with respect to Og as (Xo, Yo, 2o0) (refer Fig. 4(b)). If O, and Og co-
incide, the lattice offset is zero and the lattice sites of both variants
coincide at on a common plane. We assert that this is most of-
ten assumed implicitly in early studies of this twin mode and that
assumption is removed in the present study. Due to the periodic
nature of HCP crystals, components of lattice offset vector exhibit
periodicity. Therefore, it is natural to express them in normalized
forms such as 0 <X, :X°/|[T011]| <1, 0<yo :yo/d{wiz} <1 and
0<2 :zo/l[TZiOH < 1. Here d{loiz} is the interplanar spacing of
the {1012} planes. Throughout this paper, normalized lattice off-
sets will be denoted as X, ¥o and Zz,, respectively.

First, we deduce the offset Z,. It is well known that all atomic
motions are constrained in the (1210) plane. This plane is known
as the plane of shear in the classical theory [39], which is nor-
mal to z|| [1210] direction. Consequently, the lattice of the twin
and the matrix remain identical/coincident along this normal. This
implies z, =0. Fig. 5(a) illustrates the identicality of structure
of twin variants when viewed along [1210] direction. Next, the
component of the lattice offset normal to TB, y,, is determined.
This is done by examining the interplanar distances across the
partitioning boundary. For the lattice constants of the potential,
the interplanar distance for {1012} plane can be calculated as
d{loiz} =1.729 A. This distance can be interpreted as the distance
between consecutive L-L sub-planes or M-M sub-planes belong-
ing to two consecutive {1012} crystallographic planes as shown in
Fig. 5(a). A fundamental property of deformation twinning is that
it conserves the material volume. This implies that in transforming
from the matrix (say, variant B) to the twin (respectively variant
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Fig. 5. Determination of lattice offset normal to the TB i.e. j,; (a) Twinned structure, as viewed along [1011]g, at offset j, = 0; the interplanar spacing across the TB is
higher than the crystallographic spacing of {1012} planes in the individual variants; (b) Twinned structure with non-trivial offset j, = —0.33 conserving the interplanar
spacing across the TB; (c) Variation of &yy strain component along y post energy-minimization of twinned structure in (a), indicating the presence of high compressive strain
(~11%) at the TB; (d) Variation of &yy strain component post energy-minimization of twinned structure in (b), indicating the absence of significant strain and consequent
lower TB energy by 60.6 mJ/m? (the strains in the atomic structure are calculated from discrete atomic displacements fitted to a Green-Lagrangian tensor, performed by
OVITO [91]; the reference configuration for the strain-maps in (c) and (d) are (a) and (b) respectively).

A), the interplanar distances between the {1012} planes must be
preserved.

Fig. 5(a) and 5(b) show projections along twinning direction
(1011) of unrelaxed TB structures constructed by using two dif-
ferent y, values, 0 and —0.33, respectively. When the TB was con-
structed by assuming y, = 0, the interplanar separation across the
TB is 2.31 A. This is higher than the nominal interplanar separation
for {1012} plane, d{loiz}' This implies that during twinning, there
would have to be a volume-increase violating the volume-invariant
condition of twinning. Hence, there must be a non-trivial y, # 0
offset which preserves the spacing even across the partition. This
offset is calculated to be y, = —0.33.

We verify the energetic favorability of this non-trivial offset
within the MS framework by performing an energy-minimization
simulation. The simulation box is constructed as described in
Section 2.1, having dimensions 69.4 x 150.9 x 8.8 A3 (contains
~5200 atoms). Two twinned structures are constructed, with and
without y, offset respectively (refer Fig. 5(a) and 5(b)). Since the
lateral directions x||[1011]4 and z||[1210], are crystallographic,
periodic boundary conditions are specified across them. Shrink-
wrapped boundary conditions are enforced along ylln{mz}A, with
a “frozen” layer of atoms specified at the top and bottom ends
along the direction. Within this layer, the atoms are constrained in
the same position for the simulation. This is done with the notion
that the atoms within these two layers are sufficiently far away to
be unaffected by the equilibrium atomic relaxations at the vicin-
ity of the TB. Hence, they would exhibit minimal deviation from
the crystal structure of the respective variants. The width of the
frozen layer is chosen as 10 A which is higher than the cutoff of

the interatomic potential (r. = 6.9 A) In this manner, the atoms in
the mobile region equilibriate under the influence of pure variant

crystal structures within the frozen layers far away from the TB.
Given these boundary conditions, an energy-minimization simu-
lation is carried out within MS employing the conjugate-gradient
algorithm in LAMMPS [83]. The simulation terminates when the
fractional energy change of the structure comes within the speci-
fied tolerance of 1.0 x 108,

Fig. 5(c) and 5(d) illustrate local distribution of atomic strains
in €yy direction after relaxation for yo =0 and y, = —0.33 respec-
tively. For the former case, normal atomic strains up to 11% to
emerge. On the other hand, the structure with y, = 0.33 exhibits
€yy strains that are very nearly zero. The existence of higher local
strains around the TB leads to higher TB energy due to addition of
strain energy. The energy of the twin boundary without offset and
with the right offset are determined to be E; = 349.9mJ/m2 and

E, =289.9mj/m2 respectively. Hence, the calculated twin bound-

ary energy difference between two structures is 60‘6mj/m2 favor-
ing the structure with the non-trivial y, = —0.33 offset. The preva-
lence of this offset in connection with TB energetics has not been
revealed before to the best of the authors’ knowledge.

Finally, it is necessary to establish the lattice offset X, parallel
to the twinning direction #; = [1011]4. There is no basis yet be-
hind a specific choice for this offset, and typically it is presumed to
be zero in the absence of any such basis. We establish its value by
constructing twin structures with different X, offsets systematically
and calculating their potential energies within the MS framework
under governance of the chosen potential [84]. The configuration
with the lowest energy value determines the optimal lattice offset
value. The results of this simulation have been reported in Fig. 6(a).
As these results indicate, there are two candidates for optimal X,
offset: 0.0 and 0.45, determined with a discretization step size of
0.01 for X,. Both structures are relaxed using the same boundary
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Fig. 6. Determination of lattice-offset X, along twinning direction 7j; (a) Configurational potential energy at varying offsets are determined from Molecular Statics (MS)
simulations and the energy-minimizing offset values are determined (b) Relaxed TB structure illustrating the coincidence of lattice (L) and motif (M) planes at the TB and
the corresponding local shuffle motions required for this formation of the TB; the TB forms as a common crystallographic plane between the twin variants similar to FCC/BCC
cubic systems, however this structure is contingent on determining the right offset values. (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

conditions and conjugate-gradient scheme mentioned before. The
relaxed TB structure at X, = O is presented in Fig. 6(b), illustrating
the local atomic motions which lead to the formation of the TB.
At this offset, the incommensurate corrugation of the two variants
are resolved at the TB by relaxing the L-plane and M-plane into
coincidence. Consequently, a TB is formed as a common atomic-
plane similar to the classical understanding of TBs in FCC and BCC
structures. The structure at X, = 0.45 shown is crystallographically
identical to X, =0 in all respects with the only difference that
the TB forms at a position one crystallographic plane above. The
same atomic motions are followed exhibiting identical potential
energy and TB atomic structure. Thus, without any loss in general-
ity, the lattice offset of twin variant A with respect to twin variant
B can be picked as either of the two candidate values and is cho-
sen as X, =0 in the present study, thereby completing the triad
(X0,¥o,2Z0) = (0, —0.33, 0). Notice that the lattice offset, as a vec-
tor is not trivial. And although the X, component exhibits a trivial
value, it must be determined as a result of the simulations pro-
posed in this section and cannot be assumed a priori as was done
in the past.

2.3. Crystallographic basis for determined offset - crystallographic
analysis method (CAM)

The previous section determined the lattice offset based on
atomistic energy (MS) considerations. In this section, a crystal-
lographic basis for the determined offset is proposed, thereby
proposing a method of construction that determines the offset
without the need of atomistics. At this stage, we understand that
the TB forms by atomic-motions that relax the L-plane and M-
Plane of atoms into planar coincidence. The corresponding atomic
motions are only normal to the TB. Furthermore, the TB forms as
a common boundary between the two variants. The twin structure
at zero-offset (Xo, Yo, Zo) = (0.0, 0.0, 0.0) is presented in Fig. 7(a).
The origins O, and Og, at lattice sites of both variants, are coinci-
dent at (0,0, 0).

To calculate the lattice-offset vector, consider motif sites Mgy
and Mgon the corrugated planes P, and Pg respectively (refer
Figs. 4(b) and 7(a)). These motif sites must be related to each other
by the twinning symmetry relation which in this case implies that
one motif site, say My, is in the mirrored position of Mg, and vice

versa. The coordinates of both sites (with respect to chosen lattice
origins O, and Og) can be determined as:

My = mAf[mo]A; Mg = g — [1210]B (3)

where i = [0, 1/3, —1/3, 1/2]/\ and mp = [0, 1/3, —1/3, 1/2]3 are the
motif site positions within the unit cell of the respective lattices,
expressed in Miller-Bravais indices. Switching to 3-component
Miller indices, Eq. (3) can be re-written as:

121 211
Ma=[353], - (10h = [332L

121 211
Mi=|333], - (100 = [332}3 ®
Note that the subscripts A and B on the Miller-Bravais indices
(Eg. (3)) and Miller indices (Eq. (4)) represent the crystallographic

basis that the indices correspond to. Expressed in the global x —
y — z axes, we have

2 2

LAT 7/3 LAT 7/3
Ma=GT[ 13 |iMe =G| -1 (5)

1/2 1/2

Now, the lattice offset must be such that the centroid of the
lattice-motif pairs (OA,M;}\){ and (Og,Mg) must coincide. In other
words we must have (%) = (%). Substituting Oy = O + L
(Fig. 7(b)), the lattice-offset vector can be determined as:

= _<u> = (O, —d{loiz}/3, 0) (6)

Following the normalization suggested in Section 2.2, we have
the calculated lattice offset as

(Ro.Jo.20) = (0. ~113,0) 7)

consistent with the calculations of Section 2.2. The relaxed TB
structure formed at this offset is shown in Fig. 7(c), same as that
determined in Section 2.2 (Fig. 6(b)).

—y

2.4. Mechanism of twinning: shear-shuffle partitioning (CAM)

The mechanism refers to the set of atomic motions required to
convert one twin variant to the other i.e. to cause twinning. These
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discussed in Section 3).

Sheared Variant B ) -
3b, = = o 4
) < ‘ o
@ S =
S Moty aser s
o 2 Variant B
B o -
AT ¢Shufﬂ|ng
A o
¥ 5 o Variant
Variant B © Zg_ 0 Han AW A3 B N
# @ £ Q@
@ v I8 18 (10i2), ® % © »
L—-M @0 — I () o
M—L oc® ® . ) 5
Variant B

Fig. 8. Crystallographic determination of the twinning mechanism, specifically the shear-shuffle partitioning (illustrated on successive {1012} planes) (a) Crystal structure
of single-variant B ((0001)gbasal plane indicated) (b) Shearing of single variant along twinning direction based on plane-by-plane displacements corresponding to Burgers
vector b, = sdyygiy) (note sheared position of basal plane) (c) Superposition of variant A crystal structure (filled circles) on sheared variant B configuration eliciting the shuffle
motions required for twinning variant B into variant A (d) At the first {1012} plane nearest to the TB (and every odd plane hence) there is a lattice (L)-to-motif (M) shuffle
and vice versa; at the second {1012} plane (and every even plane hence) the shuffles are lattice (L)-to-lattice (L) and motif (M)-to-motif (M). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

atomic motions can be partitioned into motions corresponding to
the twinning shear and additional shuffles which are independent
of the shear. Since the twinning shear for {1012} twin mode is
theoretically established by the classical theory [23,39], the only
difference between mechanisms stems from shuffling movements.
Nevertheless, a complete understanding of the shuffling mecha-
nism is necessary to setup Generalized Planar Fault Energy (GPFE)
calculations with the appropriate constraints within DFT.

In this section, the mechanism is established from the crys-
tallography of the individual twin variants. A two-step procedure
is carried out. Starting from a pure variant, say variant B (re-
fer Fig. 8(a)), twinning shear is applied to the region intended to
form the twin variant. The twinning shear for this twin mode can

be analytically calculated as s = (v* - 3)/)/ /3 along the direction

A1 = [1011]p, where y = 9. Using the lattice constants consistent
with the interatomic potential of Ti, the shear is estimated to
be s = —0.167 along 7j; = [1011]g, or equivalently s = 0.167 along

fj; = [1011]. This shear is applied by enforcing rigid displacements
of magnitude Nb(N =1,2,3,...) along #j; at the Nth plane of the
twin variant (refer Fig. 8(a, b)). Here b, is the Burgers vector mag-
nitude of the elementary twinning disconnection [23] which can
be calculated as b, = Sd{miz}- It is important to note that the shear
is applied to the entire crystal structure i.e. on lattice and mo-
tif sites (or L-planes and M-planes). For the second step, the fi-
nal structure of the twin variant is superposed onto this sheared
variant (Fig. 8(c)). The shuffle motions are obtained as the atomic
displacements required to transition from the sheared variant B to
the final crystal structure of the twin variant A. It is also worth
mentioning that in highly symmetric structures such as FCC/BCC,
only the shear would be sufficient to complete twinning and the
shuffle required would be zero. This is not the case in structures
of lesser symmetry such as HCP or in martensitic structures [59].
Also, it can be seen that the shuffle motions depend on the ex-
act position of variant A relative to variant B i.e. the lattice offset
between the variants. Thus, determination of the energy-minimal
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lattice offset, as done in Section 2.2 is critical to determine the
correct mechanism of twinning. The required shuffle motions are
shown in Fig. 8, and exhibits a periodicity of two {1012} planes. In
other words, q = 2 for this twinning mode, following the definition
quoted in Section 1.2. It is also worth understanding the mecha-
nism from the perspective of positional changes at the level of the
unit cell. From Section 2.1, the atomic positions of the rhombohe-
dral cell were assigned labels of lattice (L) and motif (M) positions,
instrumental in understanding the corrugation and the formation
of the TB structure (Figs. 6 and 7). Note that in the twinning mech-
anism, there are shuffles from the lattice site of the unit cell of the
matrix to the motif site in the unit cell of the twin, and vice versa.
This occurs on the first {1012} plane adjacent to the TB, and on
every odd plane hence. There are also shuffles where the lattice
sites remain lattice sites in the twin with the same shuffle for mo-
tif sites as well. This occurs on the second {1012} plane adjacent to
the TB, and on every even plane hence. This mechanism will now
be verified within the MS framework in the following section.

2.5. Nudged Elastic Band (NEB) simulation of twinning mechanism
and twinning disconnection (MS)

Having established the mechanism crystallographically (CAM in
Sections 2.3 and 2.4), we verify it by simulating TB migration in
an atomistic framework. We continue with Ti as the study tar-
get, simulated under governance of the chosen interatomic po-
tential. We first construct the TB at two distinct positions along
the global y||n{1012}B axis. The two positions are separated by two

{1012} planes. At both positions, the TB is independently con-
structed, determining the right offset following Section 2.2. The
two twinned structures are then equilibriated/relaxed within MS,
under the same boundary conditions as specified in Section 2.2.
It is found that the TB energies at both positions are energeti-
cally degenerate. Thus, the TB is at a crystallographically equiva-
lent position at every {1012} plane separated by 2X planes from
the initial TB position, where X = 1, 2, 3, etc. The minimum num-
ber of planes involved in the twinning mechanism for TB migration
is that separating consecutively immediate energetically degener-
ate states equaling two, further confirming q = 2 for this twinning
mode. A Nudged Elastic Band (NEB) simulation is used to deter-
mine the most energetically favorable transition between the two
states, thereby determining the mechanism of twinning. It is worth
noting that the simulation box dimensions are maintained to be
the same at both states, as required in an NEB simulation. Only the
atomic positions within the box are distinct by way of construction
of the TB at different positions.

NEB has been commonly used to determine transition states in
the same manner and the reader is referred to [92,93] for details
of the algorithm. Briefly, the algorithm initializes a sufficient num-
ber of transition states or “replicas” to characterize the transition
path between the two equilibrium states. An energy minimiza-
tion is carried out on every replica by utilizing conjugate gradi-
ent method until the fractional change in force per atom converges

within a tolerance of 0.1 eV/K. The results of NEB calculation are
presented in Fig. 9, characterized by N = 40 replicas between (and
inclusive of) the end-states. A low TB migration energy barrier has
been obtained as 23 mj/mz. Three different snapshots correspond-
ing to three different replicas are extracted to illustrate the inter-
mediate structural states. Positions u; = 0 and u3 ~ |b| correspond
to states at the beginning and end of TB migration, respectively.
The simulation finds a transition path between the end-states con-
stituting a disconnection sweeping across the TB. This is illustrated
in Fig. 9 observed at the peak position of the energy barrier (u;)
where a disconnection can be seen as a stepped TB. Furthermore,
the simulation also yields the mechanism of twinning active at the
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front of the disconnection core, illustrated in Fig. 9. Shuffle portion
of atomic displacements has been identified by selecting a set of
atoms that has been transformed from variant A into variant B and
subtracting displacements corresponding to twinning shear from
their total displacements. NEB calculation results have the follow-
ing important implications:

a A heterogeneous disconnection-mediated mechanism is ob-
served for twin migration in the {1012} twin mode.

b The observed twinning disconnection has a characteristic step
height of two {1012} planes. This step height agrees well
with the periodicity of the proposed twinning mechanism in
Section 2.4, confirming q = 2 for this twinning mode.

The observed shuffling displacements at Plane I and Plane II,
occurring at the disconnection-front, are in good agreement
with the predicted shuffling behavior in Section 2.3. Interpret-
ing the shuffle movements on the scale of the unit cell, it can
be seen that there are lattice-to-motif site shuffles on Plane I
and lattice-to-lattice, motif-to-motif shuffles on Plane II. As dis-
connections sweep through the TB, atoms are sheared and shuf-
fled to achieve twin migration.

(g

The Burgers vector of the twinning disconnection is calculated
using principles of Topological Modeling (TM) [60,67,94] Follow-
ing TM, the Burgers vector can be calculated as the minimum dif-
ference of two translational symmetry vectors, one from variant B
and another from variant A. It is given by:
b= (6~ ) (®)

The translational symmetry vectors that yield a Burgers vector
of least magnitude are fz = [0001]g and £, = [1010],, illustrated in
Fig. 10. Note that one vector lies on the basal plane of its twin
(variant B) while the second vector lies on the prismatic plane of
the other variant (variant A). This is consistent with prior under-
standing of {1012} twinning where there is a prismatic-to-basal

plane transformation during twinning. Here again, the step height
of the disconnection can be calculated as,

hp = ﬁ{miz}fB = 2d{loiz} (9)

, yet again yielding q =2 for the twinning mechanism. The cal-
culated Burgers vector is also consistent with that obtained from
classical theory, using the twinning shear:

B a5tz = 26 = (0001}, 01, (10

A dichromatic complex [67,95] is constructed for the {1012} TB
and is shown in Fig. 10. This complex is essentially a superposi-
tion of atomic structures of the matrix and the twin, viewed on
the plane of shear (the reader is referred to [67,95] for further de-
tails). The complex is constructed at the lattice offset established in
Sections 2.2 and 2.3. It reveals the total atomic displacements re-
quired to convert one variant’s structure into that of its twin vari-
ant (variant A to variant B in Fig. 10). These displacements are par-
titioned into contributions from twinning shear and contributions
from shear-independent shuffles.

2.6. Ab initio calculation of Generalized Planar Fault Energy (GPFE)
landscape

At this juncture, the construction of the TB, the equilibrium
TB structure, and the mechanism of detwinning have been es-
tablished from both crystallographic considerations and Molecu-
lar Statics (MS) simulations. All results are necessary to obtain the
Generalized Planar Fault Energy (GPFE) curve for the {1012} twin-
ning mode for several HCP metals. The GPFE curve captures the en-
ergy barrier required for nucleation of twins and growth/migration
of the TB and is critical for the development of predictive models
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Fig. 10. Dichromatic Complex (DC) of the {1012} twinning mode highlighting the
translational symmetry vectors [1010], and [0001] used to calculate the Burgers
vector; the shear-shuffle partitioning of the twinning mechanism is also highlighted
in the DC with shuffles perpendicular (s”n“mz)) and parallel (§<ion)) to the twinning
plane.

for twinning stresses devoid of any empiricism [11,74,75]. Only a
brief description is provided here for convenience. The GPFE is cal-
culated by starting from a single variant crystal structure and in-
troducing a “disregistry” displacement u, successively on consecu-
tive K; twinning planes. The disregistry is introduced by displacing
one region of the crystal structure with respect to the other along
the twinning direction, 77;. The chosen plane across which the dis-
registry is introduced demarcates the two regions. Illustrated in
Fig. 11(a) for a FCC crystal structure, a planar disregistry is first in-
troduced on K; = {111}plane A, then on plane B, and so forth until
a twin region is formed within the single variant we started from.
At each value of disregistry, u, the potential energy corresponding

10

to the atomic configuration is calculated from DFT, yielding a point
on the GPFE curve corresponding to that u value. After introduction
of sufficient disregistry, a twinned region is nucleated and two sta-
ble TBs are formed in the structure. Consequently, the GPFE curve
exhibits a periodicity with the period equaling the magnitude of
the Burgers vector of the twinning disconnection. This periodic
region is referred to as the twin migration segment of the GPFE
curve, and the region prior to twin migration is referred to as the
twin-nucleation segment of the curve. Since all points on the curve
are often determined using computationally intensive DFT simu-
lations, it is generally sufficient to calculate critical points on the
curve such as those corresponding to the unstable twinning energy
barrier (yut), and stable twin stacking fault (y;) energy (Fig. 12).

It must be emphasized that at each point on the curve corre-
sponds to a DFT simulation of a distinct atomic configuration. And
each simulation is an equilibriation or ionic-relaxation of the struc-
ture under certain constraints. For simulation of highly-symmetric
structures such as FCC, the only constraint to be enforced is that
the atoms cannot relax along 7; and only relaxations normal to the
twinning direction are allowed. Furthermore as was discussed be-
fore in Section 1.1, sufficient symmetry is afforded by the structure
to nucleate a twinned structure without requiring shuffling mo-
tions in the simulation. However, for the HCP structure, twinning
requires considerable shuffle motions to be realized in the simula-
tion (refer Fig. 11(b)). Further, shuffling movements along 7; must
be allowed as determined in Sections 2.4 and 2.5. All simulations
in DFT are done with fully-periodic boundary conditions across all
bounding planes of the simulation box. Details on construction of
the single variant atomic structure and the periodic supercell are
elaborated in Appendix A. Relaxations allowed along 7; and other
shuffling directions are discussed later in this section.

Thus, as shown in Fig. 11(b), the twin nucleation segment of the
GPFE curve is calculated at select disregistries of u = b, 2b, 3b with
allowance of shuffles along 77 in the disregistered region of the
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Fig. 11. Faulted atomic configurations used to determine the Generalized Planar Fault Energy (landscape): (a) Atomic structures for {111} FCC twinning mode with bgcc =
1/6(112); the fault is first introduced on plane A, then plane B and so forth, nucleating a twinned region within the matrix; in the simulation all atoms are allowed
to relax/equilibriate in all directions except the direction of twinning 7j; i.e. the direction in which the fault is introduced (b) Atomic structures for {1012} twinning mode
(where bycp is same as b calculated in Section 2.5); the atoms in the shaded translucent region are allowed to equilibriate/relax in all directions since shuffles in the direction
of twinning/faulting must also be allowed; the required shuffle movements are highlighted by arrowheads at u = 3bycp where two TBs form; the twin migration regime is
calculated by introducing disregistries over the relaxed TB, accommodating the shuffle motions by allowing unconstrained equilibriation/relaxation of atoms involved in the
mechanism (up to two planes above since q = 2). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 12. Generalized Planar Fault Energy (GPFE) curve for select HCP metals: Tita-
nium (Ti), Magnesium (Mg) and Zirconium (Zr) highlighting the critical points: un-
stable twinning energy barrier,yy, at the peak of the curve and the stable minima
representative of TB energy, V.

structure. For example, at u = 2b, all atoms on the 4-planes within
the shaded region indicated in Fig. 11(b) are allowed to relax in all
directions, including along n;. Atoms on the remaining planes are
constrained from moving along n;, while allowed to relax in both
directions perpendicular to it. At u = 3b, we find that the energy
of the disregistered configuration is higher than that for a twinned
structure with 6 twinned planes. Thus at this point, a twin nucleus
is energetically favorable, and henceforth from this point we only
have twin migration. To calculate the twin-migration barrier, a dis-
registry is introduced 2 planes above the TB as shown in Fig. 11(b).
The choice of 2-planes has to do with the fact that there are q = 2
planes involved in the twinning mechanism to migrate the TB (re-
fer Section 2.4 and 2.5). A disregistry equaling u :b/2 is intro-
duced from the twinned position, capturing the peak energy bar-
rier departing from the stable TB. Atoms in these 2 planes are al-
lowed to relax in all directions, including along 7;. And as before,

1

atoms on remaining planes are constrained from moving along 7,
while allowed to relax in both directions perpendicular to it. Thus,
the GPFE for the {1012} twinning mode in HCP materials is con-
structed by selective calculation of:

A Twin nucleation energy barrier at u = 0, b, 2b

B TB energy by constructing a twinned structure at u=
3b,4b,5b,6b. This construction is based on the lattice-
orientations and lattice-offsets from Sections 2.1-2.3. The cal-
culated energies in DFT correspond to 2y, as shown in Fig. 12,
corresponding to the formation of two stable TBs within the
simulated supercell. Hence, the energy per unit area of the TB
is given by y;, reported in Table 2.

C Unstable twinning energy barrier, yu, at u=3b+ b/2,4b+

b/2, 5b + b/2 calculated by introducing disregistry on the stable
twinned structures in (B). The average unstable energy across
all the above positions are reported in Table 2.

A video of all equilibriated structures from simulations at each
of the above configurations is presented as supplementary material
(GPFE_Anim.mp4). The GPFE curve for Titanium, Magnesium and
Zirconium is presented in Fig. 12. Results for all the HCP metals
- Ti, Mg, Zr, Cd, Zn, Be, Hf are tabulated in Table 2. All simula-
tions were performed in VASP [96,97]. The energy cut-off for elec-
tronic relaxations is chosen to be 1 milli-eV, and the force cut-off
for convergence of ionic relaxation is selected as 5 meV/,?\.There
are additional details pertaining to DFT simulation such as size of
simulation box (number of atoms), determination of plane-wave
energy cut-offs, k-points, optimized lattice parameters, and shear-
ing of the simulation box for maintenance of periodic boundary
conditions. Discussion of these simulation details are deferred to
Appendix A. In Table 2, the magnitudes of the Burgers vector, twin-
ning shear and C/a ratio are based on lattice constants optimized
for DFT calculations, as discussed elaborately in Appendix A. They
closely agree with experimentally measured constants and are suf-
ficient for the purposes of the study.
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Table 2

Twinning characteristics of {1012} twinning mode for HCP metals arranged in increasing order of twinning shear magnitude.

TB energy Y (mJ/mZ)

118.9
247.8

Unstable twinning energy barrier yut(mj/mz)

Cohesive Energy per unit atom Ecoy (eV)

]

Burgers vector magnitude|b|(A)

o

Twinning shear magnitude s(A)

14

HCP metals

247.4

-1.506
—8.458
—3.765
-9.960
—7.764
-1.108
—0.745

0.509
0.597
0.463

0.135
0.157
0.175
0.182
0.185
0.230

1.619
1.601
1.587
1.582
1.580
1.943
1.957

Magnesium (Mg)
Zirconium (Zr)
Beryllium (Be)
Hafnium (Hf)

518.9

649.7

1351.5
897.2

429.8

0.679
0.63

316.3
131.0
36.1

665.4

Titanium (Ti)
Zinc (Zn)

263.0
75.6

0.785
0.955

0.245

Cadmium (Cd)
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3. Discussions
3.1. TB structure: lattice offsets (MS, CAM)

This study is focused on thorough clarification of crystallogra-
phy, structure and twinning mechanism of the {1012} twinning
mode in HCP materials. This twinning mode is of significant inter-
est due to its prominent role in mechanical response of lightweight
HCP materials. Its influence on strain-hardening [15-18], fatigue
[19-21] and fracture [98-100] have been studied extensively. At
this stage of research, a complete understanding of the TB struc-
ture and twinning mechanistics has been missing to develop a
predictive framework for the activation of this mode, in the form
of twinnability [101-103] or Critical Resolved Shear Stress (CRSS)
for twinning [75,76,104-106]. Such understanding is necessary to
propel materials design of HCP alloys where a certain twinning
propensity is intentionally engineered via tailoring of the chem-
istry, composition and microstructure. The advances made in FCC
twinning after the development of such predictive models are tes-
timonial to the potential benefit of developing an understanding to
that depth [79].

The challenges in understanding the TB structure fundamen-
tally comes from the corrugated nature of the {1012} plane and
fact that the corrugation is incommensurate between the two twin
variants (refer Section 1.1 and Fig. 2). The origin of this corruga-
tion can be traced back to the location of the motif site within
the rhombohedral cell (Fig. 2). This position does not allow suffi-
cient symmetry for the twinning plane to be atomically flat and
leads to two distinct sub-planes: L-plane constituted by atoms on
the lattice site and M-plane constituted by atoms on the motif
site. This is unlike the convenience afforded in the cubic systems
of FCC/BCC where the motif atoms within the unit cells are in
highly symmetric positions, leading to coincidence of the L- and
M- planes on a flat atomic plane. Consequently, a TB can be con-
structed as a coincident site boundary common between the two
variants. However, this is not a trivial problem as it is prevalent in
any crystal structure that is a non-single-lattice structure (i.e. has
atleast one motif site atom apart from the lattice site within the
unit cell) and possesses low symmetry e.g. martensitic structures
of shape memory alloys that commonly exhibit internal twinning
[59,61,107], twins or domain walls in ferroic materials [108,109]
and minerals [110,111].

A common way to circumvent this challenge is to assume that
the lattices of the twin variants are coincident on the twin bound-
ary. In other words, the twin variants are constructed in their re-
spective orientations and positioned such that only the lattice-site
atoms are common at the TB. Such constructions were instrumen-
tal in studying this twin-mode within atomistic frameworks, ei-
ther to analyze slip-twin interactions [73,112-114], to understand
the nucleation of the twin mode from existing defects or to study
kinetics of twinning behavior. While such a construction affords
a good starting point and sufficient fidelity, it precludes the cor-
rect construction of the TB. This has strong implications on the
TB energy that is an important physical parameter dictating the
thermodynamic stability and twinnability of this mode. It also af-
fects the calculation of the energetics of this twinning mode in
DFT. In our approach, we take a step back and treat the relative
position between the twin variant lattices as a variable, defined
as the lattice offset vector p. This concept is not new and has
recently been applied to low-symmetry TBs in martensitic struc-
tures of Shape Memory Alloys [59] in our early studies. The chal-
lenges with HCP differ from the monoclinic case (where no such
corrugations exist). The prevalent assumption of coincident lattice-
sites on the TB, interpretable as zero lattice offset (p = 0) is re-
moved in our study. Instead a non-trivial lattice offset p'#£0 is
determined unambiguously on the basis of volume-invariance of
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deformation twinning and atomistic potential energies. It explains
the formation of a common TB by relaxation of the L-plane and M-
plane into coincidence. Such a common plane has been observed in
high-resolution electron microscopy [31-33, 43,53-55] and in prior
atomic-scale simulations [22,26,30,42,56,57] but no supporting jus-
tification or explanation has been provided to date. Such a jus-
tification is necessary to progress understanding of the twinning
mechanism and corresponding twinning energy barriers. Further-
more, in the absence of lattice-offset, the energy of the TB is over-
estimated significantly. For instance, in the case of Ti, the predicted
TB energy in the absence of lattice offset would be over 20% higher
than in the presence of the right lattice offset (AE ~ 6OmJ/m2 and

E, %289.9mj/m2 as determined in Section 2.2). Such discrepan-
cies will affect the accuracy of any predictive framework for twin-
ning stresses. Also the proposed formation of the equilibrium TB
structure removes the preferential treatment given to the coinci-
dence of the lattice-sites over the motif-sites when considering
that both atoms are same in all physical respects. We further pro-
pose a method to determine this offset crystallographically (the
CAM framework). A pervasive implication of this approach is that
equilibrium TB structures can be determined by such an approach
for twins in several non-single-lattice structures in general.

3.2. Twinning mechanism: periodicity, disconnection step height and
net shuffle (MS, CAM)

Determining the right lattice offset is instrumental for deter-
mining the right twinning mechanism. It is probable that be-
cause of the ambiguity associated with this offset that multi-
ple mechanisms have emerged in the past [12,22,27,29,31,34-38,
41,42,44,57,62-64], some of which are summarized in Fig. 3 (a-c).
Further this is associated with a lack of clarity about the mini-
mum number of planes involved in the mechanism (alternatively
the “periodicity” of the mechanism), given by the magnitude of q.
The earliest propositions observed a periodicity of 24 planes (i.e.
q = 24) in the twinning mechanism based on an assumed choice
of the matrix and twin structures with zero lattice offset [27,64].
Subsequent propositions based the prediction on a crystallographic
calculation of q. For a reflection twin, as in this case, it is defined
as the number of K; = {1012} planes intersecting a “primitive” lat-
tice vector along i, = (1011)[23, 39], which in this case is [1011]
itself. Such a calculation yields q = 4 for the twinning mode. Mod-
ern topological theory improved on both propositions to determine
the smallest twinning disconnection Burgers vector b. This Burgers
vector is determined based on a fundamental property which is a
break in translational symmetry in transitioning from the matrix to
the twin, expressed in Eqs. (8) and (10) in this paper. Consequently,
the periodicity of the mechanism is determined by the step height

of the disconnection as q = hD/d, which for the {1012} TB yields
q= hD/d{loiz} =2 (from Eq. (9), calculating hp = 3.458 A, twice of
d{loiz} =1.729 A). In this approach, the magnitude of q is verified
from multiple standpoints. First the periodicity of the shuffle mo-
tions is proposed in Section 2.4. Then it is found that the TB ex-
hibits energetic degeneracy after two {1012} planes in Section 2.5.
The mechanism of TB migration is simulated using NEB, validat-
ing the number of planes involved as q = 2. Finally, a topological
calculation is also used to determine the magnitude of the discon-

nection step height hp, confirming q = hD/dnoiz} = 2, as discussed
above.

In determining the mechanism, the role of lattice offset is cru-
cial as the lattice offset determines the relative positions of the
twin variants, thereby determining the beginning and end atom
positions to twin one variant into another. The twinning mecha-
nism was determined crystallographically in Section 2.4 and then
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from atomic-scale NEB simulations in Section 2.5. It was parti-
tioned into shears and shuffles, illustrated in Figs. 8 and 9 and
in the dichromatic complex in Fig. 10. We show that the net av-
erage shuffle associated with the mechanism is zero i.e. Y §=0.
This agrees with the tenets of the classical theory of deformation
twinning [39]. We assert that a net zero shuffle is necessitated
from a macroscopic standpoint as the only motions undergone by
the material planes are exactly those corresponding to shear dis-
placements. And these shear displacements are obtained from the
twinning shear s which is a fundamental twinning element deriv-
able from crystallography, independently of the twinning mecha-
nism (refer Table 1). There can be no further movement of mate-
rial associated with the shuffle component of the twinning mech-
anism [24,37]. If the net shuffle movements of atoms are non-zero
i.e. Y §'=Shet #0, then there is an additional rigid displacement
that the material planes have effectively undergone during twin-
ning. It would contradict the crystallography and hence cannot be
admitted. In summary, we assert that any twinning mechanism,
once partitioned into its shear and shuffle components requires
>§=0, as was earlier proposed by the classical theory of twinning
[24,38,39]. The critical consideration this study improves upon is
the establishment of the right lattice offset which achieves the
zero-shuffle condition exactly, building on their contribution. Fur-
thermore, this study clarifies the lattice-to-motif shuffle exchanges
(Figs. 8(d) and 9) at the fundamental level of the unit cell of the
crystal. These exchanges emphasize the necessity to consider the
motif atom position in equal footing as the lattice site to under-
stand the TB structure and twinning mechanism, contrasting from
a preferential consideration of lattice sites alone. Note that the cur-
rent proposition establishes the best combination of parameters in
the form of the smallest g, the absence of net shuffles i.e. ¥§=0
and energetically favored volume-conserving non-trivial lattice off-
set p'# 0, across all propositions of twinning made till date (Fig. 3).
All these parameters were established unambiguously without em-
piricism and used to determine energy barriers for twinning.

An understanding of the TB structure and twinning mechanism
to this detail is required to develop ab initio predictive models.
And the first step in this direction is determination of the energy
barriers for twinning, formalized by the Generalized Planar Fault
Energy (GPFE) curve. Just as the Generalized Stacking Fault En-
ergy (GSFE) curve formalizes the energy barriers associated with
the motion of slip dislocations, and further instrumental in Peierls-
Nabarro models for critical slip stresses [104,115], the GPFE is nec-
essary to determine the critical twinning stresses, as was done
for several FCC metals in [75,76,104-106]. The atomic structures
must be established unambiguously as proposed in this study oth-
erwise energetic predictions can be significantly off, as discussed
previously in context of the lattice offset (energetic discrepan-
cies as high as 20%). Further, knowledge of the mechanism is re-
quired to know the allowable constraints in equilibriation of dis-
registered planar faults as done in Section 2.6. It is likely because
of such complexities that no attempt to determine the GPFE has
been made for this twin mode. Although a Generalized Stacking
Fault Energy (GSFE) landscape has been determined [42] to formal-
ize heterogeneous nucleation of the twin mode, the corresponding
energy barriers and critical stresses required for this mechanism
necessitate understanding of the fault energetics across multiple
planes of twinning encompassed by the GPFE landscape.

3.3. GPFE landscape (DFT)

There is a lack of GPFE in HCP metals. For all HCP materials, it
can be seen (Fig. 12 and Table 2) that the twin migration energy,
given by yrgm = (Yut — 2¥4r) 1S significantly lower than the unsta-
ble twinning barrier yy:. This implies that majority of the energy
barrier to twin in this mode goes into the formation of the stable
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Fig. 13. Correlation between the unstable twinning energy barrier, yy, and twin stacking fault energy (same as TB energy per unit area), y;s, With (a) twinning shear,
s,(b) Magnitude of twinning disconnection’s Burgers vector, |b|, and (c) Cohesive energy per unit atom calculated from DFT, Ecoy; all correlations are poor indicating that
no substitute to calculation of GPFE is, as of yet, available to predict twinnability or critical twinning stresses (the dashed lines are drawn as a fit to aid the eye). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

twin boundaries and migration of these boundaries incurs a much
lower cost. This explains the rapid migration of deformation twins
post-nucleation earlier observed in mechanical tests [64,65]. Fur-
thermore, this calculation allows us to check the correlation that is
often drawn between the magnitude of twinning shear (or Burg-
ers vector magnitude) and the twinning energy barrier. As can be
seen in Fig. 13, there is not much correlation between the twinning
shear or the Burgers vector magnitude with the magnitude of yy¢
(Fig. 13 (a,b)). The same goes with the cohesive energy (calculated
as energy per atom, elaborated in Appendix A) which, despite be-
ing an energy measure for the HCP structure, does not explain the
twinning energetics (Fig. 13(c)). Thus without a direct calculation
of the fault energy landscape, assumptions about the energy barri-
ers based on shear/Burgers vector magnitudes must be made with
considerable caution. The calculated energy barriers will be instru-
mental in developing predictive models for {1012} twinning mode
in HCP materials, and further play an instrumental role in materi-
als design of HCP alloy systems seeking to tailor the twinnability
in this mode. They can also enrich semi-empirical potentials such
as those developed in refs. [84-89], improving their capability to
capture twinning and consequent material behaviors of HCP ma-
terials. To the best of the authors knowledge, an attempt of GPFE
for a “corrugated” atomic structure has not been done before and
would be instructive to determine GPFEs of other non single-lattice
structures in general such as in martensites [59,61,107] or ferroic
materials [108,109]. Therefore, this paper paves the way for further
research in these materials.

Finally, we assert that the analysis framework developed in
this study, can be readily extended to other twinning modes
in HCP materials such as {1011}, {1121} etc. [11,22-24]. Starting
from construction of the lattices at the respective orientations in
Section 2.1 and determination of the right lattice offsets using
MS and CAM approaches (as elaborated in Section 2.2 and 2.3),
one can establish the equilibrium TB structure for these twinning
modes. The shear-shuffle mechanism can then be determined un-
ambiguously using CAM approaches (Section 2.4) and simulated
using NEB in an MS framework (Section 2.5). Ab initio energy bar-
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riers can then be calculated following the proposed framework of
DFT simulations elaborated in Section 2.6 and Appendix A. Thus,
the framework developed in this study is pervasively applicable for
other twinning modes in HCP materials allowing the development
of predictive models for these modes without any empiricism.

4. Conclusions

This study proposes a thorough clarification of the TB structure
and twinning mechanism of {1012} twinning mode in HCP mate-
rials. Challenges associated with the corrugation of the twinning
plane are addressed, and the TB structure is systematically con-
structed without invoking any empiricism. Having determined the
relative lattice orientations based on classical theory of deforma-
tion twinning, the relative positions of the matrix and twin vari-
ants is treated as a variable, the lattice offset vector p. The lat-
tice offset is determined to be non-trivial based on considerations
of atomistic potential energies and volume-invariance in twinning.
The mechanism of twinning is crystallographically determined at
this lattice offset. The mechanism is partitioned into shear and
shuffle components, yielding a net zero average shuffle Y §'=0.
Previous treatments violating this criteria have significant short-
comings. The twinning mechanism exhibits a periodicity of shuf-
fle behavior every two planes indicative of q =2 for this twin-
ning mode. Shuffle movements have been shown to occur from
lattice-to-motif positions, lattice-to-lattice positions and motif-to-
motif positions within the two planes. Equilibrium TB structures at
the calculated lattice offset are constructed and found to be en-
ergetically degenerate at separations of 2 planes. A Nudged Elas-
tic Band (NEB) simulation is performed to simulate the mecha-
nism of twinning between these degenerate positions, validating
the shear-shuffle mechanism determined crystallographically and
the magnitude of q. Under Molecular Statics (MS), the TB is found
to migrate heterogeneously by motion of a twinning disconnection
across the TB. The Burgers vector of the twinning disconnection is
determined using Topological Modeling (TM) theory, obtained as a
difference between two translational symmetry vectors in the ma-
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trix and twin variants. The corresponding symmetry vectors val-
idate the basal-to-prismatic plane transformation that has been
commonly known to occur in this twinning mode. Finally, all in-
formation pertaining to the formation the TB, the lattice offset, and
shear-shuffle mechanism are utilized to determine the Generalized
Planar Fault Energy (GPFE) landscape for several HCP metals, cal-
culated using ab initio Density Functional Theory (DFT). The com-
plexities associated with the calculation of the GPFE are laid out
explaining the lack of reported studies on the subject. It was found
that the twin migration barrier for this twinning mode is consider-
able lower than the unstable twinning energy barrier for nucleat-
ing the twin. Further the calculated energy barriers do not corre-
late with either the magnitude of twinning shear or the magnitude
of twinning disconnection’s Burgers vector, emphasizing the neces-
sity of calculated energy barriers to determine twinning propensi-
ties in different HCP materials. The understanding of TB structure,
mechanisms and methods of determining energy barriers proposed
in this study will ultimately be instrumental in design of HCP al-
loys with engineered twinning capabilities for superior mechanical
behavior.
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Appendix A. DFT simulations required to calculate the
Generalized Planar Fault Energy (GPFE) curve

An elaborate description of the construction of the simulation
box and determination of DFT parameters for the GPFE calculation
(Section 2.6) is presented here in detail, using Titanium (Ti) as an
example. For the simulations, the pseudopotential with Projector
Augmented Wave (PAW) basis wavefunctions and Perdew-Burke-
Ernzerhof parametrization of Generalized Gradient Approximation
(PBE-GGA) exchange correlation functional were employed [116].
The DFT parameters to be determined are the number of mini-
mum k-points required in the simulation and the plane-wave en-
ergy cut-off. To determine them, self-consistent-field (SCF) simu-
lations are run on the rhombohedral unit cell of the HCP crystal
structure. The experimentally measured lattice constants (which

for Ti are a= 2.9472 and c= 4.704& [90]) are used to construct
the 2-atom unit cell. The energy tolerance for convergence of the
SCF calculation is specified to be 1 meV. The simulations are run at
a series of increasing plane wave energy cut-offs and k-points, one
at a time, results of which are shown in figures Al(a) and A1(b)
respectively. The plane wave energy cut-off Ecyr is chosen to be
the cut-off at which the relaxed energy is within a tolerance of 1
milli-eV. The value is found to be Ecyr = 300meV. The k-point cut-
off is also chosen at the same tolerance, found to be 13 x 13 x 13
for the unit cell. Next, the equilibrium lattice constants consistent
with the chosen pseudopotential are to be determined. At the pre-
determined DFT parameters, multiple self-consistent energy mini-
mizations are run at a grid of values for a and c lattice constants.

The optimal lattice constants are found to be a = 2.925 Rand c=

4.621 R accurate to within 40.001 R indiciated in Fig. A1(c).
Having determined the lattice constants, a single twin variant
crystal structure is constructed for the GPFE calculation. In DFT, all
simulations of crystal structures are performed under fully peri-
odic boundary conditions. Hence a supercell must be constructed
with appropriate crystallographic directions as the bounding vec-
tors of the supercell. The lattice vectors defining this periodic su-
percell are chosen to be [1011], 1/3 x [1210] and 4 x [1012] (refer
Fig. A2(a)). The multiplicative factors indicate the scale attached
to 1 periodic distance along each lattice vector i.e. [1011], [1210]
and [1012] respectively. In other words, the supercell has dimen-
sions of 1 periodic distance along [1011], 1/3rd periodic distance
along[1210] and 4 times the periodic distance along [1012]. Pe-
riodic boundary conditions can be enforced across all boundaries
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Fig. Al. Convergence calculations for DFT parameters (a) Plane wave energy-cut off Ecyr (taking 7 x 7 x 7 k-points); the energy converges within a tolerance of 1 meV at
Ecur = 300eV (b) Number of k-points (taking Ecyr = 300eV); the energy converges within tolerance of 1 meV at 13 k-points; (c) Determination of lattice constants optimal

for the chosen pseudopotential.
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Table A1l
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DFT simulation parameters for calculation of GPFE curve for HCP metals.

Experimental lattice

Optimized Lattice constants (R)

Energy cutoff (eV)  k-Point mesh

HCP metals constants (R)

Magnesium (Mg) = 3203 cos1
[117]

Zirconium (Zr) g:glzjg 3:2127320
[118]

Beryllium (Be) ? :;;371 Z :;;ég
[119]

Hafnium (Hf) g:;;g? Z:g(l)gg
[120]

Titanium (Ti) Z :i?gz Z :iggf
(90]

Zinc (zn) =2 e 210
[121]

Cadmium (cd) 9= 272 e 2000
[122]

500 15x15x 1
500 13x13x1
375 13x13x1
250 12x12x1
500 13x13x1
500 15x15x1
500 13x13x1

(x=+u,0,L.)

(x=.0.L.) ;

Fig. A2. Construction of simulation cell in DFT: (a) Monoclinic supercell along crys-
tallographic directions; boundary conditions are periodic across all bounding planes
(b) 48-atom supercell of a single-variant (say variant A) crystal structure (c) Disreg-
istered position with u = 2b with the thin arrows representing the planes on which
disregistries have been introduced (also refer Fig. 11(b)); and the thick arrow repre-
sents the shear applied on the entire supercell to maintain periodic boundary con-
ditions across the top and bottom xy planes (d) Relaxed structure at u = 3b with
nucleated twin variant in between the dashed lines (variant B). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

of the supercell defined by these vectors, faithfully representing
a single-variant crystal structure in HCP. The number of (1012)
planes intercepted by one periodic distance along [1012] is 6, and
hence the supercell considered in these simulations has 24 planes
(1012) planes. There are two atoms on each plane and hence the
supercell contains 48 atoms.

To construct this supercell, the coordinates of the lattice vectors
must be specified in a global x-y-z system. Assuming x||[1011], we
have y||[1210] and z||ﬁ(1012). Starting from the origin of the super-
cell, the coordinates of the end-points of the aforementioned lat-
tice vectors can be determined to be of the form (Ly, 0, 0), (0, Ly, 0)
and (xz,0,L;) (refer Fig. A2(a)). Hence, we have a monoclinic su-
percell. For the calculated lattice constants for HCP Ti, we have:
Ly=6.857A, L, =2.9254, xz=9.940A and L, = 40.969A. To con-
struct the lattice, we follow Section 2.1 and specify the matrix C,L\AT
in which the columns represent the components of unit cell lattice
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vectors of the variant in the global reference frame. For the chosen
orientation and the lattice constants this matrix can be calculated
as:

-1.872 0 3.114
CHAT — | 1463 -2.925 0 (11)
1.707 0 3.414

The single variant crystal structure is created by populating
the specified simulation supercell with the crystal structure whose
lattice orientations are given by (11) and motif positions are
given from Section 2.1. The filled simulation box is shown in
Fig. A2(b) for reference. Starting from this structure, disregistries
and constraints on atomic motion are introduced as discussed in
Section 2.6. At each position of disregistry, an ionic-relaxation sim-
ulation is carried out within DFT. This simulation involves a se-
ries of self-consistent-field (SCF) calculations of electronic structure
and then updation of ionic positions based on calculated forces on
ions. The tolerance for energy convergence for SCF loops is speci-
fied as 1 meV, and the force tolerance for convergence is specified
as 5 meV/atom. The energy cut-off is specified as 500 meV in ac-
cordance with the value calculated previously. The k-point mesh is
specified as a Monkhorst-Pack k-point mesh grid of 13 x 13 x 1 k-
points. The optimized lattice constants, plane wave energy cutoff
and k-point mesh used for DFT simulations of the GPFE curve for
all HCP metals in this study are listed in Table Al. The cohesive
energy per unit atom determined by unit cell simulations at the
optimized lattice constants are also included.

The final aspect to consider is how periodicity across the super-
cell is retained as the disregistry is introduced. If a total disregistry
equaling u is introduced within the supercell, then the simulation
supercell is also sheared accordingly to maintain periodicity across
the top and bottom xy|[(1012) planes (refer Fig. A2(c)). The shear
is specified by changing the coordinates of the third lattice vector
by an amount given by: (xz,0,L;) — (xz+u,0,L;) as indicated in
the Fig. A2(c).

For potential energies in the nucleation regime (u =0, b, 2b),
the disregistry is introduced in the single variant structure ac-
cording to Fig. 11. As noted in Section 2.6, at u=3b, the en-
ergy of forming a 6-plane twin nucleus is preferred. The stable
twinned structure is constructed by inserting variant B’s crystal
structure within variant A. The lattice orientation of variant B is
given by Egs. (11) and (2), with fi=(0,0,1) in this case. Vari-
ant B’s crystal structure must be constructed at normalized lattice
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offset of (%0 =%%}7p11|-Yo =7%|1210]- % =Zo/d{1oiz} =~15). The
energy cut-off for electronic relaxations is chosen to be 1 milli-
eV, and the force cut-off for convergence of ionic relaxation is se-

lected as 5 meV/R. The relaxed TB structure at u = 3b is given in
Fig. A2(d).
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