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It is well known that interfaces play an important role in determining the mechanical response of ma-
terials. This paper focuses on the transforming shape memory alloy NiTi and is aimed towards a better
understanding of austenite-martensite interface structure (steps and dislocation arrays) and the deter-
mination of transformation stress corresponding to the translation of this interface. In the present work,
we characterize the defect content at the cubic-monoclinic interfaces via the Topological Model. The
defect-induced displacement fields are generated within the framework of the Eshelby-Stroh formalism
and further improved with Molecular Statics simulations accounting for interactions at the atomic level.
The resulting defect core disregistry fields are employed as input to a modified Peierls-Nabarro frame-
work for evaluating the transformation stress. We applied the proposed methodology to the particular
case of NiTi alloy single crystals of specific orientations and predicted the transformation stress levels in
close agreement with experiments. Moreover, the short-range interactions of dislocation core disregistry
fields are shown to be responsible for the experimentally observed non-Schmid behavior of trans-
formation stress levels. Overall, the paper represents an effort to improve our understanding of shape
memory materials considering theory, computer simulation and experiment.

© 2019 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
1. Introduction

The focus of this paper is on understanding the theoretical or-
igins of the non-Schmid behavior in a shapememory alloy reflected
by the deviation of CRSS (Critical Resolved Shear Stress), i.e. the
lattice resistance against the glide of phase transformation front,
from constant critical resolved shear stress rule. To this end, we
chose equiatomic NiTi which is the most successful and well-
known shape memory alloy. In early studies, we explained the
non-Schmid plastic flow behavior of shape memory alloys [1e5]
based on the coupling between the applied loading direction and
the non-planar dislocation core structure. By a similar analogy, the
core structures of the interfacial dislocations formed at the trans-
formation front is expected to play a key role in the anisotropic
character of CRSS levels observed in the earlier experimental works
[6e8]. The non-Schmid behavior of interfacial dislocation cores can
have two main consequences for NiTi: (i) the variation of the CRSS
as a function of the stress state as demonstrated in tension-
compression asymmetry and crystal orientation effects [3], and
(ii) it can lead to discrepancies between the favored variants in the
).

Elsevier Ltd. All rights reserved.
experiments and the predicted ones relying on the Schmid Law.
This type of a deviation from Schmid Law has been demonstrated in
NiTi [9]. Despite its importance, no comprehensive theory has been
developed on non-Schmid behavior of athermal transformation
CRSS levels as addressed in this study. The main goal of this work is
to establish a theoretical framework for determining athermal CRSS
levels in transforming materials employing the crystallographic
interface structure.

Understanding the interfaces in metals has been a major goal in
bridging microstructure and mechanical response [10e17]. The
efforts for quantifying the mechanical response of interfaces inev-
itably results in visiting the concept of dislocations and discon-
nections (dual step/dislocation character defects) [18e20] the
presence of which has been evidenced by the accompanying
Transmission Electron Microscopy (TEM) studies [21,22]. On theo-
retical grounds, a number of frameworks have been proposed to
predict these defect arrays based on the lattice parameters and
orientations of the neighboring crystals [23e25]. Distinct from the
other methodologies, the TM developed by Pond et al. [26e28]
allows one to embrace the discrete lattice structure generated at

mailto:huseyin@illinois.edu
http://crossmark.crossref.org/dialog/?doi=10.1016/j.actamat.2019.06.009&domain=pdf
www.sciencedirect.com/science/journal/13596454
www.elsevier.com/locate/actamat
https://doi.org/10.1016/j.actamat.2019.06.009
https://doi.org/10.1016/j.actamat.2019.06.009
https://doi.org/10.1016/j.actamat.2019.06.009


S. Alkan, H. Sehitoglu / Acta Materialia 175 (2019) 182e195 183
the interface employing crystal symmetry operations and is
capable of predicting not only the Burgers vector density but also
the surface step density.

The earlier investigations on transforming alloys [29e38] also
point to the fact that the defect content of austenite-martensite
transformation front can play a significant role on mechanical
behavior. Despite its importance, a theoretical methodology
incorporating atomic interactions for predicting the transformation
stress is yet to be established. Specifically, in this work, the equia-
tomic NiTi austenite-martensite habit plane and Type II-1
martensitic twin boundary structures are established via the To-
pological Model (TM) [26,39,40]. Subsequent to determination of
the associated displacement and stress fields via the anisotropic
elasticity (Stroh) formulation [41], the modified Peierls-Nabarro
framework is implemented [2,31] for theoretical CRSS value cal-
culations. In summary, the purpose of this work is to advance the
modeling of the interface motion in the presence of a defect
network without a priori assumptions and empirical constants. The
work extends previous treatments by developing a novel meth-
odology to predict the transformation CRSS levels. Ultimately, we
predict the non-Schmid behavior of transformation stress levels
associated with the austenite-martensite interface motion in NiTi
shape memory alloys yielding very close agreement with the
experimental measurements.

The paper is organized as follows: in section 2.1, we summarize
the general methodology in capsule form. Subsequently, in section
2.2, we provide the topological model and establish the misfit
strains, the defect structure and the habit plane. In section 2.3, the
displacement fields are determined and thenmodified by including
relaxation effects by molecular statics, and in Section 2.4 the
anisotropic CRSS levels are determined utilizing an energy formu-
lation. In section 3 and 4, we provide the simulation results and
discussion of the findings respectively. Finally, in section 5 we end
with conclusions. The nomenclature employed in the present work
is provided in Appendix A.
Fig. 1. Summarizes the steps taken throughout calculations in the present study to predict
underlined.
2. Theoretical modeling

2.1. General framework

The individual steps followed through the solution methodol-
ogy are summarized in Fig.1. In Fig.1, bD refers to the Burgers vector
of disconnection which also has a step character and accommo-
dates a portion of the misfit strain. On the other hand, the bLIS

stands for the dislocation Burgers vector formed as a result of the
remnant portion of the interface misfit strain which cannot be
solely accommodated by the disconnections. Meanwhile, in general
bLIS can be either associated with slip or twinning, in the particular
case of equiatomic NiTi, it corresponds to Type II-1 twinning dis-
locations. Throughout the interface characterization strategy
adopted in the present work, firstly, the atomic registry on the
terrace plane of {110} [31] family is constructed by bringing the B2
and B19’ lattices of austenite and martensite phases of NiTi into
coincidence [42]. At this step, the origin is chosen as the neutral
lattice point at which Ni atoms on both phases are coincident.
Following the geometric characterization of this reference config-
uration; the corresponding misfit strain, step height, the Burgers
vectors and the spatial frequencies of the disconnections and Type
II -1 twinning dislocations are calculated along with the accom-
panying rigid body rotation. Furthermore, an iterative convergent
calculation scheme initially proposed by Pond et al. [28] has been
employed to evaluate the habit plane indices from the reference
{110} terrace plane. Following the determination of the habit plane
and its pertinent defect content by the TM, the atom occupation
sites under interatomic force field are determined by the relaxation
calculations within the framework of MS simulations employing
Large-scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS) [43]. The interatomic force field is generated based on
the NiTi potential developed in our group [44] which can capture
the elastic stiffness tensor components in close agreement with the
experimental measurements in both austenite and martensite
the forward transformation CRSS with the employed computational models and tools



Fig. 2. (a) Shows the B2 ordered austenite lattice structure in equiatomic NiTi. (b)shows the monoclinic lattice structure (excluding shuffle motion of atoms) in equiatomic NiTi. The
dashed lines correspond to b/2 and b/3 spacings. (c) demonstrates the crystallographic orientation of the disconnection along with the step formation on the terrace plane indicated
by the dashed plane. (d)The planar view of the atomic configurations on the unrelaxed terrace plane is presented.

Table 1
The lattice constants of austenite, a0, and the monoclinic martensite, a; b; c; b
phases are tabulated [49].

a0 (Angstroms) a (Angstroms) b (Angstroms) c (Angstroms) b (Degrees)

3.015 2.889 4.120 4.622 96.3�
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phases. The displacement field associated with the Burgers vectors
of the disconnections and the twinning dislocations are embodied
within the framework of anisotropic elasticity following the semi-
nal works of Bonnet et al. and Lothe et al. [45,46] based upon
Eshelby-Stroh formalism [41,47]. The relaxation calculations are
conducted in a simulation cell of 120� 120 x 9 Å3 in both
externally-stress free and under uniaxial tensionalong [100, 110,
111, 122] and [012] crystallographic directions. These atomic scale
calculations allow us to capture disregistry fields inside the defect
cores and the CRSS levels which are associated with the trans-
formation front glide initiation.

In order to calculate the transformation CRSS levels in a precise
fashion, we invoked the modified Peierls-Nabarro framework
which is shown to yield successful predictions for the CRSS levels in
the earlier studies for slip [1,2,31,48]. This approach employs the
total energy functional embracing both long range elastic energy
associated with the interface defect array and the short range lat-
tice transformation, generalized planar and stacking fault energies
comprising the Type II-1 twinning as well as the misfit energy
barriers respectively. The resulting CRSS value corresponds to the
maximum gradient of the total energy functional with respect to
the corresponding disregistry fields. In the following subsection,
we will focus on the first step, i.e. construction of the terrace plane
from the crystallography of B2 and B19’ crystal structures via the
TM in a quantitative fashion.

2.2. Topological model and crystallography of habit plane in NiTi

The crystal structures of austenite (B2 structure-Pm3mspace
group) and martensite (B19’ structure-P21/m space group) phases
are shown in Fig. 2(a) and (b) respectively along with the corre-
sponding lattice constants which are tabulated in Table 1 [49]. As a
first attempt to calculate the indices of habit plane of semi-
coherent structure via the TM, we employed the crystallographic
orientation relationships derived based on TEM imaging studies
conducted on NiTi which suggest correspondence between the
ð110Þ����ð001ÞM planes with an angular difference of 6.5� and
the½110�����½010�M directions within a range of 2� to 4� [50]. The
terrace plane constructed based upon these orientation relations
is visualized in Fig. 2 (c) for the unrelaxed configuration.

The terrace plane plays a key role in determination of the Bur-
gers vector and spatial density of the disconnection defects as well
as the twinning dislocations in NiTi. In order to evaluate the step
height and Burgers vector content of the interface, the trans-
formation mapping matrices relating the B2 and B19’ lattices as
shown in the reference configuration of Fig. 2 (c) are constructed.
The defect density residing on the terrace plane accommodates the
planar misfit strains introduced due to the orientation and lattice
constant differentials between two abutting crystals. The planar
misfit strains are expressed in Eqs. (1) and (2) in terrace plane co-
ordinate frame of e1 � e2 � e3,as shown in Fig. 2 (c),as follows:

ε11 ¼
dð010ÞM � 2dð110Þ�

dð010ÞM þ 2dð110Þ
�.

2
(1)

ε22 ¼
dð100ÞM � dð001Þ�

dð100ÞM þ dð001Þ
�.

2
(2)

which correspond to ε11 ¼ 3.43% and ε22 ¼ 4.97%.
Considering the cubic andmonoclinic structures of the austenite

and martensite phases, the matrix Q maps the coordinates in the
monoclinic skeletal lattice to the orthonormal austenite coordinate
frame of ½110� � ½100� � ½110�shown in Fig. 2 (b) as:
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Q ¼ 1
a0

2
664 a 0 0

0 b 0
c cos b 0 c sin b

3
775 (3)

The transformation mapping, M from the austenite coordinate
frame to the martensite frame(½100�M � ½010�M � ½001�M) can be as
expressed as M ¼ Q�1A where the orthogonal coordinate trans-
formation matrix A is equal to:

A ¼ 1ffiffiffi
2

p

2
6641 �1 0
0 0 �1
1 1 0

3
775 (4)

As illustrated in Fig. 3, the disconnection type of defects reside
on the terrace plane composed ofa Burgers vector, bD, and a surface
step height, h. Based on the difference between the translational
symmetry vectors of the two phases normal to the terrace plane,
the vector bD can be calculated as:

bD ¼ ½110� � ½001�MMT ¼ �0:5473 0:2536 0:2536
�
Angstroms

(5)

in the austenite frame. The superscript “T “stands for transpose
operation. It is to be noted that throughout the present work, the
tensorial objects providedwithout any subscript, with “TP” and “M”

subscripts correspond to austenite crystal frame, terrace plane co-
ordinate frame and martensite crystal frames respectively. To this
end, the vector bDis expressed in the terrace plane, TP, coordinate
frame as:

bD ¼ �0 0:5473 0:3536
�
TP Angstroms (6)

On the other hand, the step height, h, corresponds to 2dð110Þ ¼
4:2638 Angstroms. Considering that the component of bDalong e1is
zero, the disconnection spacing which accommodates for the misfit
strain ε22 is evaluated to be equal to:

dD ¼

���bD,e2���
ε22

¼ 11:01 Angstroms (7)

In order to determine the habit plane by the TM in a self-
consistent manner, the lattice invariant shear and the
Fig. 3. (a) Shows the 3-D terrace plane geometry the tangent plane of which corresponds to
form in Eq. (17) and (18). (b)illustrates a closer view on the terrace plane depicting the disco
dislocations bLIS which accommodate the misfit strains resulting from the differences in th
corresponding lattice rotation should be incorporated into the
theoretical calculations complying with the experimental mea-
surements. The High Resolution TEM (HRTEM) imaging studies
show that in majority the Type II-1 twins dominate in martensite
phase of NiTi shape memory alloy [51]. Following up on this
experimental evidence, we modeled the lattice invariant shear
accommodating ε11strain component via introducing
bLIS ¼ 1=9½011�M Burgers vectors on consecutive ð0:72054 1 1ÞM
planes [50,52,53]. Based on this geometric condition, the spacing of
bLIS, i.e.denoted as dLIS, is calculated to be equal to:

dLIS ¼

���bLIS,e1���
ε11

¼ 11:57 Angstroms (8)

As there are two types of defects, i.e. disconnections on the
terrace plane and the Type II-1 twinning dislocations residing on
ð0:72054 1 1ÞM twin planes, the net rotation tensor, R, can be
expressed as the combined action of the individual rotation tensors
associated with the displacement fields of these defects, i.e. R1and
R2, as:

R ¼ R2R1 (9)

On geometrical grounds, the rotation axes of these tensors
coincide with the unit u1 and u2vectors which correspond to:

u1 ¼ xD (10)

u2 ¼ xLISxN (11)

where

xD ¼ �0:7071 0:7071 0
�

(12)

xLIS ¼ ½0 0 1� (13)

N ¼ �0:4556 0:6322 0:6268
�

(14)

The rotation angles of j1 and j2 about u1 and u2 axes are
evaluated as:
the macroscopic habit plane considering the net rotation expressed as R2R1 in explicit
nnections composed of step height h and the Burgers vector bD as well as the twinning
e lattice structure and orientation of the austenite and martensite phases.
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j1 ¼ tan�1
�

h
dD

	
(15)

j2 ¼ sin�1

 ���bD,e3���
2dD

!
þ sin�1

 ���bLIS,e3���
2dLIS

!
(16)

In explicit form, the rotation tensors of R1 and R2 are equal to:

R1 ¼ Icos j1 þ2u1 sin j1 þ u15u1ð1� cos j1Þ (17)

R2 ¼ Icos j2 þ2u2 sin j2 þ u25u2ð1� cos j2Þ (18)

where2 is the third order permutation tensor and 5 is outer
product operator. The net rotation acting on the reference terrace
plane normal p, i.e. parallel to e1,leads to themodified terrace plane
normal p0. Iterating the procedure constructed by the set of Eqs.
(1)e(18) results in the tabulated values of Table 2. It is to be noted
that the modified p0 vector in this particular case converges to the
habit plane normal n after the iteration step 2.

The predicted habit plane normal n¼ [0.4531 0.2759 0.8477]
deviates from the experimentally measured habit plane normal of
[0.4138 0.26878 0.8684] only by an angle of 3.80� and from [0.4044
0.2152 0.8888] predicted by the PTMC by an angle of 5.12� [53]. For
a discussion on the habit plane calculations utilizing TM and PTMC,
the reader is referred to Refs. [54,55]. In our case, considering the
close agreement between the TM theory and the experimental
measurements, we delineated the geometry employed in the MS
calculations based on the habit plane indices tabulated in Table 2.
At this stage, it is to be emphasized that in TM the Burgers vectors
associated with the interface dislocations and disconnections are
unique within the intersection of the symmetry groups of the
abutting crystals. The calculation procedure followed throughout
the forward transformation CRSS calculations incorporating the
non-Schmid character core glide resistance effects are detailed in
the following section.
2.3. Molecular statics calculations

In order to model the glide motion of Burgers vectors residing
on the terrace plane, in the present work, we employed MS cal-
culations employing the NiTi interatomic potential. A simulation
box size of 120� 120 x 9 Å3 is oriented along ½100� � ½010� �
½001�triad with periodic boundary conditions imposed on atoms
located at the two bounding ð001Þ planes and fixed displacement
conditions on the other enclosing boundaries. The reference terrace
plane of ð110Þ separates the Type II-1 twinned martensite and the
austenite phases as illustrated in Fig. 4. In delineation of the
simulation box, a twinning shear magnitude of 0.2804 along the
twinning direction of½011�M is implemented onð0:72054 1 1ÞM
twin plane in the martensitic phase. For equiatomic NiTi, the frac-
tions of twins have been demonstrated to be as 0.27 and 0.73
employing the geometrically non-linear theory of martensite
transformation [6]. Based on these resulting twin fractions, the
Table 2
Tabulates the habit plane normal p0 and the anglesj1 and j2 that have been
determined in each iteration step. It is to be noted that iteration step 0 corresponds
to the reference configuration.

Iteration Step 0 (Initial OR) 1 2

p0 [1 1 0] [0.5343 0.3640 0.7066] [0.4531 0.2759 0.8477]
j1 9.06� 14.71� e

j2 21.41� 28.66� e
twinning dislocations with a Burgers vector of bLIS ¼ 1 =9½011�Mare
introduced at an alternating spacing of 3.1 and 8.4 Å apart from the
disconnections on the terrace plane. The displacement fields
associated with the disconnections and the twinning dislocations
are generated inside the simulation box employing the linear
elastic anisotropic theory. Subsequently, a relaxation calculation is
conducted to incorporate the departures from the elastic theory
which are of substantial importance in core disregistry fields. In this
formulation, each single dislocation residing at the terrace plane
separating the two phases associated with the distinct elastic
stiffness tensors of CA

ijkl and CM
ijkl (A:austenite and M: martensite for

this particular case) generates a displacement field ui (i¼ 1,2,3) of
the form in the two domains of austenite (A) and martensite (M):

uAi ðxÞ¼
1

2p
ffiffiffiffiffiffiffi
�1

p
X6
a¼1

hAA
iaE

A
a lnðm � xþ pap � xÞ p � x>0 (19)

uMi ðxÞ¼ 1
2p

ffiffiffiffiffiffiffi
�1

p
X6
a¼1

hAM
iaE

M
a lnðm � xþ pap � xÞ p � x<0

(20)

where for a ¼ 1;2;3 the sign of h is chosen as “þ”meanwhile it is it
is taken as “-” for a ¼ 4;5;6.The constants of EAa and EMa are
determined by the boundary conditions imposing the continuity of
tractions and the displacement jump across the glide plane as will
be detailed in the following analysis. In the formulation of Eq. (19)
and (20); m corresponds to the unit dislocation line vector (either
xD or xLIS) and x is the position vector corresponding to the point at
which the displacement component is calculated. The unit normal
p of the terrace plane is directed from the martensite towards the
austenite phase. It is to be emphasized that Eq. (19) is derived based
on the equilibrium condition of Eq. (21) expressed in terms of the
displacement field components as:

sAij;j ¼CA
ijklu

A
k;lj ¼ 0 (21)

To determine the set of complex constants fpAa;AA
iagappearing in Eq.

(19), the explicit form of Eq. (21) derived within the framework of
Eshelby-Stroh formulation is invoked as:

CA
ijkm

�
mi þpAani

��
mm þpAanm

�
AA
ka ¼ 0 (22)

where

det
n
CA
ijkm

�
mi þpAani

��
mmþ pAanm

�o
¼ 0 (23)

Similarly, for the martensitic phase, the equilibrium condition
imposed on the stress field, as expressed in Eq. (24), leads to Eq.
(25) and (26) for a non-trivial solution offpMa ;AM

iag:

sMij;j ¼CM
ijklu

M
k;lj ¼ 0 (24)

CM
ijkm

�
mi þpMa ni

��
mm þpMa nm

�
AM
ka ¼ 0 (25)

where

det
n
CM
ijkm

�
mi þpMa ni

��
mm þpMa nm

�o
¼ 0 (26)

At this stage, it is to be emphasized that fpA1 ;pA2 ;pA3gand fpA4 ;pA5 ;
pA6gare the complex conjugates of each other so as the sets of fpM1 ;

pM2 ; pM3 g andfpM4 ;pM5 ;pM6 g. Provided the independent elastic stiffness



Fig. 4. (a) Shows the externally stress free configuration of the simulation box along with the initial displacement field employed for introducing the Burgers vector content
associated with the disconnections and twinning dislocations via anisotropic linear elasticity. (b) shows the same simulation box under uniaxial [100] tensile external stress field
corresponding to 5% axial strain. This configuration also corresponds to the migration of austenite-martensite interface favoring the martensite volume fraction increase.
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tensor components for the NiTi interatomic potential [44]which are
tabulated in Table 3, the numerical solutions for the sets of fpA1 ; pA2 ;
pA3g and fpM1 ;pM2 ;pM3 gare shown in Table 4.

In order to determine the anisotropic parameters ofEAa and EMa ,
the two sets of boundary conditions are employed. The expressions
in Eq. (27) and (28) impose the continuity of the normal tractions
across the interface and the displacement field respectively as
follows:

X6
a¼1

AA
iaE

A
a �

X6
a¼1

AM
iaE

M
a ¼ 0 ði¼1;2;3Þ (27)

X6
a¼1

LAiaE
A
a �

X6
a¼1

LMiaE
M
a ¼ 0 ði¼1;2;3Þ (28)

where LAia and LMia are expressed as:

LAia ¼ � pjC
A
ijkm

�
mmþ pAanm

�
AA
ka (29)

LMia ¼ � pjC
M
jikm

�
mmþpMa nm

�
AM
ka (30)

On the other hand, the absence of a line force inside the core
region and the presence of a displacement jump quantified bythe
components of a generic Burgers vectorb (it can either be of bD or
bLIS depending on the particular displacement field evaluated)
dictate Eq. (31) and (32) respectively.
Table 3
The independent elastic stiffness tensor components of austenite and martensite phases
tabulated in units of GPa [44].

CA
11 CA

12 CA
44 CM

11 CM
12 CM

13 CM
15 CM

22

146 122 35 218 120 103 �16 252
X6
a¼1

hLAiaE
A
a þ

X6
a¼1

hLMiaE
M
a ¼ 0 ði ¼ 1;2;3Þ (31)

X6
a¼1

hAA
iaE

A
a þ

X6
a¼1

hAM
iaE

M
a ¼ 2bi ði ¼ 1;2;3Þ (32)

It is to be noted that themultiplier h is taken as “þ1” and “-1” for
a ¼ f1;2;3g and a ¼ f4;5;6g respectively. The twelve unknowns of
EAia and EMia are solved based on the twelve equations introduced in
Eqs. (25), (26), (29) and (30). The resulting values are tabulated in
Table 5.

The configuration within the absence of externally applied
stresses is shown in Fig. 4 (a) which is generated upon relaxation of
the plotted displacement component fields described by Eq. (19)
and (20). Moreover, we implemented the homogeneous uniaxial
stress field upon the configuration of Fig. 4 (a)via superimposing
the corresponding displacement components described within the
framework of the anisotropic linear elastic theory in Eq. (33):

vui
vxj

þ vuj
vxi

¼ 2Sijkls
∞
kl (33)

where Sijklis the fourth order elastic compliance tensor. Eq. (33)
allows us to bridge the homogeneous applied stress field, s∞kl , and
the related displacement gradients subjected to appropriate coor-
dinate transformation operations. The s∞kl components are
, i.e. CA
ij and CM

ij (i,j¼ 1 to 6) in Voigt notation determined by the NiTi potential, are

CM
23 CM

25 CM
33 CM

35 CM
44 CM

64 CM
55 CM

66

72 �7 206 2 37 �2 41 43



Table 4
Tabulates the complex parameters of pAa and pMa for the austenite and martensite phases where i ¼

ffiffiffiffiffiffiffi
�1

p
.

pA1 pA2 pA3 pM1 pM2 pM3

0þ
i

0:77þ 0:63i � 0:77þ 0:63i � 0:62þ 0:78i 0:03þ 0:99i 0:67þ 0:74i

Table 5
Tabulates the complex parameters of EAa and EMa wherea ¼ 1varies to 6 and i¼

ffiffiffiffiffiffiffi
�1

p
.

EA1 EA2 EA3 EA4 EA5 EA6

�0.06 þ 0i 0.49 þ 0.13i 0.11 þ 0.55i 0.06þ0i �0.49 þ 0.13i �0.11 þ 0.55i

EM1 EM2 EM3 EM4 EM5 EM6

13.46 þ 23.34i 4.49 þ 6.71i 8.82 þ 19.28i �13.46 þ 23.34i �4.49 þ 6.71i �8.82 þ 19.28i

S. Alkan, H. Sehitoglu / Acta Materialia 175 (2019) 182e195188
proportionally increased till the glide of the transformation front
initiates. In Fig. 4 (b), the deformed configuration of the simulation
box under uniaxial tension along [100], at a level of 5% axial strain,
is shown along with the corresponding displacement component
fields. Similarly, in the present work, [110], [111], [122] and [012]
uniaxial tension cases are also simulated employing MS calcula-
tions. The experimentally measured CRSS levels and the habit
planes for these single crystals are tabulated in Table 6 [7]. The MS
calculations conducted in this approach provides atomistic scale
short-range energy and core disregistry information. This enables
us to calculate the theoretical CRSS levels for forward trans-
formation employing the modified Peierls-Nabarro framework as
will be further expounded in the subsequent sections.
2.4. Modified Peierls-Nabarro framework and quantification of
CRSS levels

In order to pinpoint the CRSS levels for the motion of the
transformation front under external stress tensor field corre-
sponding to uniaxial tensile loading along the [100], [110], [111],
[122] and [012]directions, we conducted modified Peierls-Nabarro
calculations considering the periodic defect content of the trans-
formation front. In order to accomplish this task, as a function of
sample orientation, a total energy functional Etot , the maximum
gradient of which with respect to the core disregistry fields corre-
sponds to theoretical CRSS levels is derived. In this framework, the
resolved shear stress acting along the shape strain direction at the
critical loading step initiating the transformation front glide is
designated as the forward CRSS for transformation.

Etot functional is composed of both long range energy terms:
elastic strain energy associated with the defect array at the trans-
formation front, i.e. Ee, and the applied work,W, as well as the short
range energy terms such as the transformation energy profile from
B2 to B19’ structure, i.e. Etrans, the planar fault energy associated
with the glide of Type II-1 twinning dislocations, i.e. Etwin, and the
misfit energy introduced by the glide motion of the
Table 6
The experimental CRSS levels of transformation under uniaxial loading for 51.5% at. Nie

Loading Orientation [100] [110]

CRSS (Transformation) 270MPa 370MPa
Measured Habit Plane

0
BB@0:8889

0:4044
0:2152

1
CCA

0
BB@0:8889

0:2152
0:4044

1
CCA
disconnections,i.e. Emis. Therefore, Etot expression can be explicitly
written as:

Etot ¼ Ee þ Etrans þ Etwin þ Emis �W (34)

Among the short range energy terms, the transformation energy
versus the transformation displacement on the basal plane {110}
<001>, denoted as u, is adapted from the earlier ab-initio calcula-
tions of Wang et al. [56]in Fig. 5 (a). On the other hand, the glide
motion of the 1 =9½110�M twinning dislocations on the consecutive
planes of ð0:72054 1 1ÞMis governed by the generalized planar fault
energy (GPFE) profile for Type II-1 twins of martensite phase. The
corresponding energy profile, i.e. denoted as g3 curve in present
work, is plotted in Fig. 5(b) based on the ab-initio calculations of Ezaz
et al. [52]. The GPFE profile in Fig. 5 (b) can be expressed as a function
of the core disregistry field associated with the twinning dislocation
as follows in Eq. (35)wherem is an integer and d3 is the translational
periodicity vector along ½011�M indicatingg3 : g3ðt þ md3Þ.

Etwin ¼
X∞

m¼�∞
g3ðtþmd3Þd3 (35)

The shear induced glide motion for disconnection Burgers vec-
torbDcan be initiated by its dissociation along <100>{110} and
<111> {110} glide systems which exhibit much lower energy bar-
riers on the generalized stacking fault energy (GSFE) surface
compared to the other potential systems (within the absence of
thermally activated mechanisms). Therefore, the dissociation re-
action for bDis expressed as:

�
0:5473 0:2536 0:2536

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

bD

/0:2937½101�|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
b1

þ 0:2536
�
11 1

�
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

b2

(36)

Based on this dissociation reaction in Eq. (36), the misfit energy
can be expressed as:
NiTi shape memory alloy is tabulated [7].

[111] [122] [012]

240MPa 285MPa 360MPa0
BB@0:2152

0:4044
0:8889

1
CCA

0
BB@0:2152

0:8889
0:4044

1
CCA

0
BB@0:4044

0:2152
0:8889

1
CCA



Fig. 5. (a) The ab-initio generated transformation energy profile shown as a function of the total transformation displacement along the multilayers of {110} <001> system based on
the earlier work of Wang et al. [56]. (b)The generalized planar fault energy (GPFE) curve generated via the glide of 1 =9½011�M twinning dislocations on the consecutive
ð0:72054 1 1ÞMplanes based on the earlier work of Ezaz et al. [52].
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Emis ¼ E1 þ E2 ¼
X∞

m¼�∞
g1ðsþmd1Þd1 þ

X∞
m¼�∞

g2ðvþmd2Þd2

(37)

where E1 andE2 are the generalized stacking fault energies intro-
duced by the Burgers vectors of b1 and b2 during the shear glide of
transformation front as plotted in Fig. 6(a) and (b).In Eq. (37), d1and
d2 are the translational periodicity vector magnitudes along
<100> and <111> directions representing the periodic charac-
ters of g1 : g1ðs þmd1Þandg2 : g2ðv þmd2Þ. In explicit terms, these
energy expressions can be described as a function of the disregistry
functions which are mathematical manifestations of the spatially
smeared out Burgers vectors within the close proximity of the
defect cores in relation with the corresponding GSFE profiles.

To determine the theoretical transformation CRSS levels as a
function of uniaxial loading direction, the Burgers vectors of
bothb1,b2 and bLIS are described as continuous spatial disregistry
functions based on the relaxed core displacement fields generated
employing the MS calculations. The disregistry fields associated
withb1, b2andb

LIScan be explicitly expressed as:

f1ðsÞ¼
b1
p

"
tan�1

�
s� s1
c1z1

	
þ ðc1 � 1Þz1

s� s1
ðs� s1Þ2 þ ðc1z1Þ2

#
þ b1

2

(38a)
Fig. 6. (a) Shows the GSFE profile along (110) [001] in equiatomic NiTi [48]via the NiTi pot
ð011Þ½111� glide system via the NiTi potential employed in the current work. At this stage, i
faults unlike the (110) [001] system. The lower unstable stacking fault energy along (110)
experimentally in Ref. [48].
f2ðvÞ¼
b2
p

"
tan�1

�
v� v2
c2z2

	
þ ðc2 � 1Þz2

v� v2

ðv� v2Þ2 þ ðc2z2Þ2
#
þ b2

2

(38b)

f3ðtÞ¼
bLIS

p

"
tan�1

�
t � t3
c3z3

	
þ ðc3 � 1Þz3

t � t3
ðt � t3Þ2 þ ðc3z3Þ2

#

þ bLIS

2
(38c)

where fs; v; tg are the parametric coordinates along the glide di-
rection of each individual defect and fs1; v2; t3g are the line center
positions. The set of free parametersfc1; z1; c2; z2; c3;z3gconvey in-
formation regarding the defect core widths as a function of loading
direction. These free parameters are determined by the regression
of the relaxed displacement field on the habit plane extracted from
the MS simulations. It is to be noted that the following conditions
are satisfied for each disregistry function:

ð∞
�∞

vf1
vs

ds ¼ b1 (39a)
ential employed in the present study. (b) shows the GSFE profile generated along the
t is to be emphasized that the system ð011Þ½111�is prone to generate intrinsic stacking
[001] favors it as the prevalent glide system of near equiatomic NiTi as demonstrated
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ð∞
�∞

vf2
vv

dv ¼ b2 (39b)

ð∞
�∞

vf3
vt

dt ¼ bLIS (39c)

The long range energy term is composed of the elastic strain
energy, Ee, of the interfacial defect array. The resultant elastic line
energy expression is given as (k, j¼ 1,2,3) [45]:

Ee ¼
ð∞

�∞

vf1
vs

Skskjpjdsþ
ð∞

�∞

vf2
vv

Vkskjpjdvþ
ð∞

�∞

vf2
vt

Tkskjpjdt (40)

where the vectors of S, V and T are the unit tangent vectors parallel
to the Burgers vectors ofb1, b2 and bLIS respectively. The resultant
stress tensor components, sjk, appearing in Eq. (40) can be
expressed as:

sjk ¼s∞jk þ s1jk þ s2jk þ sLISjk (41)

where the stress tensor components associated with the Burgers
vectors of b1, b2 and bLIS are explicitly given as:

s1jk ¼
dD

2

nX3
i¼1

�
LMkj E

A
i þ LAkjE

M
i

�
k1 �

X3
i¼1

�
LAkjE

M
i þ LMkj E

A
i

�
f1

�
X3
i¼1

sign
h
x2
�
LMjk E

A
i � LAjkE

M
i

�io
(42a)

s2jk ¼
dD

2

nX3
i¼1

�
LMkj E

A
i þ LAkjE

M
i

�
k2 �

X3
i¼1

�
LAkjE

M
i þ LMkj E

A
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�
f2

�
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sign
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�
LMjk E

A
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M
i

�io
(42b)

sLISjk ¼ dLIS

2

nX3
i¼1

�
LMkj E

A
i þ LAkjE

M
i

�
kLIS �

X3
i¼1

�
LAkjE

M
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�
fLIS
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sign
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�
LMjk E

A
i � LAjkE

M
i

�io
(42c)

where “sign [ ]” stands for the signum function. The sets of variables
ff1;f2;fLISg appearing in Eq. (42) are given as:

f1 ¼
h
sinhð2pÞdDpAi

�
x1 þ pAi x2

�i.h
coshð2pÞdDpAi x2

� cosð2pÞdD
�
x1 þpMi x2

�i
(43a)

f2 ¼
h
sinhð2pÞdDpAi

�
x1 þ pAi x2

�i.h
coshð2pÞdDpAi x2

� cosð2pÞdD
�
x1 þpMi x2

�i
(43b)
fLIS ¼
h
sinhð2pÞdLISpAi

�
x1 þ pAi x2

�i.h
coshð2pÞdLISpAi x2

� cosð2pÞdLIS
�
x1 þpMi x2

�i
(43c)

meanwhile the set of variablesfk1; k2; kLISg corresponds to:

k1 ¼
h
sinhð2pÞdDpAi x2

i.h
coshð2pÞdDpAi x2 � cosð2pÞdD

�
x1

þ pMi x2
�i

(44a)

k2 ¼
h
sinhð2pÞdDpAi x2

i.h
coshð2pÞdDpAi x2 � cosð2pÞdD

�
x1

þ pMi x2
�i

(44b)

kLIS ¼
h
sinhð2pÞdLISpAi x2

i.h
coshð2pÞdLISpAi x2

� cosð2pÞdLIS
�
x1 þpMi x2

�i
(44c)

Lastly, the term, W, is defined as the work done on the three
glide systems of b1, b2 and bLIS Burgers vectors by the resolved
applied glide shear stresses. On mathematical grounds, this is
expressed as:

W ¼ðb1Þks∞kj pj þ ðb2Þks∞kj pjþ
�
bLIS

�
k
s∞kjNj (45)

Following the construction of the Etot functional, the forward
CRSS is determinated as the maximum of the normalized glide
resistance among the three concerted disregistry distributionsf1ðsÞ,
f2ðvÞ and f3ðtÞ which are formulated as:

CRSS ¼ max

 
1

maxðfiÞ
vEtot

vfi

!
L ði ¼ 1;2;3Þ (46)

where the trigonometric factor Lprojects the maximum normal-
ized gradient of the total energy functional to the active habit plane
- shape strain system following the convention for the reported
CRSS levels in the earlier literature [7].

3. Modeling results

In this section, the MS simulation results are provided which
give a detailed theoretical insight on the interaction between the
uniaxial loading direction and the interface defect core structures.
The relaxed differential displacements among the neighboring
atoms at the interface calculated via MS simulations for the exter-
nally stress-free and uniaxially loaded configurations are of para-
mount importance in generating the parametric disregistry fields of
f1ðsÞ, f2ðvÞand f3ðtÞ. Based on this rationale, in Fig. 7, we plot the
differential displacement maps (DDM) formed within the close
neighborhood of the habit plane of equiatomic NiTi in externally
stress-free and uniaxial [100] tension case as a demonstration of
the methodology implemented. In the DDM technique, the
normalized relative interatomic displacements which exhibit the
same trend as the displacement gradients, are projected along a
specific direction; therefore allowing us to represent the corre-
sponding 3-D field on a particular plane [57]. In this study, the
relative displacements between the neighboring atoms are pro-
jected on the normalized b1 direction and the length of the pointing
arrow is proportional to its magnitude. It is to be noted that similar
analogy can be also established for either b2 or bLIS vectors.



Fig. 7. (a) Shows the relaxed differential displacement field projected on ð001Þplane in externally stress-free configuration. (b)shows the relaxed differential displacement field
projected on ð001Þplane under uniaxial tension along [100] corresponding to an axial strain magnitude of 5%. It is to be noted that as a result of applied loading, the volume fraction
of martensite increases which is a consequence of shear-coupled motion of the disconnections and the migration of Type II-1 twins accompanying.
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As can be seen in Fig. 7 (a),in the externally-stress free config-
uration, the relaxed displacements are mainly concentrated in the
martensitic structure. The presence of Type II-1 twins has a sig-
nificant role in this behavior. Furthermore, the localized displace-
ments on the disconnection steps are associated with the
disconnection Burgers vectors. As shown in Fig. 7 (b), the DDM plot
exhibits intense localizations within the close proximity of the
austenite-martensite interface under a uniaxial external stress field
along [100] (at a 5% axial strain magnitude). The elastic misfit
strains associated with the differential in the elastic constants of
the two phases as well as the glide of disconnections and twinning
dislocations accompanying the martensitic transformation are
responsible from these localizations.

The set of free parameters fc1; z1; c2; z2; c3; z3g corresponding to
[100], [110], [111], [122] and [012] uniaxial tension cases are
determined by multi-linear regression of the relaxed displacement
fields at the habit plane. The resulting values are tabulated in
Table 7 along with the central points ofs1, v2 andt3. Moreover, the
corresponding theoretical CRSS levels are included in Table 7. The
free parameters exhibit anisotropic behavior reflected by the
varying core shapes as a function of loading direction. In order to
visualize this difference in core spreading, the concept of infini-
tesimal dislocation density which is initially introduced by Eshelby
[58] is visited. On mathematical grounds, the infinitesimal dislo-
cation density, ri, for a disregistry field of fi (i¼ 1,2,3) is defined as:

r1 ¼ vf1ðsÞ
vs

(47a)
Table 7
The set of free parameters in Eq. (38) fitted from the differential displacement
mappings of the molecular statics calculations as a function of crystallographic
uniaxial loading direction. The theoretical CRSS levels are also included. The ‘T’
symbol stands for tension.

[100] T [110] T [111] T [122] T [012] T

c1 4.3 3.1 4.5 4.0 3.7
z1 2.3 1.5 2.6 2.0 1.7
c2 3.8 2.9 4.1 3.2 2.9
z2 2.9 2.0 3.3 2.7 2.3
c3 2.9 1.9 3.2 2.6 2.2
z3 3.3 2.1 3.6 4.9 2.6
s1 =a0 �6.6 �4.6 �5.3 0.6 �3.6
v2 =a0 �5.8 �6.3 �4.5 2.7 �1.6
t3 =a0 �7.2 �3.6 �3.0 �5.6 �3.3
CRSS (Theory) 290MPa 380MPa 225MPa 300MPa 340MPa
r2 ¼ vf2ðvÞ
vv

(47b)

r3 ¼ vf3ðtÞ
vt

(47c)

Following the regressed free parameters and the experimentally
measured CRSS levels, the core spreadings at the habit plane are
shown for the two tension sample orientations of [100] and [110].
These two cases are particularly chosen as the experimental for-
ward transformation CRSS levels exhibit almost a 100MPa differ-
ential in between. The infinitesimal dislocation densities are
plotted as a function of spatial coordinates for the [100] sample in
Fig. 8 (a) as well as for the [110] sample in Fig. 8(b) employing
differential displacements fromMS simulations. Close examination
of both plots show that the max. intensities of the dislocation
densities and the core widths differ significantly in these two
benchmark cases. For example, meanwhile the max (r2) is 0.21b2
for the [001] sample, it drops drastically to 0.10 b2for the [110]
sample implying a smeared out disregistry field for the [001]
sample.
4. Discussion

The present work presents a novel approach to the determina-
tion of CRSS for forward transformation in shape memory alloys
focusing on the particular case of the welleknown NiTi.In the
present work,the key role of the defect content at the habit plane
structure is determined by employing the topological model and
the anisotropic elasticity in addition to the MS relaxation calcula-
tions. The resulting CRSS levels for the forward martensitic trans-
formation are plotted as a function of single crystal loading
orientation in Fig. 9 alongwith the experimentally measured values
which are also tabulated in Table 5. The close agreement with the
experimental measurements indicate the robustness of the meth-
odology adopted. Both experimental measurements and theoretical
calculationsdemonstrate that forward transformation CRSS levels
exhibit an increase towards the [110] pole. On the other hand, the
CRSS levels drop by approaching the [100]-[111] symmetry line.
This trend can be ascribed to the distinct spreading of the defect
cores under varying applied loading directions as demonstrated in
Fig. 8. Increasing of the core width and smeared out disregistry
intensities are prone to lower the forward transformation CRSS
magnitudes. At this stage it is to be noted that the large deforma-
tion gradients localized at the defect cores necessitate the short-



Fig. 8. (a) Shows the three dislocation density fields of r1,r2 and r3corresponding to the [100] tension sample. The maximum among the densities is evaluated at r3 (twinning
dislocation density) with an intensity of 0.19. Meanwhile, r1 and r2 intensities exhibit a 0.10 peak level. (b) shows the three dislocation density fields of r1,r2 and r3 corresponding
to the [110] tension sample. Distinguishingly from the [100] tension sample, the maximum r3 intensity level corresponds to 0.24 meanwhile the peak levels of r1 and r2 are 0.14 and
0.21 for the [110] sample. The high intensities of the disregistry fields in the [110] sample is reflected as a significant elevation in CRSS levels as can be seen in Table 5 and Fig. 9.

Fig. 9. The experimental measurements of forward transformation CRSS levels for
51.5 at.% Ni-NiTi [7] and the theoretical predictions evaluated based on the modified
Peierls-Nabarro framework is plotted as a function of single crystal orientation sub-
jected to uniaxial tension. The corresponding habit planes are also tabulated in Table 5.
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range interatomic interactions to be accurately described in addi-
tion to the long range energy terms. To this end, the atomistically
informed disregistry fields substituted into the GPFE and GSFE
energy profiles play a key role in the accuracy of the resulting
transformation CRSS levels.

Fig. 9 shows that the non-Schmid transformation response in
NiTi can lead to more than 160MPa stress differential among the
sample orientations simulated based on the available experimental
datawhich corresponds to a 72% relative anisotropic difference. The
extent of this deviation from Schmid law is very substantial and
should be considered in any modeling efforts with NiTi shape
memory alloy. Many of the polycrystalline NiTi materials undergo
drawing or rolling operations and possess a [111] crystallographic
texture [59], i.e. the majority of the grains are oriented in the [111]
direction. An intrinsically low CRSS for transformation with mod-
erate plastic slip resistance [5,60] translates to a favorable func-
tionality for the [111] case compared to other orientations.

The description of the transformation stress does not conform to
a single constant CRSS criterion for NiTi as the dislocation and
disconnection network reticulating the habit plane exhibit non-
planar core spreading. As an outcome, any of the resolved
stresses acting along the three disregistry fields of f1ðsÞ, f2ðvÞ and
f3ðtÞ may dictate the CRSS level considering the intricate nature of
the displacement pattern developed. Close examination of the
presented results reveal that smeared out disregistry fields facili-
tate the transformation front motion which is reflected by a lower
CRSS level. A similar effect has also been identified in the glide
behavior of screw dislocations in an earlier work focusing on slip
mediated plasticity in NiTi [48]. Among the previous treatments
focusing on martensitic transformation pathways, the role of dis-
locations is emphasized profoundly in the Bogers-Burgers mecha-
nism [61]. On the other hand, the earlier literature invoking this
mechanism has evolved around the fcc to hcp and bcc to hcp
transformations [62,63]. As a novelty, in the present work, we
employed the TM in characterizing the role of interfacial defects in
martensitic transformation of NiTi from B2 to B19’ with a Type II-1
twinned microstructure. The faceted structure of the habit plane
imposes consideration of the disconnections in addition to the
dislocations. Furthermore, as the climb component of disconnec-
tion Burgers vector is necessary in advancing the transformation
front [54], the complete external stress tensor in addition to the
glide shear stress term is necessary in the theoretical calculations.
In the present work, this task is accomplished by providing the
atomistically informed defect core disregistry fields into the total
energy functional which enables us to calculate the theoretical
forward transformation CRSS levels without any empirical
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constants. Moreover, consideration of the complete applied stress
tensor enables us to predict the anisotropy involved in the theo-
retical CRSS magnitudes which is shown in Fig. 9. The present
analysis demonstrates that the disregistry distributions associated
with the disconnections and the Type II-1 twin dislocations play a
significant role in the transformation CRSS levels. The glide of Type
II-1 twinning dislocations which accommodate a significant
portion of the misfit strain as well as promoting the lattice rotation
is necessary for generation of the habit plane geometry in NiTi.
Recently, motivated by the compatibility conditions of the two
phases [64,65], Sittner et al. [34,35] have addressed that plastic
deformation gradients may arise in the neighboring austenite
phase during the transformation front glide. This surmise complies
with the findings of the present work and explain the degradation
of the functional performance [66,67]. To this end, further research
is necessary on the role of habit plane defect structure in stress and
thermal hysteresis of shape memory alloys. Meanwhile the effects
of strain rate and temperature on the CRSS for transformation are
beyond the scope of the present analysis, the calculated theoretical
CRSS levels in the present work can be employed as the athermal
component of the lattice resistance against the austenite to
martensite phase transformation in case thermally activated pro-
cesses are dominant [68,69]. As the temperature and the local
stress state is assumed to govern this transformation path [56,70],
with an accurate description of the first and second neighbor
interatomic interactions along with the local stress state derived
based on the interfacial defect structure at finite temperature, the
anisotropic variation of CRSS levels as well as the transformation
window can be predicted in NiTi shape memory alloys
[68,69,71e73].
5. Conclusions

The following conclusions can be drawn from the present work:

(i) The CRSS values for transformation are calculated by
employing the defect structures of the austenite-martensite
interface under varying tension loading directions. The
resulting CRSS values are shown to be in close agreement
with the experimental measurements and exhibit a variation
which extends 160MPa (or nearly a factor of 1.7 change in
CRSS).

(ii) Within the framework of topological model, {0.85 0.45 0.27}
family habit planes are shown to be generated by the rotation
of the {110} terrace planes. The Burgers vectors of interface
disconnections and Type II-1 twinning dislocations are calcu-
lated to be as<0.25 0.25 0.54> and1=9½011�Mrespectively. The
average spacing of both defects which accommodate misfit
strains, are calculated to be 11.5 Å.

(iii) The non-Schmid response of NiTi shape memory alloy re-
flected by anisotropic transformation CRSS levels are evalu-
ated to be closely linked with the short-range interaction
between the interfacial defect core and applied loading. The
wider defect cores are calculated to decrease the forward
transformation CRSS levels.
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Appendix A

CRSS Critical Resolved Shear Stress
GSFE Generalized Stacking Fault Energy
GPFE Generalized Planar Fault Energy
A Austenite phase
M Martensite phase
TP Terrace plane
a0 Lattice constant in B2 ordered cubic austenite phase
a;b;c Lattice constants in B190 ordered monoclinic martensite

phase
b The angle between the translational symmetry

directions with the constants of a and c
Q Coordinate transformation matrix from monoclinic

skeletal lattice to austenite frame
A Orthogonal rotation matrix in austenite phase
M Coordinate transformation matrix from monoclinic to

austenite coordinate frame
e1 � e2 � e3 Terrace plane coordinate frame
h Interfacial disconnection step height
bD Disconnection Burgers vector
xD Disconnection unit line vector
bLIS Type II-1 twinning dislocation Burgers vector
xLIS Type II-1 twinning dislocation unit line vector
dD Spacing between the interfacial disconnections
dLIS Spacing between the interfacial twinning dislocations
ε11, ε22 Misfit strain components in terrace plane coordinate

frame
p The unit normal to the terrace plane
p0 The unit normal of the rotated terrace plane
n The unit normal to the habit plane
N The unit normal to Type II-1 twinning plane
R Net rotation tensor corresponding to the terrace plane
R1 Rotation tensor associated with the disconnections
u1 Unit vector along the rotation axis of R1
j1 The angle of rotation about u1
R2 Rotation tensor associated with the twinning

dislocations
u2 Unit vector along the rotation axis of R2
j2 The angle rotation about u2
2 Third order permutation tensor
b1, b2 The Burgers vectors formed by dissociation of bD

b Generical Burgers vector
s∞ij The externally applied stress field components
s1ij , s

2
ij, s

LIS
ij The local stress fields associated with the Burgers

vectors of b1, b2, b3
u Elastic displacement field vector
m Generic line vector of the disconnection/dislocation
x Position vector
CA
ijkl The fourth order elastic stiffness tensor of austenite

phase
CM
ijkl The fourth order elastic stiffness tensor of martensite

phase
Sijkl The fourth order elastic compliance tensor
pAa , A

A
ia, E

A
a , L

A
ia Complex constants of Eshelby-Stroh formalism in

austenite phase
pMa , AM

ia , E
M
a , LMia Complex constants of Eshelby-Stroh formalism in

martensite phase
k1, k2, kLIS Stress field expressions related to s1ij, s

2
ij , s

LIS
ij

f1, f2, fLIS Stress field expressions related to s1ij , s
2
ij, s

LIS
ij

Etot Total energy functional
Etrans Transformation energy
Ee Elastic strain energy
Etwin Short range atomic misfit energy of Type II-1 twinning



S. Alkan, H. Sehitoglu / Acta Materialia 175 (2019) 182e195194
Emis The net short range atomic misfit energy of
disconnection

E1 The misfit energy associated with b1
E2 The misfit energy associated with b2
W The net work applied on the disconnections and Type II-

1 twinning dislocations
g1, g2 The GSFE profile variables along b1 and b2
g3 The GPFE profile variable along bLIS

f Disregistry field
ci, zi Core width parameters
u Total transformation displacement
s, v, t Parametric coordinates along b1, b2 and bLIS vectors
s1, v2, t3 Centroids of the f1, f2 and f3disregistry fields
S, V, T Unit tangent vectors along b1, b2 and bLIS vectors
r Infinitesimal dislocation density field
d1, d2, d3 The distance of translational symmetry along b1, b2 and

bLIS

L Geometrical projection factor

Appendix B. Supplementary data

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.actamat.2019.06.009.
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