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a b s t r a c t

The NiTiCu alloys belong to a class of materials with excellent shape memory properties. The limitations
in shape memory properties arise due to onset of slip at interfaces and also in austenite domains. As slip
mediated plasticity is a source of irreversibility, it is imperative to understand the glide resistance of
austenite which can be rather complex. In this paper, we develop a model to precisely derive the CRSS for
slip substantiated with the uniaxial loading experiments on single crystals in a wide range of orientations
employing Digital Image Correlation. We illustrate the core spreading of {011}<001> dislocations and
evaluate the role of non-Schmid stress components which introduces profound anisotropy in CRSS levels.
The model matches the experimental findings in single crystals with excellent agreement. The theory
and experiments show significant crystal orientation dependence of plasticity which must be taken into
account when designing with these alloys.

© 2018 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Research activities on a scientific understanding of shape
memory alloys (SMAs) have been vigorously pursued [1,2] since the
discovery of these alloys in the 1950s [3]. Many symposia
(including the ICOMAT and ESOMAT series) have been devoted to
shape memory alloys in the quest to understand their functional
properties. All SMAs undergo stress-induced martensitic trans-
formations that are recoverable [4], but inmost cases the amount of
recoverability falls short of the theoretical levels. The bedrock of
these alloys still remains the near atomic NiTi which exhibits
exceptional properties such as superelasticity and shape memory.
Superelasticity represents transformation under stress cycling at
constant temperature [5], while shape memory refers to trans-
formation under temperature cycling at constant stress [6]. The
previous foci on SMA research have been on experiments to mea-
sure the transformation strains and stresses, transformation hys-
teresis as well as continuummodelling of transformation and more
recently atomistic studies [7,8]. These works are all foundational
and too many to list. On the other hand, it is now clear that further
studies are needed to understand the plasticity behavior as it

curtails the reversibility in this class of materials [9e15]. Charac-
terization of plastic response in SMAs is a topic still at its infancy
linkedwith the fact that the evolution of plastic deformation during
transformation is highly localized and governed by complex stress
states introduced at interfaces. These complex stress states are
comprised of varying shear and normal character non-glide stress
components as well as the glide shear stress acting along the
activated slip system. In this study, we focus on the well-known
NiTiCu alloys to understand the development of slip mediated
plasticity in a homogenous material by utilizing single crystals. We
undertook an experimental program of tension and compression
stress states with different sample orientations. We chose cases
where deformation develops without transformation to pinpoint
the stress state effects. The work combines atomistic modelling
with a continuum treatment of dislocations to develop a yield cri-
terion for NiTiCu alloy.

The NiTiCu alloys exhibit a narrow hysteresis, low trans-
formation stress levels and higher Af (austenite finish) tempera-
tures compared to the well-known NiTi [16,17]. These favorable
attributes can be utilized in specific applications. Because they
possess improved elastic compatibility at austenite-martensite in-
terfaces compared to other SMAs [16,18], this can potentially impart
favorable fatigue response. However, the NiTiCu is not as widely
used as NiTi in industrial applications. Why? Apart from the limi-
tations in bio-medical applications due to unfavorable corrosion/
ion release, and the difficulty to coldwork to increase plastic flow
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resistance, the NiTiCu exhibits smaller transformation strain near
6.6% [19e21] compared to NiTi and these strain magnitudes are
smaller in comparison to theoretical predictions based on
phenomenological theories [22]. This is possibly because
dislocation-mediated slip can readily develop concurrently with
stress-induced martensite especially at interfaces due to misfit
strains. The localized slip effects can adversely impact shape
memory functionality under cycling and degrade the fatigue
impedance. These findings warrant a closer look at the intrinsic slip
resistance of NiTiCu which is relatively unexplored. To interrogate
the role of orientation and stress-state effect on dislocation-slip in
isolation, it is imperative to conduct experiments at temperatures
where slip occurs in the absence of transformation. Such experi-
ments would permit the identification of the activated slip systems
accurately and the determination of local resolved shear stress
magnitudes. It is well known that CRSS (Critical Resolved Shear
Stress) for slip may not correspond to a unique value and could
exhibit strong orientation dependence, i.e. non-Schmid behavior.
Based on this predicament, establishing a detailed understanding
of slip resistance in this class of alloys and its precise determination
is the topic of the current paper.

A primary reason for the non-unique CRSS levels in metals is
that the dislocation core exhibits a non-planar structure and
interplay with the applied stress components. The notion of a
spread dislocation core is illustrated in Fig.1 (a) and (b) which show
two hypothetical cases with the same Burgers vector b and distinct
core structures: planar and non-planar respectively. As can be seen
in Fig. 1 (a), for a planar dislocation, the lattice disregistry is
confined to the slip plane. In this configuration, dislocation motion
commences as the glide shear stress acting along the active slip
system reaches a unique CRSS level (excluding glide resistance
asymmetry dictated by the crystallographic symmetry arguments
such as <111>{112} twin-antitwin slip asymmetry in bcc materials
[23]). In contrast, for the non-planar cores as in Fig. 1 (b), the cor-
responding disregistry field extends over the conjugate planes
which is the major reason for the interaction of core displacements

with the non-glide stress components as well as glide shear stress.
In order to activate glide motion, the dislocation core tends to
widen and increase its planarity under applied stress which de-
creases the crystal lattice resistance. To this end, as shown in Fig. 1
(c), the non-planar dislocation core requires in general a greater
resolved shear stress to glide along the potential slip system
compared to a planar one.

The major slip system in the NiTiCu alloys is {011} <100>where
the dislocation core is expected to extend over multiple planes
exhibiting a non-planar structure as in NiTi [14,15]. Inside the core
region, the corresponding fractional dislocation arrangements are
expected to interact with both glide and non-glide stress compo-
nents leading the CRSS levels to exhibit strong anisotropy as a
function of the loading state and single crystal orientation. In fact,
even the sense of uniaxial loading whether it is tensile and
compressive plays a key role and may cause significant differences
in the CRSS levels for slip, denoted as tension-compression asym-
metry [23]. Therefore to characterize plasticity in NiTiCu, there is a
need to forward a generalized yield criterion that does overcome
the limitations of the Schmid law. Following this motivation, in this
work, uniaxial tension and compression experiments are con-
ducted on single crystals of NiTiCu to precisely determine the
resolved shear stress at the onset of slip. A wide range of single
crystal orientations encompassing the stereographic triangle, i.e.
[001], [012], [011], [112], [123], [122] and [111], have been loaded
under uniaxial tension and compression. This enabled us to draw a
descriptive picture of the complex slip behavior of NiTiCu alloy.
Notably, the results show that the variation of the resolved shear
stress at the onset of yielding can vary by almost a factor of 2 which
is significant and should be incorporated in any design efforts with
NiTiCu.

On theoretical grounds, bcc based alloys exhibit non-planar
core structure [23]. In the particular case of NiTi, it has been
shown that the CRSS levels for the a [001] (a: lattice parameter)
dislocation to glide on a {110} family plane may exhibit strong
interplay with the applied stress components whether they are of

Fig. 1. (a) shows a planar dislocation structure with a Burgers vector b in RH/FS convention. It is to be noted that only the glide shear along the slip system governs on the CRSS level
for planar structure dislocations. (b) shows a non-planar core structure for the same Burgers vector b. In this case, the core extends over multiple planes and the CRSS levels are
affected by both glide and non-glide stresses. (c) shows the generic resolved shear stress vs resolved shear strain curves of planar and non-planar core structures along the active
slip system.
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glissile or non-glissile character [14,15]. On the other hand, a
detailed theoretical framework which is capable of explaining the
break-down of Schmid law at the onset of plastic flow in NiTiCu is
yet to be established. Based on this motivation, in the present
work, we aim to establish a formulation which can embrace the
energy variation under applied stress in terms of both the dislo-
cation field and atomistic scale displacements inside the disloca-
tion core.

Meanwhile continuum theory of dislocations is employed to
construct a long-range energy formulation, a modified Peierls-
Nabarro expression which encompasses the lattice anisotropy
involved, is derived to accurately determine the core extension at
the atomistic scale. To accomplish this task, first-principles calcu-
lations, namely Density Functional Theory- DFT, are invoked to
generate the Generalized Stacking Fault Energy-GSFE-profile along
the {110}<001> slip system [24]. The resolved shear stress acting
along the active {110} <001> glide system at the instant of van-
ishing convexity of the total energy expression enables us to
determine the anisotropic CRSS levels for slip in NiTiCu. The
resulting theoretical predictions are shown to be in excellent
agreement with the experimental measurements suggesting the
robustness of the underlying methodology.

Extending this novel theoretical framework fostered with both
atomistic and continuum scale variables to the more general stress
states paves the way to construct a generalized yield criterion for
NiTiCu. This modified criterion helps us to incorporate the contri-
bution of both glide and non-glide stress components liberating the
theoretical predictions from the limitations of Schmid law which is
solely based on the presence of a hypothetical unique critical glide
shear stress [25]. This modified yield criterion serves as a profound
improvement over the earlier crystal plasticity efforts [26,27] based
on Schmid law as the anisotropic slip onset behavior can be
captured with higher accuracy. In parallel with these efforts, an
anisotropic yield parameter h is defined as a measure to directly
compare the extent of anisotropy in yield surfaces on numerical
grounds.

Considering that the transformation temperatures and the glide
resistance are of paramount importance in optimizing the func-
tional performance of NiTi based shape memory alloys, addition of
a ternary element stands out as a beneficial method for achieving
this goal [20]. A rich literature has also evolved showing that
ternary alloying element additions such as Au, Pd, Pt introduce an
increase in the Ms temperature [28e32]. In contrast, the ternary
elements of Co, Fe, Mn, Al, Cr and V are known to lower Ms [31,33].
For Cu compositions lower than 20 at.%, the two stage trans-
formation in NiTiCu lead to different trends in response to Cu
alloying. MeanwhileMs temperature for B2 to B19 transformation is
promotedwith Cu addition, an opposite trend is observed for B19 to
B19’ [34,35]. In both cases, Ms temperature can be predicted
employing Clausius-Clapeyron slope based on transformation
latent heat measurements [36,37]. On the other hand, the effects of
ternary alloying elements on the slip resistance has yet to be
established for NiTiCu based shape memory alloys. In this work, we
interrogate on the addition of Cu effect with experiments and

theory encompassing a wide range of sample orientations that is
missing in the literature.

Associated with plasticity, there is a redistribution of internal
stresses which can produce residual austenite and residual
martensite as well as affecting the variants that are contributing to
the shape memory process [38]. There is also an important dis-
cussion on the role of plasticity in assisting heterogeneous trans-
formation [39]. Consequently, the present work aims to instigate
further studies on characterization of dislocation mobility in SMAs
which plays a prominent role in the functional properties of this
class of materials. The theory developed is checked against new
experimental results for 14 single crystal orientations under uni-
axial tension and compression stress states. Taken as a whole, the
paper represents a comprehensive collection of new experimental
results and theoretical predictions.

2. Experimental methods

The material was originally cast with atomic percentages of
49.5 at.% Ti, 9.1 at.% Cu and 41.4 at.% Ni. Single crystals were grown
in an inert environment by Bridgman technique. The single crystals
were solutionized for 1193 K for 24 h followed by water quench.
This heat treatment results in transformation temperatures of
As¼ 273 K, Af¼ 304 K, Ms¼ 294 K and Mf¼ 262 K which are
determined by conducting heating-cooling cycles at a rate of 10 K/
min by Differential Scanning Calorimetry (DSC). At this stage, it is to
be emphasized that in NiTiCu, a two-stage transformation path is
observed such that (i) B2 to B19 and (ii) B19 to B19’. On the other
hand, we will not demarcate the successive transformation stages
as the corresponding peaks are inseparable in DSC analyses for the
solutionized sample [40e42] and our main focus is on the dislo-
cation mediated plasticity in austenite phase of B2 structure.
Following the heat treatment, the crystallographic orientations of
samples were determined with Electron Backscatter Diffraction
(EBSD) by JEOL 7000 F Scanning Electron Microscope (SEM). We
have selected several crystal orientations and conducted multiple
experiments to ensure the repeatability of the results. The uniaxial
loading orientations focused in this study are [012] in tension and
[123], [122], [112], [011], [111], [001] in tension and compression.
Therefore, a detailed coverage of the stereographic triangle is ob-
tained which allows for a thorough interrogation of the contribu-
tion of glide and non-glide resolved stresses on the anisotropic slip
behavior in NiTiCu.

The crystallographic orientations of the samples are provided in
Table 1 employing the orthonormal sample frame E1 " E2 " E3
demonstrated in Fig. 2. The sample orientations are described such
that E2 is parallel to the unit normal of the plane along which the
uniaxial loading acts and E3 is parallel to the normal of the surface
on which the axial strain field is generated by employing Digital
Image Correlation (DIC) technique. The effect of the applied stress
state is calculated employing the orthonormal dislocation frame
e1 " e2 " e3 inwhich e2 and e3 are parallel to the slip plane normal
and glide direction vectors.

Table 1
Shows the crystallographic vector triads which are parallel to the E1 " E2 " E3 sample frame base vectors for each sample orientation. It is to be noted that the
triad E1 " E2 " E3 is same for tension and compression samples of a specific loading orientation.

[011] Sample [111] Sample [123] Sample

½1 5 5$ " ½0 1 1$ " ½10 1 1$ ½3 4 7$ " ½1 1 1$ " ½11 10 1$ ½0 3 2$ " ½1 2 3$ " ½5 2 3$
[122] Sample [112] Sample [012] Sample

½0 1 1$ " ½1 2 2$ " ½411$ ½1 1 0$ " ½1 1 2$ " ½1 1 1$ ½4 2 1$ " ½0 1 2$ " ½5 8 4$
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The uniaxial tension and compression experiments are con-
ducted employing an MTS servo-hydraulic load frame with an
average strain rate of 5% 10"5 s"1. The experiments are conducted
at 393 K ensuring the B2 ordered austenitic structure. Tensile dog
bone samples employed are of 8mm gage length with 1.5mm
thickness meanwhile compression sample dimensions are of
8mm% 4mm x 4mm. The experimented samples are cut by
Electro Discharge Machining (EDM). The in-situ full-scale defor-
mation field is generated by DIC technique employing a CCD
camerawhich tracks a special pattern deposited onmirror polished
sample surfaces with a resolution of 3microns/pixel. The resulting
displacement and strain fields are utilized to pinpoint the onset of
slip and tomeasure the CRSS levels acting on the active slip systems
which are determined by employing two-surface trace analyses
under both optical and Scanning Electron Microscopy (SEM) im-
aging. It is to be emphasized that such a detailed local analysis is
necessary to determine the accurate CRSS levels which exhibit a
substantial improvement over the conventional yield-offset
methods based on macroscale behavior.

Detailed EBSD analyses are conducted on each sample experi-
mented in order to verify that the anisotropy of CRSS levels along
{110}<100> slip system stems from the slip mediated plasticity in
fully austenitic regime but not from the lattice invariant shear
accompanying martensitic transformations from B2 to B19 and B19
to B19’, or detwinning. As martensitic transformation stress and
strain levels may also exhibit deviations from Schmid law [43,44],
this post-deformation analysis is of substantial importance to
ensure that the reported break-down of Schmid law is imparted
solely by slip-mediated plasticity.

In this study, two geometric frameworks will be employed to
distinguish the crystallographic orientation of the samples,

governing on the applied stress state and the loading sense, i.e.
tensile or compressive character. In order to accomplish this task,
two angles will be introduced, i.e. c and q. The c angle convention
for {110} <100> slip system distinguishes the sample orientation
and loading sense effects by measuring the angle between the
maximum resolved shear stress plane (MRSSP), i.e. the plane which
bears the highest resolved shear stress along the active {110} <100>
system, and the reference {110} planewhich is commonly chosen as
the plane bearing the highest resolved shear stress among the
possible {110} planes. It is to be noted that no restriction on the
MRSSP is imposed such that it can be any plane with either rational
or irrational character. The corresponding geometric convention is
illustrated in Fig. 3(a). The symmetry of B2 structure within the
{110} <100> slip zone imposes a bound on the c angle such that it
varies from 0& to 45&.

The second convention, which is a novel improvement intro-
duced in this study, employs the pole projection angle of q formed
between the <100> normal direction and the connecting line
drawn from the projection of a generic <hkl> sample orientation
and the tip of the unit <100> vector. This is illustrated in Fig. 3(b).
On mathematical grounds, the angle q for <hkl> orientation can be

expressed as (satisfying
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ k2 þ l2

p
¼ 1)

q ¼ tan"1

 " ffiffiffi
2

p
þ 1

# ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 þ k2

ð1þ lÞ2

s !

(1)

In the expression given in Eq. (1), the multiplying factor
ð

ffiffiffi
2

p
þ 1Þ is derived based on normalization of the projected [001]-

[011] distance. This novel pole projection q angle convention results
in a smooth and bijective mapping such that the tuple ðc; qÞ can
uniquely distinguish the sample orientation considering the cubic
space group.

3. Theoretical modelling of anisotropic slip resistance in NiTiCu

Deviations from Schmid law are well known in bcc and ordered
cubic alloys [15,45e47]. Experiments and modelling efforts have
mainly documented the non-Schmid behavior in pure transition
metals such as Mo, Nb, Ta and others (for a review see Ref. [23]).
Recently, current authors have demonstrated the non-Schmid
response in B2 (NiTi) and DO3 ordered (Fe3Al) alloys that exhibit
shape memory behavior [14,15,47]. As a first step towards model-
ling the anisotropic CRSS levels in NiTiCu, we conducted DFT cal-
culations via employing Vienna Ab-Initio Simulation Package
(VASP) to calculate the B2 ordered NiTiCu lattice parameter, a, and
generate the GSFE profile along {110} <100>. In DFT calculations,

Fig. 2. shows the cubic crystal frame in B2 ordered NiTiCu, the orthonormal sample
frame E1 " E2 " E3 and the local dislocation frame e1 " e2 " e3. Note that b corre-
sponds to a[001] Burgers vector and z is the unit dislocation line parallel to the Burgers
vector.

Fig. 3. (a) The geometry of the MRSSP c angle convention illustrated for an exemplary configuration in which (011) [100] slip system is active. (b) The geometry of pole projection q
angle is illustrated for an arbitrary crystallographic loading direction <hkl> on the [001]-[011]-[111] stereographic triangle.
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we utilized projector augment wave (PAW) method with general-
ized gradient approximation (GGA) [48,49]. To determine the lat-
tice constant of Ni4Ti5Cu1 nominal composition, we delineated a 90
atom supercell with a size of 5% 3% 3. The positions of the atoms in
B2 structure are shown in Fig. 4 (a) as of 5% 1% 1 which is deter-
mined based on an iterative search effort to minimize the total
structural energy. The body centered positions are enumerated in
Roman numerals, {I, II, III, IV, V}; and they are the possible occu-
pation sites of Cu atoms. For each layer along z direction, the atoms
of Cu occupy the following set of lattice sites: {III, I, V}, {II, IV, II} and
{I, III, V} where the rest of the body centered sites are occupied by
Ni atoms with Ti atoms located at the corner sites.

The resulting structural energy versus lattice parameter is
plotted in Fig. 4 (b). The minimum of the structural energy cor-
responds to the equilibrium lattice parameter which is equal to

3.020 Angstroms. At this stage, it is to be noted that this theo-
retical lattice parameter exhibits an excellent agreement with the
X-ray diffraction and electron microscopy measurements of
Bricknell et al. [50] which corresponds to 3.015 Angstroms for the
same nominal composition. The GSFE profile, namely g curve, is
generated by employing the same supercell of lattice parameter
calculations and plotted in Fig. 5. The atomic slip disregistry, u,
across the active glide plane of (011) varies between 0 to ja<100>j
and is normalized with the lattice parameter, a, which is also equal
to the Burgers vector magnitude b¼ ja<100>j. The crystal con-
figurations at u¼ 0 and u¼ a/2 [100] are illustrated in Fig. 5 (a)
and (b). As a first observation, the g curve along {110} <100> slip
system in NiTiCu exhibits a single peak which suggests that no
stable stacking fault formation is allowed along this system
similar to B2 ordered equi-atomic NiTi [14]. Secondly, the unstable

Fig. 4. (a) shows a unit block of 5% 1% 1 B2 ordered Ni4Ti5Cu1. To construct the 5% 3% 3 supercell, on the x-y plane, the Cu atoms are located at the set of body centered sites of {III,
I, V}, {II, IV, II} and {I, III, V} for each layer along z direction. The rest of the body centered sites are occupied by Ni atoms and the corner sites are of Ti atoms. (b) shows the variation
of structural energy with the lattice parameter a. The resulting minimum of the structural energy corresponds to 3.020 Angstroms which is in excellent agreement with the
experimental value of 3.015 Angstroms [10].

Fig. 5. (a) shows the pristine crystal configuration, i.e u¼ 0. (b) shows the crystal configuration corresponding to a disregistry of u¼ a/2 [100] on (011) plane. (c) The GSFE, namely g,
profile for {110} <100> glide system is plotted. It is to be noted that the local maximum along the g curve which corresponds to the unstable stacking fault energy, gus , is equal to
185mJ/m2.
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stacking fault energy, gus , which corresponds to the local
maximum along the g curve and plays a key role in slip modelling
efforts is determined to be 185mJ/m2.

Earlier simulation results on B2 ordered NiTi inwhich the plastic
deformation is accommodated by slip along {110} <100> suggest
that the relaxed screw dislocation core in both externally stress-
free configuration and under applied stress extends over multiple
planes which is typical of bcc derivative structured metals and al-
loys [14]. Considering the quadrupole symmetric structure of a
<100> screw dislocations within the absence of external stress in
B2 alloys, we modelled the distribution of disregistry displace-
ments along the active and conjugate {110} family planes which
intersect each other at 90& within the <100> slip zone as shown in
Fig. 2 (a). Based on the earlier literature evolved around the
description of defect structures via continuum field theories
[51e53], we employed the following two disregistry functions f1ðxÞ
and f2ðyÞ as follows:

f1ðxÞ¼
X2

i¼1

aib
p

"

tan"1
$
x"xi
cix1

%
þðci"1Þx1

x"xi
ðx"xiÞ

2þðcix1Þ
2

#

þb
2

(2)

f2ðyÞ ¼
X4

i¼3

aib
p

"

tan"1
$
y" yi"2
cix2

%

þ ðci " 1Þx2
y" yi"2

ðy" yi"2Þ
2 þ ðcix2Þ

2

#

þ
b
2

(3)

with the constraints of:

0< jaij * 1 (4.a)

a1 þ a2 ¼ 1 (4.b)

a3 þ a4 ¼ 0 (4.c)

In the expressions Eqs. (2) and (3), aib (i¼ 1,2,3,4) correspond to
the resultant Burgers vectors of fractional dislocations, xi and yi
(i¼ 1,2) are the centers of the resultant fractional dislocation po-
sitions; ci (i¼ 1,2,3,4), x1 and x2 are the free parameters governing
on the width of the core structure. Considering the two set of
equations, i.e. Eqs. (2) and (3), there are fourteen unknown pa-
rameters to determine the core disregistry functions f1ðxÞ and f2ðyÞ,
i.e. fa1; a2; a3; a4; c1; c2; c3; c4; x1; x2; x1; x2; y1; y2g. The disregistry
functions differ from the original treatment of Peierls-Nabarro
[54,55] in multiple aspects: (i) they capture the contribution of
both screw and edge character slip displacements, (ii) they are
anisotropic as the free parameters are solved incorporating the
atomistically-informed GSFE profile and the particular elastic shear
modulus along the {110} <100> slip system, (iii) the non-planar
spreading of the dislocation core along the conjugate {110} plane
is embedded in the formulation.

To solve for the free parameters, we need fourteen equations the
two of which are expressed in Eq. (4b) and Eq. (4c). To construct the
remaining twelve equations, we introduce the dislocation density
functions r1ðxÞ and r2ðyÞwhich are defined as spatial derivatives of
the disregistry functions f1ðxÞ and f2ðyÞ respectively as follows:

r1ðxÞ ¼
vf1
vx

(5)

r2ðyÞ ¼
vf2
vy

(6)

As the dislocations are localized character slip defects, the
following boundary conditions are to be satisfied which imposes
attenuation of the disregistry fields at far-field:

lim
x/∞

r1ðxÞ ¼ 0 (7)

lim
x/"∞

r1ðxÞ ¼ 0 (8)

lim
y/∞

r2ðyÞ ¼ 0 (9)

lim
y/"∞

r2ðyÞ ¼ 0 (10)

The remaining eight equations are derived from the energy
minimization criterion which dictates the construction of a total
energy functional
Etotal : Etotalða1;a2;a3;a4; c1; c2; c3; c4; x1; x2; x1; x2; y1; y2Þ
composed of both short-range and long-range energy terms.
Among the long range energy terms, the self, Eself , and interaction,
Einter , energies of the core fractionals can be expressed as [56]:

Eself ¼
K
p

ð∞

"∞

ð∞

"∞

r1ðtÞr1ðxÞlnðt " xÞdtdx

þ K
p

ð∞

"∞

ð∞

"∞

r2ðtÞr2ðyÞlnðt " yÞdtdy (11)

Einter ¼ " K
2p

ð∞

"∞

ð∞

"∞

r1ðxÞr2ðyÞln
''''

R
x2 þ xyþ y2

''''dxdy (12)

where t is a dummy variable and R is outer radius which is taken as
500 nm. K is an anisotropic parameter equal to elastic modulus C44
(in Voigt notation) along <100>, i.e. equal to C44 ¼ 47 GPa, where
C11 and C12 are set equal to 193 GPa and 175 GPa based on the first
principles calculations for a similar chemical composition,
Ni43.75Ti50Cu6.25 (at.%), in the earlier literature [57]. The modulus
along the glide sense in energy calculations manifests the anisot-
ropy of the formulation utilized in the present work. Furthermore,
the short-range energy term Estacking corresponding to the gener-
alized stacking faults formed by the fractionals centered at x1; x2; y1
and y2 as:

Estacking ¼
ð∞

"∞

gðf1ðxÞÞdxþ
ð∞

"∞

gðf2ðyÞÞdy (13)

The total energy functional Etotal is expressed as the sum of the
individual energy terms of Eself , Einter and Estacking in addition to the
applied work, W:

Etotal ¼ Eself þ Einter þ Estacking "W (14)

where W is defined as:

W ¼
ð∞

"∞

di3Sijnjf1ðxÞdxþ
ð∞

"∞

di2Sijnjf2ðyÞdy (15)

The minimum energy configuration under an applied stress
tensor S dictates the following mathematical expressions:
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vEtotal

vci
¼ 0::::ði ¼ 1;2;3;4Þ (16)

vEtotal

vx1
¼ 0 (17)

vEtotal

vx2
¼ 0 (18)

vEtotal

vx1
¼ 0 (19)

vEtotal

vy1
¼ 0 (20)

Based on the fourteen equations, i.e. Eq. (4b), (4c), (7), (8), (9),
(10), (16), (17), (18), (19) and (20); the set of fourteen unknowns
fc1; c2; c3; c4; x1; x2;a1;a2;a3;a4; x1; x2; y1; y2g are solved.

3. Results

3.1. Experimental results

The stress vs strain curves under uniaxial compression are
plotted in Fig. 6 (a) for [011], [001], [123], [111], [122], [112] and
[012] samples. The corresponding slip traces resulting from the
localization of the axial strain is shown for each sample orientation
in Fig. 6 (b). Among these, [001] compression sample exhibits
twinning prior to slip induced plasticity; therefore, the CRSS for slip
in this particular orientation will not be further expounded as our
main focus in this work is on the slip initiation in pristine crystals.
The active glide systems of the remaining six orientations are
tabulated in Table 2 along with the CRSS values in Table 3. As can be
seen in Table 3, the CRSS values under compression varies as a
function of single crystal orientation exhibiting non-Schmid
behavior.

The orientations of [001], [111], [011], [112], [122] and [123] are
also experimented under uniaxial tension and the resulting stress-
strain curves are plotted in Fig. 7 (a). The corresponding uniaxial

strain field generated by DIC at the onset of plastic slip are also
shown in Fig. 7 (b). The CRSS levels and the active slip systems are
tabulated in Tables 2 and 3 Among this set of samples, [001] tension
sample exhibits brittle fracture and as shown in Fig. 7 (b), there is
no clear slip trace detected prior to failure. To this end, this sample
is excluded from Tables 1 and 2 The resulting CRSS values
demonstrate the break-down of Schmid law.

Fig. 8 (a) and (b) show the CRSS values plotted against both
MRSSP c angle and the novel convention of pole projection q angle,
respectively. As can be seen, the highest CRSS level along the active
{110} <100> systems is measured for [012] orientation under
compression with a level of 205.8MPa. On the other hand, the
minimum level of CRSS correspond to the [011] sample with
109.6MPa. Among the available data set, the largest tension-
compression asymmetry is measured for [123] sample orientation
which is 82.6MPa.

Fig. 6. (a) Stress vs strain graphs for [001], [122], [012], [112], [111], [123], [011] uniaxial compression samples are plotted at a strain rate of 5% 10"5 s"1. (b) shows the localization of
uniaxial strain field at the onset of slip along the tabulated slip systems in Table 1 and the corresponding CRSS levels Table 2 below.

Table 2
The activated slip planes of the experimented samples under uniaxial tension and
compression are tabulated. The slip plane normal is parallel to the base vector of e2
whereas e3 vector is set to be parallel to the slip direction.

Crystal Orientation Compression Tension

[122] (110) ½001$ (110) [001]
[112] (011) ½100$ (011) [100]
[123] (110) ½001$ (110) [001]
[012] (110) ½001$ e

[011] (101) ½010$ (101) [010]
[111] (011) ½100$ (011) [100]

Table 3
shows the CRSS values as a function of crystal orientation measured under uniaxial
compression and tension.

Crystal Orientation Compression (MPa) Tension (MPa)

[122] 114.4 162
[112] 130.7 175.4
[123] 200.1 117.5
[012] 205.8 e

[011] 109.6 148
[111] 163.2 121.2
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The stress tensor acting on each sample orientation <hkl> in
cubic frame is denoted as Shkl and its components are tabulated in
Tables 4 and 5 in dislocation coordinate frame e1 " e2 " e3 (for all
samples except [001] compression and tension samples in which

deformation twinning and cleavage mechanisms are activated
before slip). The CRSS levels plotted in Fig. 8 exhibit strong
anisotropy linked with the stress components acting in the active
and conjugate slip planes for each sample. As the GSFE curve along

Fig. 7. (a) Stress vs strain graphs for [001], [122], [112], [111], [123], [011] uniaxial tension samples are plotted at a strain rate of 5% 10"5 s"1. (b) shows the localization of uniaxial
strain field at the onset of slip along the tabulated slip systems in Table 1 and the corresponding CRSS levels Table 2 below.

Fig. 8. (a): The variation of CRSS of {110} <100> slip system under tension and compression with c angle is plotted suggesting the break-down of Schmid law. (b) The variation of
CRSS of {110} <100> slip system under tension and compression with q angle is plotted suggesting strong deviations from Schmid law which presumes a constant CRSS level
irrespective of q.

Table 4
Applied stress tensors in e1 " e2 " e3 frame at the onset of slip for each sample crystallographic orientation are shown for compression. The superscript “C” stands for
compression. The units are given in MPa and the CRSS levels are shown in bold face.

S011C ¼

2

6664

"77:47 "77:47 108:46

"77:25 "77:47 108:46

108:46 108:46 "154:95

3

77775
S111C ¼

2

6664

0 0 0

0 "231:95 162:71

0 162:71 "114:24

3

77775
S123C ¼

2

6664

"13:20 "44:01 66:01

"44:01 "140:83 198:04

66:01 198:04 "286:06

3

77775

S122C ¼

2

6664

"12:13 "38:83 36:40

"38:83 "121:35 114:07

36:40 114:07 "109:21

3

77775
S112C ¼

2

6664

"29:56 "92:40 40:65

"92:40 "277:20 129:36

40:65 129:36 "62:83

3

77775
S012C ¼

2

6664

"72:72 "72:72 203:61

"72:72 "72:72 203:61

203:61 203:61 "581:76

3

77775
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{110} <100> slip system is of symmetric shape, the resulting
asymmetry in CRSS values under tension and compression is
associated with the interplay between the non-planar dislocation
core and the applied stress tensor. It is to be noted that the
anisotropy in CRSS levels is substantial and extends up to 100MPa
among the sample orientations focused (i.e. max. CRSS¼ 205.8MPa
and min. CRSS¼ 106MPa).

3.2. Theoretical results

To establish a theoretical frame to unveil the interplay between
the core disregistry and the applied loading, as a first step, we
determined the r1ðxÞ and r2ðyÞ functions within the externally
stress-free configuration as demonstrated in Fig. 9 (a) along with
the corresponding parameters tabulated in Table 6. The symmetric
distributions of r1ðxÞ and r2ðyÞ have a maximum of 0.36 b and
0.20 b respectively. As a following step, we focused on a scenario in
which pure glide shear stress, S23, acts on the {110}<100> system.
This allows us to distinguish the contribution of individual non-
glide stress components in the following steps. The resulting core
configuration is illustrated in Fig. 9 (b) via the functions of r1ðxÞ and
r2ðyÞ plotted. The corresponding parameters are also included in
Table 6.

The most distinguishing feature of the screw dislocation core
structure under S23 compared to the stress-free configuration is

that the core widens and the maximum of r1ðxÞ decreases to
0.06 b at x¼ 0.5 b. The spreading of the core structure suggests the
planarity of the slip disregistry which complies with the absence of
non-glide stress components. Furthermore, it is noted that the peak

Table 5
Applied stress tensors in e1 " e2 " e3 frame at the onset of slip for each sample crystallographic orientation are shown for tension. The superscript “T” stands for tension. The
units are given in MPa and the CRSS levels are shown in bold face.

S011T ¼

2

6664

104:63 "104:63 "148

"104:63 104:63 148

"148 148 209:27

3

77775
S111T ¼

2

6664

0 0 0

0 171:40 121:19

0 121:19 85:69

3

77775
S123T ¼

2

6664

9:22 "27:68 "39:16

"27:68 83:08 117:51

"39:16 117:51 166:19

3

77775

S122T ¼

2

6664

19:09 "57:28 "53:98

"57:28 171:83 162

"53:98 162 152:72

3

77775
S112T ¼

2

6664

41:32 "124:02 "58:49

"124:02 372:07 175:42

"58:49 175:42 82:70

3

77775
S012T ¼

2

6664

37:48 "37:48 "106

"37:48 37:48 106

"106 106 299:85

3

77775

Fig. 9. (a) shows the spatial distribution of infinitesimal dislocation densities r1ðxÞ and r2ðyÞ on the active and conjugate slip planes in stress-free configuration. (b) shows the r1ðxÞ
and r2ðyÞ functions at the onset of slip under pure glide shear stress, S23.

Table 6
The tabulated free parameters of Eqs. (2) and (3) are determined by solving the set of
equations expressed in Eqs. (4)e(20) in externally stress-free configuration as well
as under pure glide shear S23 and the superimposed equal magnitude S23 þ S21 and
S23 þ S13 stress states in dislocation frame.

Stress-Free S23 S23 þ S21 S23 þ S13

x1 0.5 2.1 1.4 2.45
x2 "0.5 "0.2 "0.4 "0.1
y1 0.5 1.5 0.8 2.80
y2 "0.5 "1.5 "0.8 "2.80
a1 0.5 0.7 0.7 0.86
a2 0.5 0.3 0.3 0.14
a3 0.5 0.5 0.5 0.5
a4 0.5 "0.5 "0.5 "0.5
x1 0.35 1.25 1.15 1.45
x2 0.35 1.15 1.05 2.48
c1 2.8 5.8 3.3 6.4
c2 2.8 9.0 3.8 9.6
c3 2.8 6.0 3.10 3.74
c4 2.8 6.0 3.10 3.74
CRSS (MPa) e 174.3 263.7 112.8
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value of r1ðxÞ has shifted from x¼ 0 to x¼ 0.5 b position in glide
sense. As can be seen, on the conjugate {110} plane, the edge
character dislocation density diminishes to a peak value of r2
(3.3b)¼ 0.017 b with an anti-symmetric shape across the active
glide plane. This suggests that the edge character displacements are
suppressed at the onset of slip promoting the core planarity.

In two distinct scenarios, upon the non-glide stresses S21 and
S13, the equal magnitude of glide shear stress S23 is imposed to
initiate glide motion defined as the instability of Etotal expression.
Fig. 10 (a) and (b) show the dislocation core configurations under
the superimposed action of S21 þ S23 and S13 þ S23 respectively
(the imposed proportional loading conditions S21 ¼ S23 and S13 ¼
S23). The action of non-glide S21 stress component opposing to the
glide degrades the slip tendency as reflected in Fig. 10 (a) by the
greater peak of the screw character dislocation density r1 : r1ðxÞ
within the core region compared to the action pure S23 component
in Fig. 9 (b). Similarly, the edge character symmetric r2 : r2ðyÞ
density distribution exhibits also a greater peak value suggesting
that the promoted edge fractionals which impart additional glide
resistance diminishing the extent of core planarity.

In Fig. 10 (b), the dislocation density distributions of r1ðxÞ and
r2ðyÞ exhibit lower peak levels with wider core regions (cixi) under
S13 þ S23 compared to the pure glide shear case in Fig. 9 (b) which
suggests a lower theoretical CRSS value as tabulated in Table 6. To
that end, S13 stress component superimposed up on pure glide
component S23 promotes dislocation glide suppressing the edge
character disregistry distribution and facilitating planar
configuration.

After establishing the individual contribution of S23, S21 and
S13 shear stress components on the glide resistance of {110} <100>
slip system in NiTiCu, we focus our theoretical efforts on the
anisotropic variation of CRSS for more complicated stress tensors,
tabulated in Tables 4 and 5, applied on the single crystal samples
under uniaxial tension and compression in the experiments.
Following the theoretical framework introduced by Eq. (4) to Eq.
(20), the calculated theoretical CRSS levels are plotted in Fig. 11 (a)
employing projection pole angle q. The theoretical predictions are
in well agreement with the experimental measurements. For
visualizing the effect of Cu content, we also included the CRSS levels
of 50.8% (at.) Ni-Ti alloy in Fig. 11 (b).

3.3. Construction of a generalized yield criterion

The interplay between the non-glide stress components and the
non-planar core displacements expressed by f1 : f1ðxÞ and f2 : f2ðyÞ
functions introduce strong deviations from Schmid law. Therefore,
a generalized yield criterionwhich can embrace the contribution of
non-glide stresses on the CRSS for slip in NiTiCu should be estab-
lished. Considering that the hydrostatic portion of the applied
stress tensor within the range of experimentally measured stress
levels have negligible effect similar to the transformation response
of NiTi-based alloys [14,58], we developed a formulation based on
the deviatoric stress tensor, S, components corresponding to the
onset of slip at the experiments under uniaxial loading along <hkl>
as (i,j,m¼ 1,2,3):

Sij ¼ Shkl
ij " 1=3Shkl

mmdij (21)

The deviatoric stress tensor S is of zero trace, i.e. Smm ¼ 0, and
therefore the complete symmetric stress tensor contributing to the
CRSS value can be expressed by five independent components of S
tensor, namely S23 , S11, S22, S21, S13. Based on this rationale, we
established the generalized yield criterion of Eq. (21) [14,59,60] in
which t*, a1, a2, a3 and a4 are the free parameters:

t* ¼ CRSSþ a1S11 þ a2S22 þ a3S21 þ a4S13 (22)

The yield surface parameters are determined by themulti-linear
regression of the experimental measurements of applied stress
components tabulated in Tables 4 and 5 The resulting values of
these parameters are tabulated in Table 7. As can be seen, the non-
Schmid stress components, i.e. the components other than Shkl

23 or
equally S23, have finite contribution to the plastic glide resistance
exhibiting non-Schmid behavior. Among these components,
complying with the theoretical framework, Shkl

21 acting (or equally
S21) in an opposite direction to the glide force, i.e. Fi ¼ "εijrS

hkl
jm zm

with εijr and zm being the components of third order alternating
tensor and the unit dislocation line vector in RH/FS convention
respectively, promotes the CRSS levels. The edge character frac-
tional dislocation density r2 ¼ r2ðyÞ plays a key role in this
behavior. In contrast, Shkl

13 (or S13) stress component which acts
parallel to the Burgers vector facilitates slip verifying the

Fig. 10. (a) shows the spatial distribution of infinitesimal dislocation densities r1ðxÞ and r2ðyÞ on the active and conjugate slip planes under superimposed S23 þ S21 stress (b)
shows the r1ðxÞ and r2ðyÞ functions at the onset of slip under superimposed S23 þ S13 stress.
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theoretical trends. Furthermore, the normal deviatoric stress
components, S11 and S22, have a prominent effect on the resulting
CRSS magnitude.

In order to visualize the effect of non-glide stress components
from a broader perspective, we generated the generalized yield
surface in the principal stress space which is basically the projec-
tion of the yield hypersurface on the p plane with a unit normal of
1=

ffiffiffi
3

p
[111]. To accomplish this task, we parameterized the principal

stress components sI ¼ a sin j cos f, s2 ¼ a sin j sin f and
s3 ¼ a cos f where a is the proportionality constant and the
azimuthal angles, j and f, range in an interval of ½0;p$ and ½0;2p$

respectively with an incremental step of 0.01&. These principal
stress components are substituted into Eq. (22) with the corre-
sponding deviatoric stress components and the resulting yield lo-
cus of NiTiCu alloy is plotted in Fig. 12(a). For comparison purposes,
the NiTi alloy yield locus is also included in Fig.12 (b) [15]. As can be
seen, the yield locus of NiTiCu alloy exhibits strong anisotropy
addressing the contribution of non-Schmid stress components
which introduce both tension-compression asymmetry and orien-
tation dependence in CRSS levels. Careful examination of NiTiCu
yield locus suggests a maximum theoretical difference of almost
450MPa based on the loading orientation.

In the present work, the extent of anisotropy pertinent to the
yield loci for NiTiCu and NiTi are quantified based on a novel
parameter h which incorporates both the angular deviations from
the six-fold symmetric Schmid law obeying yield surface and the
size of the elastic regime as follows:

h ¼ 1
ho2p

max
(
hij

$''''qi "
2p
3

''''þ
''''qj "

2p
3

''''

%)
(23)

Fig. 11. (a) The theoretical predictions and the experimental measurements of CRSS levels in NiTiCu alloy along {110} <100> slip system under tension and compression for varying
crystallographic orientations are plotted. (b) The theoretical predictions and the experimental measurements of CRSS levels in NiTi alloy along {110} <100> slip system under
tension and compression for varying crystallographic orientations are plotted.

Table 7
Shows the yield surface parameters describing the onset of plastic slip in NiTiCu
alloy in deviatoric stress space are tabulated.

t*(MPa) a1 a2 a3 a4

162.3 "0.66 "0.65 "0.40 0.50

Fig. 12. (a) shows the generalized yield surface based on Eq. (22) for NiTiCu in principle stress space. (b) For comparison purposes, the generalized yield surface of NiTi alloy is aIso
plotted in principal stress space. As can be seen both shape memory alloys exhibit strong anisotropy in plastic slip resistance.
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In Eq. (23), the indices i, j vary from 1 to 6, the internal angles
qi and qj represent the opposite interior angles separated by a
distance hij. The normalizing factor ho is taken as 1000MPa.
Meanwhile the sum of the deviation of the opposite interior
angles from 2p=3 represents the distortion of the yield surface
shape from the six-fold symmetric Schmid law, multiplying it
with the factor of hij distance conveys information for the
tension-compression asymmetry as demonstrated in Fig. 13. It is
to be noted that h ¼ 0 indicates the validity of Schmid law.
Within this framework, the h parameter corresponds to 0.52 and
0.32 for NiTiCu and NiTi respectively. Considering this quantita-
tive analysis, the slip resistance in NiTiCu stands out to be more
anisotropic than NiTi.

The construction of the generalized yield surface for NiTiCu
alloy allows us to incorporate the contribution of non-glide and
glide stresses on critical flow stress; however, a more specific
description under uniaxial tension and compression loading can be
also developed modifying the concept of Schmid factor, P. On
geometrical grounds, the factor P describes the resolved shear
stress along a slip system under unit magnitude uniaxial loading.
For a potential slip system of a unit plane normal n, and a unit slip
direction, m, the resolved shear stress t corresponds to:

t ¼ P : S (24)

where ð:Þ is the inner product operator and the Schmid tensor, P, is
expressed as:

P ¼ 1
2
ðn5mþm5nÞ (25)

in which (5 ) stands for the outer product operator. It is to be
noted, for an active slip system, the vectors n and m coincide with
the dislocation frame base vectors e2 and e3 visualized in Fig. 2
respectively. Within the framework of Schmid law, the resolved
shear stress t is equal to a constant CRSS level, tcr , irrespective of
the applied stress state such as:

tcr ¼ t (26)

Similarly, a modified Schmid tensor, Pmod, can be also defined to
embrace the generalized yield criterion inwhich CRSS levels vary as
a function of both glide and non-glide deviatoric stress components
as such:

Pmod ¼ Pþ a1ðnxmÞ5ðmxnÞ þ a2n5nþ a3n5ðnxmÞ
þ a4ðnxmÞ5m (27)

where (x) is the vector cross-product operator. The inner product of
Pmod with the deviatoric portion of the applied stress, i.e. S, satisfies
the generalized yield criterion Eq. (22) at the onset of slip:

t* ¼ Pmod : S (28)

These geometric definitions allow us to incorporate the contri-
bution of non-glide stresses on yielding under uniaxial loading via
Pmod tensor. To this end, the modified Schmid factor Pmod is defined
as:

Pmod ¼ v,Pmodv (29)

where the unit vector v is parallel to E2 base vector in sample frame
(i.e. along specimen loading axis direction) and ð,Þ is the vector dot
product operator. Similarly, the Schmid factor P is also expressed as:

P ¼ v,Pv (30)

The scalar factors Pmod and P are especially instrumental in case
they are mapped on the stereographic triangle as shown in Fig. 14.
As can be seen in Fig. 14 (a) and (b), the factor Pmod behaves
significantly different under uniaxial tension and compression as
the generalized yield criterion predicts distinct CRSS levels in these
cases complying with the experimental data. In contrast, the
Schmid factor P behaves identical under tension and compression.
The stereographic mappings in Fig. 14 also demonstrate that sig-
nificant differences emerge between Schmid law and the general-
ized yield criterion owing to the interplay among the non-glide
stresses and dislocation core displacements. Meanwhile Schmid
law predicts an easy-glide zone located near the [111] pole on the
stereographic triangle as shown in Fig. 14 (c), close proximity of the
[011] pole under compression and the [123] direction under ten-
sion exhibit low glide resistance according to the generalized yield
criterion in NiTiCu. This difference emphasizes the fact that the
Schmid factor, P, is derived based on the geometrical arguments
independent of the material properties. On the other hand, the
modified Schmid factor, Pmod, is unique for a particular material as
the anisotropic variation of CRSS levels is governed by the inter-
action between the non-glide stresses and the dislocation core

Fig. 13. (a) compares the yield surfaces of NiTiCu based on generalized yield criterion proposed in Eq. (22) and the Schmid criterion showing the interior angles qi and the distance
measures hij (i,j¼ 1 to 6) in principal stress space. (b) compares the yield surfaces of NiTi based on generalized yield criterion and the Schmid criterion showing the interior angles qi
and the distance measures hij (i,j¼ 1 to 6) in principal stress space.
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disregistry displacements. This interaction involves elastic proper-
ties and the GSFE profile of a given material along the active slip
system.

4. Discussion of results

The lower glide resistance of NiTiCu compared to the binary NiTi
alloy is reflected by the diminishing effect of Cu on gus levels of
NiTiCu and NiTi which are 185mJ/m2 and 200.5mJ/m2 respectively.
Previous work on plasticity of shape memory alloys recognized the
deleterious effect of lower CRSS for slip compared to the trans-
formation stress particularly as the dislocations accommodating
the corresponding large mismatch strains at the austenite -
martensite interfaces give rise to the irreversible strains emerging
under cyclic loading [7,17,61e64]. The experimental measurements
by Strnadel et al. [17] exemplify that the slip accompanying the
pseudoelastic cycling is of substantial significance in the rapid
decline of the martensitic transformation stress in NiTi and NiTiCu
shape memory alloys. The lowering of forward transformation
stress is expected to result from the interaction of dislocations
located inside the austenite phase and the martensite trans-
formation front which in turn hinders the cyclic interphase motion
leading to retained martensite plates [11]. Consistently, these
retained martensite plates are likely to act as pre-existing local
nucleation sites for the transformation [11,65,66].

Contrasting with its prominent role in functional properties of
NiTiCu, the magnitude of stress at the onset of dislocation glide
motion has not been determined previously in a theoretical basis.
As shown in Figs. 11e14, the high anisotropy involved in NiTi based
ordered shape memory alloys exhibit anisotropic CRSS levels with
tension-compression asymmetry. The Schmid law, suggesting a
single parameter representation of the plastic glide resistance in
NiTiCu, is deficient as CRSS for slip strongly depends on the com-
plete stress state. The present study demonstrates the contribution
of non-glide stress components on the CRSS for slip in Figs. 9 and
10. On experimental grounds, the non-glide shear stress of S21

has been observed to promote the CRSS levels if it is directed along
an opposite sense to the glide force applied by the glide shear stress
of S23 and vice versa. On the other hand, the shear stress of S13 is
measured to facilitate the glide if it exerts a glide force magnifying
the glide force of S23. This effect plays a prominent role in tension-
compression asymmetry exhibited by the values of CRSS for slip in
NiTiCu.

The continuum modelling of dislocations [67] lacks a satisfac-
tory explanation for the discrepancies from Schmid law. This serves
as a motivation in propelling the theoretical efforts towards the
atomistic scale description of screw dislocation core structures
which are known to exhibit non-planar spreading in bcc derivative
lattices including B2 ordered austenitic NiTiCu. Close examination
of theoretical predictions reveal the dislocation core structure
modelling framework engenders a close agreement with the
experimental measurements. The results are noteworthy as the
CRSS levels exhibit high anisotropy which shed light on the effects
of edge character disregistry fields. Meanwhile, the resultant of
these edge disregistry fields is zero for a screw dislocation, they
contribute substantially to the non-planar sessile to planar glissile
core transformation by interacting with the non-glide stress com-
ponents. These local edge character displacements do not
contribute to the net Peach-Koehler force based work definition
within the framework of Schmid law [68]. Consequently, a more
sophisticated description of the yielding criterion is necessary to
address in a wide range of problems with SMAs including defor-
mation under different stress states, fatigue response and changes
in functionality of these alloys.

Comparison of the CRSS levels for slip under varying single
crystal orientations in tension and compression reveals that [011]
compression sample exhibits a lower glide resistance by a magni-
tude of almost 100MPa differential compared to the [012]
compression sample. Considering the earlier works on the func-
tional performance of NiTiCu alloys [19,41], this glide strength
differential among different sample orientations can explain the
high recovery ratios of transformation strain for [012] loading

Fig. 14. (a) shows the modified Schmid factor distribution Pmod on the stereographic triangle under tension in NiTiCu for {110} <100> system. (b) shows the distribution of Pmod on
the stereographic triangle under compression in NiTiCu for {110} <100> system. (c) shows the distribution of Schmid factor P on the stereographic triangle for {110} <100> system.
The P factor does not distinguish the tension-compression asymmetry unlike Pmod.
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orientation compared to [011] sample under compression. This
result exemplifies the paramount importance of anisotropic glide
resistance in optimizing the functional performance of NiTiCu
which is influential in suppressing the slip in the austenite phase
during martensitic transformation. Similarly, the higher trans-
formation strain in [122] sample compared to [111] sample under
tension is closely linked with the higher CRSS of [122] sample as
demonstrated in Fig. 11.

Detailed electronic configuration analyses show that the Zener
anisotropic ratio, i.e. defined as A¼ 2C44=ðC11 " C12Þ, is greater in
Ni43.25Ti50 Cu6.25 (which is a very similar composition compared to
the ternary NiTiCu alloy employed in the present study) than NiTi
which are 5.2 and 2.4 respectively [57]. Meanwhile, A ratio is
known to play a key role in the difference of the transformation
paths of solutionized NiTiCu (i.e. B2-B19 and B19-B190) and NiTi (i.e.
B2-B19’) [69], the generalized yield surfaces of the alloys in Fig. 12
suggest that it might also act as a significant parameter in slip
mediated plasticity in these SMAs. Considering the fact that A ratio
is a metric for describing the anisotropy of the crystal structure, the
more pronounced deviations from Schmid law in NiTiCu than NiTi
are surmised to be correlated with the orientation dependent na-
ture of the interatomic forces governing on elastic stiffness tensor
components. This pronounced anisotropy is also persistent in
polycrystalline samples, i.e. A¼ 2.02 and 1.32 for NiTiCu and NiTi
respectively [70]. To this end, deviations from Schmid law are also
expected in the presence of grain boundaries which act as a
motivation for the prospective studies. The quantification of the
anisotropy involved in the yield loci has been an attractive topic in
the community [71e74]. Yield criteria aiming to capture strength
differentials between tension and compression as a result of
asymmetric slip or twin mediated plasticity has been proposed for
polycrystalline materials within the framework of homogeneous
stress functions expressed in terms of odd power second and third
invariants of deviatoric stress tensor, namely J2 and J3 [73]. On the
other hand, the generalized criteria capturing the deviations from
Schmid law for symmetric glide systems as in the particular case of
{110} <100> family has yet to be established in the literature. As an
example, for NiTiCu and NiTi [14,15], the presence of the non-glide
stress components acting on the non-planar dislocation cores is
shown to introduce significant deviations from Schmid law.

In the present work, we introduce a novel dimensionless
parameter h which acts as a measure of the anisotropic CRSS dif-
ferentials between the generalized and Schmid law based yield loci.
The geometrical parameter h is composed of two factors: (i)
normalized deviations in the interior angles of qi, (ii) the normal-
ized distances between the opposite corners hij. Meanwhile, the
angular deviations depict the distortion of the generalized yield
surface due to the non-glide stress terms in distinct crystal orien-
tations, the distance differentials quantify the contribution of the
tension-compression asymmetry. The direct comparison between
the generalized yield surfaces resulted in the fact that h is greater
for NiTiCu compared to NiTi, 0.52 and 0.32 respectively. This result
points that even though the glide resistance is greater in NiTi,
NiTiCu behaves in a more anisotropic fashion at the instant of slip
activation. To this end, both elastic and plastic anisotropy in NiTiCu
has been shown to be greater than NiTi.

Meanwhile dislocation glide plays a key role in accommodating
the plastic deformation, deformation twinning can also occur at
higher stresses on the {114}<112> system in NiTi based shape
memory alloys [75,76]. Therefore, deformation twinning impart
additional ductility to NiTiCu alloy in austenitic regime. Because the
CRSS for twinning is near 200MPa in these alloys based on our
experimental measurements, the slip-mediated plastic flow dom-
inates for the strain ranges studied except the [001] compression
sample. In [001] compression sample, the deformation twinning

initiates before slip which is expected on geometrical grounds
considering the zero Schmid factor, P, along the {110}<100> slip
system. On the other hand, [001] tension sample fails due to
cleavage along the (001) plane which is prevalent in brittle fracture
of bcc based intermetallics [28]. We also note that experiments at
various temperatures were conducted in this study. The local ori-
entations were monitored with EBSD to ensure that we are
reporting stress levels corresponding to plastic flow in this study
and not stress-induced martensite or mechanical twinning.

According to the crystallographical theory of martensite, the
improved compatibility is closely linked with the principal stretch
values. For the cases in which the median principal stretch value l,
being close to 1 with negligible volume change during trans-
formation, a high level of lattice correspondence between the
austenite and martensite phases across the habit plane is predicted
on crystallographical grounds [77,78]. From this perspective, com-
parison of NiTi and NiTiCu alloys imply superior fatigue properties
for the latter case [18,20]. Considering the contribution of
transformation-induced dislocations located on interphase
boundaries to the cyclic irreversibility, the higher interphase
compatibility in NiTiCu can lead to a lower density of dislocation
networks. However, further experimental evidence including high
resolution transmission electron microcopy studies are necessary
to establish a firmer understanding for the effect of Cu addition on
themechanical behavior of NiTi based shapememory alloys. On the
other hand, the anisotropic variation of the functional performance
in these two alloys and the CRSS magnitudes support the superi-
ority of NiTi compared to NiTiCu.

We note that the conventional characteristic MRSSP angle
description employed for interrogating the anisotropy involved in
the CRSS levels of bcc metals fails to correspond to a one to one
relationship in a number of orientations residing at the edges of the
standard inverse pole figure. Instead, a new pole angle of q is pro-
posed that provides a smooth variation of the CRSS as a function of
orientation. The reason for the success of the pole projection
description is three fold: (i) bijective relationship between the
orientation and the CRSS levels are accomplished among the cho-
sen single crystal orientations. For example, both [012] and [011]
orientations correspond to c ¼ 45o for the active system of <001>
{110} meanwhile they are distinguished by q ¼ 29:7o and q ¼ 45o in
the novel q angle convention. (ii) the resulting geometrical
description allows to assess data irrespective of the slip system for
the same material in a single figure (the active glide system can
belong either to<001>{110},<111> {110} or<111> {112} families in
bcc based materials). (iii) direct geometrical conversion between
the conventional and the novel conventions is easily established. To
this end, the core disregistry distributions and the CRSS levels on
the active glide systems can be directly compared for different
orientations without distinguishing the crystallographic indices of
the active slip system in the same material.

It is important to emphasize that in addition to the lower levels
of anisotropic plastic glide resistance in NiTiCu in contrast to its
high transformation strain potential, the following mechanical and
chemical factors also put limitations on the common use of this
SMA: (i) the two step transformation path introduces interactions
between the distinct transformation domains of B19 and B19’
potentially leading to irreversibility under cyclic loading, (ii) the
low cold-work capacity limits its deformability, (iii) low corrosive
resistance associated with its ion release characteristics requires to
exclude its use in medical applications. During shape-setting at
ambient air, the formation of Ti4(Ni,Cu)2Ox oxide impurities play a
key role in the mechanical of NiTiCu [21]. The emergence of oxide
layers along the grain boundaries in as-cast structures introduces
brittle behavior and stands out as a potential failure mechanism
limiting the use of NiTiCu in polycrystalline applications.
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Furthermore, the release of Cu ions is observed to lead high cyto-
toxicity limiting the use of NiTiCu in biomedical applications
[79].Finally, we comment on the future studies with NiTiCu alloys.
The lower slip resistance compared to NiTi alloys is noted as a
shortcoming of NiTiCu alloys. For textured crystals near the [111]
pole, the flow stress of NiTiCu is nearly a factor of 2 smaller
compared to NiTi. Furthermore, the degree of anisotropy of the flow
stress is higher in NiTiCu compared to the NiTi. From these theo-
retical simulations, we have been able to discern the decrease in
flow stress with addition of Cu without any assumptions or
empirical constants. On the other hand, a nearly twinless
martensite phase in NiTiCu is expected to lower the transformation
stress. Similarly, the interplay between the transformation and slip
in cold-worked polycrystalline samples necessitate a detailed
analysis on the deformation behavior of interfaces. Therefore the
NiTiCu may find niche applications with lower transformation
stress despite the lower plastic flow resistance. This is left for future
studies.

5. Conclusions

The results suggest the following conclusions on the slip resis-
tance of NiTiCu:

The CRSS levels for slip are measured to exhibit strong anisot-
ropy in NiTiCu as a function of single crystal orientation under
uniaxial tension and compression in NiTiCu.

The theoretical model demonstrates that the interplay of the
glide and non-glide applied stress components with the non-planar
screw dislocation core structure plays a major role in the non-
Schmid behavior of CRSS for slip.

Theoretical predictions conform to the experiments conducted
on single crystals which show that the CRSS levels vary in the range
of 100e200MPa as a function of sample orientation. Themaximum
slip resistance is lower compared to NiTi (300MPa) and similar to
CuZnAl (200MPa).

A generalized yield criteria is proposed for NiTiCu which shows
substantial departure from the commonly used Schmid law. Com-
parison between NiTi and NiTiCu reveals that the slip strength
levels for NiTiCu alloy are lower. On the other hand, the degree of
both elastic and plastic anisotropy is greater in NiTiCu than NiTi.
This results in a higher propensity for plastic flow that could
adversely affect the shape memory functionality.
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