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Abstract
Deformation twinning is observed in numerous engineering and naturally occurring materials. However, a fundamental law for critical twinning stress has not yet emerged. We resolve this long-standing issue by integrating twin-energy pathways obtained via ab initio
density functional theory with heterogeneous, dislocation-based twin nucleation models. Through a hierarchical theory, we establish an
analytical expression that quantitatively predicts the critical twinning stress in face-centered cubic metals without any empiricism at any
length scale. Our theory predicts a monotonic relation between the unstable twin stacking fault energy and twin nucleation stress revealing the physics of twinning.
 2007 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
Keywords: Twinning; Ab initio electron theory; Dislocation theory; Energy pathway

1. Introduction
Twinning is a predominant deformation mechanism in
face-centered cubic (fcc) metals and alloys with low stacking fault energy (SFE). Twinning is also an important
deformation mechanism in geological materials, body-centered cubic (bcc) and hexagonal closed-packed (hcp) metals. A fundamental understanding of the physics of twin
activation is essential to capture the mechanical response
of fcc materials. Since the earliest evidence of twinning in
fcc metals [1,2,4,3,5–7], several eﬀorts have been undertaken to incorporate twinning in order to predict their
stress–strain response. In spite of these eﬀorts, a longstanding issue remains unresolved, namely, predicting the
critical stress (twinning stress) at which twinning initiates
in fcc metals and alloys. Here, we establish a yield criterion
for twinning in fcc metals by linking heterogeneous twin
nucleation (described via mesoscale dislocation mechanics)
*
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and the twinning energy pathways (calculated via ab initio
density functional theory).
It is now well accepted that twinning in metals and
alloys is initiated by pre-existing dislocation conﬁgurations
which dissociate into multi-layered stacking fault structures
forming a twin nucleus. Several dislocation-based mechanisms [8–14] have been proposed to explain twin nucleation
in fcc materials, although the dislocation conﬁgurations
acting as a source of emanating twinning dislocations are
diﬀerent in each model. These mechanisms involve glide
of Shockley partial dislocations (twinning dislocations with
Burgers vector jbtwinj = a0Æ1 1 2æ/6, where a0 is the fcc lattice
constant) on successive {1 1 1} planes to create multi-layered faults that could then produce a twin. Fig. 1 shows
the change of stacking in the fcc lattice due to passage of
partial dislocations with Burgers vector bp = btwin, during
twin nucleation. Passage of the partial on the ﬁrst layer creates an intrinsic stacking fault (isf), and the second and
third partials on successive planes then create a three-layer
twin stacking fault (tsf). Passage of more partials on neighboring {1 1 1} planes results in formation of larger twins. In
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Fig. 1. The 12-layer supercell used for GPFE calculations: (from left to right) perfect fcc, one-layer (intrinsic) fault, two-layer fault and three-layer (twin)
fault. The arrows indicate the successive {1 1 1} planes on which Shockley partials with Burgers vector bp = a0Æ1 1 2æ/6 are passed. The translation vector T3
maintains fcc stacking between adjacent supercells.

many of these models, the stress required to nucleate a twin
has been determined from the stress required to operate a
twin source such as a pileup, Lomer–Cottrell lock, etc.
[9,12]. Typically, these models predict that the twinning
stress depends only on the intrinsic stacking fault energy
(SFE) cisf – for example, through a phenomenological relation of the form [12] scrit  Kcisf/jbtwinj with ﬁtting parameter K to ensure good correlation with a limited range of
experimental data. However, as shown recently, the energy
pathways associated with twinning – the generalized planar
fault energy (GPFE)–involve energy barriers which twinning partials must overcome during twin nucleation [15–
17]; see Fig. 2a. The qualitative dependence of deformation
twinning tendency on GPFE has been predicted in fcc metals [15,16,18] and alloys [17,19]. However, a quantitative
dependence of twinning stress on GPFE has not been
established yet; nor has the role of GPFE in classical dislocation-based, heterogeneous twinning stress models been
accounted for. The twinnability approach [15,16], for
example, provides only a qualitative measure of twinning
propensity, namely, whether an fcc metal will twin or
not. This approach does not address the twin nucleation
issue, namely, at what stress an fcc metal will twin. The
present work, on the other hand, provides a theory, free
from adjustable parameters, that leads to a quantitative
prediction of twinning stress.
In this paper, we incorporate the twin-energy pathways
(GPFE) into a dislocation-based mechanistic model to predict the twinning stress in fcc metals (here for Ag, Al, Au,
Cu, Ni, Pb, Pd and Pt). Of these, Al, Pd and Pt typically
undergo cross-slip instead of twinning (Al has been
reported to twin at crack tips [20] due to high stress concentration and is discussed later), while twinning in conventional Ni has been reported only at high stresses just
prior to fracture [3,21]. As will be seen later, our model

Fig. 2. (a) VASP–PAW GPFE for pure Pb vs. normalized shear
displacement on successive {1 1 1} planes: twin-energy converges immediately after the third layer marking the start of twin growth. (b) The threelayer twin nucleus bounded by an array of partial dislocations (designated
by Thompson tetrahedron in inset).

quantitatively predicts these diﬀering deformation behaviors. Twinning has also been observed in nanocrystalline
(10–50 nm grain size) Al [22,23] and Pd [24], but the
observed twinning stresses are close to ‘‘ideal’’ stresses
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(1–2 GPa) [18], since the nanograins are almost dislocation-free and the observed twinning is attributed to emission of twinning partials from the grain boundaries. The
present theory is for coarse-grained fcc metals, where twin
nucleation in the bulk occurs without grain-boundaries as
twin sources. In these fcc metals, pre-existing defects, such
as stacking faults and fault pairs in the interior of the grain,
act as twin nucleation sources, leading to twinning stresses
that are an order of magnitude lower than the nearly ideal
stresses in nanograined metals. Our theory reveals that the
twinning stress in these fcc metals exhibits a more general
dependence on the GPFE, rather than on a single parameter cisf. A natural outcome of our approach is that there are
no adjustable parameters in our theory.
2. Hierarchical approach to twin nucleation
Here we model the deformation processes associated
with twinning at two diﬀerent length scales: (i) at the mesoscale level, where dislocations bounding the twin nucleus
interact with each other; and (ii) at the atomic level, where
lattice shears occurring due to passage of twinning partials
involve traversing the twinning energy pathway (i.e.
GPFE). We capture the mesoscale dislocation interactions
using dislocation mechanics and use ab initio density functional theory (DFT) to determine the twinning energy
pathway (GPFE) at the atomic level. We propose a sequential multi-scale model for twin nucleation that meaningfully
incorporates the GPFE into a mesoscale dislocation-based
mechanistic model. In the following section, we discuss the
calculated twinning energy pathways (GPFE) for fcc metals and their importance in determining the twin nucleation
event.
2.1. Twinning energy pathways
The GPFE provides a comprehensive description of
twins [16,18,19,25,26]. For fcc systems, the GPFE is the
energy per unit area required to form n-layer faults (twins)
by shearing n successive {1 1 1}-layers along the Æ1 1 2æ
direction – each through
p one Burgers vector of a Shockley
partial = jbtwinj = a0/ 6, see Fig. 1. The GPFE curves for
fcc metals were determined with the Vienna ab initio simulation package [27,28] (VASP) using the generalized gradient approximation [29] (GGA) and the projector
augmented wave [30] (PAW) basis. Fig. 1 shows a 12-layer
supercell having 1-atom per layer with translation vectors
T1 ¼ ½1 0 
1; T2 ¼ ½0 1 
1 and T3. We used periodic boundary
conditions across the supercell to represent bulk fcc material (no free surfaces). Starting with the perfect fcc
. . .ABC. . . (1 1 1)-layer stacking, the intrinsic stacking fault
was created by translating (sliding) layers 8–12 relative to
layers 1–7 along T3 through one twinning partial Burgers
vector btwin. We calculated the GPFE curves up to ﬁvelayer twins starting with a two-layer twin generated by
sliding layers 9–12; then a three-layer twin by sliding layers
10–12, and so on. During shearing of the supercell, the
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vector T3 = mjbtwinj + n [1 1 1] (for m translations in an nlayer supercell) maintains fcc stacking between adjacent
supercells, ensuring no unfavorable . . .AA. . . conﬁgurations form in the stacking. All the atoms in the {1 1 1}-layers in the immediate vicinity of the fault, as well as the
atoms in the layer containing the fault, were relaxed completely. The supercells are large enough to ensure convergence of the fault energies, i.e. defects are isolated.
Brillouin zone sampling was performed using special kpoint mesh [31] with the energy cutoﬀs 273.2 eV (Cu),
249.8 eV (Ag), 237.8 eV (Pb), 229.9 eV (Au), 240.4 eV
(Al), 250.9 eV (Pd) and 230.3 eV (Pt), ensuring 1 meV
atom1 energy convergence.
Fig. 2a shows the predicted GPFE curve for Pb, as an
example, where we deﬁne cus as the stacking fault nucleation barrier, cisf as the one-layer SFE, cut as the twin
nucleation barrier (unstable twin stacking fault energy)
and 2ctsf as twice the twin SFE (or coherent twin boundary
energy). Table 1 summarizes our calculated fault energies
and their excellent agreement with experimental data. It
is important to note that the experimental data for cisf
and ctsf reported in the literature are based on various
experimental techniques. There is some variability in the
experimental data itself. For the majority of fcc metals
(especially those which preferentially twin), the computed
fault energies are within 5% of the experimentally reported
value. Note also that energy barriers cus and cut cannot be
experimentally determined and must be computed. As will
be seen later, twinning stress scrit for fcc metals strongly
depends on the pathway barriers cus and cut. Hence, we
have calculated the entire GPFE curve (especially cus and
cut) using ab initio density functional theory. Our results
may be compared with previous DFT [32,17,19,18] and
more approximate, empirical methods [25,26,33,34] which
lack suﬃcient accuracy. Table 1 represents the most complete group of DFT-based theoretical fault energy calculations for fcc metals.
Table 1
VASP–PAW–GGA fault energies (in mJ m2) for fcc metals (this study) at
the experimental lattice constants (in parenthesis): intrinsic cisf; twin 2ctsf;
unstable intrinsic cus; and unstable twin cut
Metal

Pb (4.95 Å)
Ag (4.09 Å)
Au (4.08 Å)
Cu (3.61 Å)
Ni b (3.51 Å)
Pd (3.89 Å)
Pt (3.92 Å)
Al (4.05 Å)

cus

cisf

Theory

Theory

87
133
134
180
273
287
339
162

49
18
33
41
110
168
324
130

cut

2ctsf

Expt.

Theory

Theory

Expt.a

–

92
143
148
200
324
361
486
215

44
18
31
40
110
172
321
113

–
16
30
48
86
–
322
150

16a
32a
45a
125b
180b
322b
120c

Predicted values are in good agreement with experiment. Metals that twin
are in bold. Dash indicates that experimental data were not available for
comparison.
a
Fault energies from Table A-1 of Ref. [35].
b
Fault energies from Ref. [19].
c
Ref. [56].
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From Fig. 2a, we note that 2ctsf converges after third
layer sliding for pure Pb. We have observed similar convergence trends in pure Cu and Cu–Al alloys [17], as well as in
all fcc metals investigated here (shown in bold in Table 1)
that undergo twinning. In fcc metals, the fault energies continue to vary until the third layer has nucleated. Beyond the
third layer, the fault energies converge immediately with
nucleation of subsequent layers. The three-layer fault is
the smallest possible twin in fcc metals [35,36], and is commensurate with the Mahajan–Chin model [13]. We note
that a previous study [18] reported convergence for pure
Cu at two-layers based on a slab geometry in vacuum,
which is in contrast to our periodic supercells that maintain
bulk environment. This diﬀerence in boundary conditions
may explain the diﬀerence in GPFE convergence behavior.
The present results also suggest that, in fcc metals and
alloys, the formation of a three-layers-thick twin is best
described as the twin nucleation event (see Fig. 2a). Any further increase in the twin thickness must be described as a
twin growth event, where fault energies remain unchanged
with increasing twin thickness.
Most previously reported GPFE results for fcc metals
were computed using either empirical potential-based
methods [15,16,25,26,33,34,37] or DFT [19] for two-layer
defects only. However, a GPFE calculation for up to only
two-layers is insuﬃcient to study the energy of twin nucleation, where the smallest twin is commensurate with threelayers [35,36]. The distinction between twin nucleation and
twin growth is important as the stress required for twin
growth is much less than that required for nucleation
[9,38,39]. The correct prediction of twin nucleation stress
requires a heterogeneous, dislocation-based mesoscale
model and is described next.
2.2. Dislocation-based mesoscale model
To determine the twinning stress, one may consider the
equilibrium of forces acting on individual dislocations
bounding the twin nucleus [9,12,38–41]. Alternatively, it
is possible to determine the twinning stress by considering
the total energy associated with the dislocation conﬁguration forming the twin and diﬀerentiating the total energy
with respect to twin width d and height h. In this work,
we calculate the total energy for a twin nucleus along with
its bounding partials. While several dislocation conﬁgurations bounding the twin nucleus have been proposed
[8,9,11,13,14], here we consider the three-layer twin nucleus
proposed by Mahajan and Chin [13] (see Fig. 2b). Since the
twin nucleus is very thin, the dislocations are treated as coplanar, in accordance with Friedel [42]. As will be seen, this
twin conﬁguration is adequate to capture the energetics of
twin nucleation with excellent accuracy.
Fig. 2b shows the three-layer twin nucleus along with its
bounding partial dislocations. Since the three bounding
partial dislocations on the left have a zero net Burgers vector, these partials are immobile and will not participate in
the widening of the twin nucleus. Only the mobile dB twin-

ning partial dislocations will cause widening of the twin
nucleus within the volume of the grain. Further, thickening
of the twin nucleus will occur due to the combination and
agglomeration of these three-layer twin nuclei, as postulated by Mahajan and Chin [13]. Since we are interested
in determining the true (as opposed to the ‘‘ideal’’) twinning stress (the critical shear stress required to nucleate a
twin in an fcc crystal), we focus on the energetics associated
with the three-layer twin nucleus conﬁguration shown in
Fig. 2b.1
The total energy of the three-layer twin nucleus shown
in Fig. 2b is composed of: (i) the elastic energy of edge
and screw components of dislocations bounding the
nucleus, (ii) work done by applied resolved shear stress
and (iii) the energy associated with the twinning energy
pathway GPFE (i.e. the area under the GPFE curve). From
Fig. 2b, it is seen that, of all the bounding partial dislocations, only Ad and Cd have mixed character. The remaining
dB twinning partials are pure edge partial dislocations.
This property allows us to determine the total elastic
energy associated with the dislocation conﬁguration using
well-established closed-form expressions for dislocation
walls and pileups. The total energy can be expressed as:
Etotal ¼ Eedge þ Escrew  W s þ EGPFE

ð1Þ

Since, the twin nucleus is only three-layers thick, we consider the twin to be thin, allowing us to treat the edge components of the partial dislocations as a single pileup in
accordance with Friedel [42]. Following classical dislocation theory for pileups [44], the elastic energy associated
with the edge components can be written as:
   

Gf1 1 1g
d
1
2
2
Eedge ¼
þ
jbe j d N ln
N
2
4pð1  mÞ

 
d
1
ð2Þ
 N ln
 lnðN Þ
w
6
where be is the Burgers vector of the edge component of the
partial, d is the width of the twin nucleus, w is the core
width and N is the number of {1 1 1}-layers in the twin nucleus (equal to 3, as already established from our ﬁrst principles calculations).
Further, as only Ad and Cd are mixed dislocations, the
screw components can be treated as a ﬁnite sized vertical
wall [45] and their elastic energy contribution can be
expressed as:

1

We can alternatively consider the twin nucleus as a helical dislocation
conﬁguration with varying radius (similar to a pole mechanism). De Wit
[43] has developed closed-form elasticity solutions for a uniform radius
helical dislocation conﬁguration. However, these elasticity solutions apply
only to the limiting cases of very small and large radii dislocation helixes.
These solutions, while attractive, are not applicable to the helical partial
dislocation in the pole mechanism, for example. In the present theory, we
use classical elasticity solutions for the three-layer twin nucleus proposed
by Mahajan and Chin [13] and show that the derived closed-form
expressions are more than adequate to capture the energetics of twin
nucleation with excellent accuracy.
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Escrew ¼

  

Gf1 1 1g  2
d
1
bs d N 2 ln

N
2
9p

ð3Þ

The energy contribution EGPFE of the GPFE curve can
be divided into two parts: Ec-twin, the energy required to
nucleate the twin, and Ec-SF, the energy required to create
an intrinsic stacking fault
EGPFE ¼ Ectwin  EcSF

ð4Þ

The above additive decomposition of EGPFE arises because
cross-slip and twinning are competing mechanisms and are
controlled by diﬀerent regions of the GPFE curve. In order
to identify Ec-SF and Ec-twin in a physically meaningful way,
we express the GPFE curve in Fig. 2a as
ux
cðkðxÞÞ ¼ cSF ðkðxÞÞ þ ctwin ðkðxÞÞ; kðxÞ ¼
jbtwin j
ð5Þ
cSF ðkðxÞÞ ¼ f ðcus ; cisf Þ for 0 6 kðxÞ 6 1
ctwin ðkðxÞÞ ¼ gðcisf ; cut ; ctsf Þ for 0 6 kðxÞ < N
In the above equation, k(x) = ux/jbtwinj is the normalized
relative shear displacement that the two halves of the crystal undergo due passage of a Shockley partial. The energy
contributions of Ec-SF and Ec-twin can be expressed as
follows:
Z d
Ectwin ¼ ðN  1Þ d
ctwin dx
0
ð6Þ
Z d
cSF dx
EcSF ¼ d
0

From Eq. (6), the area under the cSF(k(x)) curve is the energy Ec-SF required to overcome the unstable stacking fault
energy barrier cus and nucleate an intrinsic stacking fault in
the lattice. Further, as already discussed in a previous paper [32], Ec-SF is also a measure of the energy required to
recombine the partials during cross-slip at the onset of
stage III hardening. Since twinning and cross-slip are competing mechanisms, Ec-SF will not assist in twin formation.
This is accounted for by the negative sign in front of Ec-SF
in the total energy Eq. (4). On the other hand, the area under the ctwin(k(x)) curve is the energy Ec-twin (see Eq. 6) required by the twinning partials dB to overcome the twin
nucleation barrier cut during the nucleation of the threelayer twin. The twin nucleation barrier cut can be split into
its constituent twin energies as follows [18]:
cut ¼ 2cTBF þ cTBM
where 2cTBF is the twin boundary formation energy (equal
to the coherent twin boundary energy [46]) or the twin
stacking fault energy, i.e. 2cTBF = 2ctsf) and cTBM is the
twin boundary migration energy. The passage of Shockley
partials over successive {1 1 1} planes results in propagation
of the twin boundary front in the Æ1 1 1æ direction normal to
the K1 plane. In order to migrate the twin boundary to the
next {1 1 1} plane, the partial must have enough energy to
overcome the cTBM barrier. Once the barrier is overcome,
the twin attains a stable conﬁguration with a stable energy
equal to 2cTBF or 2ctsf. We account for both twin boundary
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migration and formation energies through the energy term
Ec-twin in Eq. (4).
To determine the energy contributions Ec-SF and Ec-twin
from Eq. (6), we follow the classical Peierls model [47] for
periodic lattices: the function f(cus, cisf) (GSFE for a stacking fault) in Eq. (5) has been expressed as a cosine function
of the fault energies [35,48]. Here, we use the cosine analytical form for both f and g in Eq. (5) to express cSF and ctwin
as follows:
c þ cisf
c  cisf
cSF ðkðxÞÞ ¼ us
 us
cos ð2pkðxÞÞ
2 
 2 
1
2ctsf þ cisf
ctwin ðkðxÞÞ ¼ cut þ
2
2



1
2ctsf þ cisf
 cut 
cos ð2pkðxÞÞ
2
2
The applied shear stress s resolved on the appropriate
twin system (e.g. in the ½2 1 1 direction in Fig. 2b) assists
the leading Shockley partials dB to break away from the
immobile trailing partials on the left. Thus, the shear stress
s helps to overcome the twinning barrier cut and the work
Ws done in displacing the twinning partials through width
d is given by
W s ¼ N sjbtwin jd 2

ð7Þ

Having determined all the terms in the total energy
expression, the total energy of the twin nucleus shown in
Fig. 2b can be written as follows:
   

 
Gf1 1 1g
d
1
d
2
2
Etotal ¼
þ
 N ln
jbe j d N ln
N
2
w
4pð1  mÞ

  

Gf1 1 1g
1
d
1
2
2
 lnðN Þ þ

jbs j d N ln
6
N
2
9p
Z d
Z d
þ ðN  1Þ d
ctwin dx  d
cSF dx  N sjbtwin jd 2
0

0

ð8Þ
where G{1 1 1} is the shear modulus on the activated {1 1 1}
plane and w is the core radius. The shear modulus G{1 1 1} of
a cubic crystal was determined for each fcc metal from its
elastic moduli C11, C12 and C44 using the following equation [49]:
Gf1 1 1g ¼

3C 44 ðC 11  C 12 Þ
4C 44 þ C 11 þ C 12

ð9Þ

Table 2 summarizes the elastic moduli [50,51] and the calculated shear modulus G{1 1 1} for each metal investigated
here. Note from Eq. (8) that the total energy Etotal depends
only on (i) the geometry of the twin nucleus (twin width d,
dislocation core width w and the number of layers N) and
(ii) the fault energies cisf, 2ctsf, cus and cut, which are determined from ﬁrst principles. Note that the energies in Eq.
(8) are insensitive to temperature changes and so will be
the twinning stress, in agreement with experiments. To
determine the twinning stress scrit, we minimized the total
energy of the three-layer nucleus with respect to d
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Table 2
Summary of the lattice constants, elastic moduli and the computed shear modulus G{1 1 1} for fcc metals
Metal
a

Pb
Aga
Aua
Cub
Nia
Ala
Pda
Pta

a0 (Å)

C11 (GPa)

C12 (GPa)

C44 (GPa)

G{1 1 1} (GPa)

4.95
4.16
4.08
3.61
3.52
4.05
3.89
3.92

55.6
131.5
201
225
261
114
234
358

45.4
97.3
170
153
151
62
176
253

19.4
51.1
46
115
132
32
71.2
77.5

3
12
8
30
46
16
18
27

The elastic moduli C11, Crm12 and C44 have been used from experimental data or from ﬁrst principles calculations.
a
Elastic moduli Cij from Ref. [50].
b
Elastic moduli Cij from Ref. [51].

total
i:e: oEodtotal ¼ 0 and N i:e: oEoN
¼ 0 and derived an explicit, closed-form expression for s = s(cisf, ctsf, cus, cut,
G{1 1 1}, N, d) given by
"  2
 2 #
 bs 
Gf1 1 1g N be 
þ
sðdÞ ¼
pd
4ð1  mÞ
9



2
3N
ð2ctsf þ cisf Þ
 1 cut þ
þ
3N jbtwin j 4
2


2
1
ð2ctsf þ cisf Þ w

c 
ðc þ cisf Þ þ
3N jb j ut
6jb j ut
2
d
" twin pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!# twin
2
d þ d þ w2
 ln
w


ðN  1Þ
ð2ctsf þ cisf Þ w
cut 

3N
2
d
"
#
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
2
d þ d þ w2
d
 ln
þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w
d 2 þ w2

1
w
ðc  cisf Þ
3N jbtwin j us
d
"
#
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
2
d þ d þ w2
d
 ln
þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
w
d 2 þ w2

þ

ð10Þ

Note that, for a given fcc crystal, the only unknowns in Eq.
(10) are s and d. The above s(d) equation was solved
numerically for scrit and d using mathematica. To determine scrit we impose a geometric constraint on the above
equation: for nucleation of a stable twin, its width d must
be at least equal to the Burgers vector of the twinning dislocation, i.e. d P jbtwinj. In other words

Minimize sðdÞ
scrit ¼
subject to d P jbtwin j
Eq. 10 reveals that s(d) and, hence, the twinning stress scrit
depends on the fault energies (cisf, ctsf, cus and cut) and geometric parameters N (equal to 3 for fcc twin nucleus, as discussed before), w (equal to 0.2jbtwinj for pure metals [35])
and twin width d. The choice of w has minimal impact
on our results. Thus, no adjustable parameters are present
in the twinning stress equation arising from either DFT or
mesoscale dislocation theory. All parameters are quantities

intrinsic to the fcc metals under consideration. Further,
note that, since the fault energies vary weakly with temperature, our theory predicts that twinning stress is insensitive
to temperature, in agreement with observations [38,52].
3. Results and discussion
Fig. 3 shows the predicted width d and aspect ratio h/d
of the twin nucleus plotted against the predicted twinning
stress. The plot represents (s, d) values that satisfy the
objective function s(d) and the inequality constraint
d P jbtwinj. Our theory predicts that the nucleating deformation twins will be of lenticular morphology (small h/d
ratio), in agreement with experiments and classical nucleation theory [53]. During twin growth, the width d will be
limited by the grain size. Further, it is seen that the metals
with higher twinning stress will accommodate thinner twin
nuclei.
In Table 3 and Fig. 4, we compare the twinning stress
predicted from our DFT-based analytic theory with the
experimental twinning stress data, and ﬁnd excellent agreement without any ﬁtting parameters at any length scale.
Also included in Table 3 is the oft-quoted ‘‘ideal twinning
stress’’ determined from the derivative of GPFE [18] (sideal
= p(cut  2ctsf)/jbtwinj), which is an order of magnitude larger than the true nucleation stress for twinning observed
experimentally. Fig. 4a shows a non-monotonic relationship between scrit and cisf, which cannot be explained by
the classical twinning models [9,10,12,54] that proposed a
monotonic (either linear or quadratic) relationship between
these two quantities. However, our hierarchical approach
captures the observed non-monotonic trend accurately.
More importantly, our twinning stress equation reveals
that scrit is determined from the entire GPFE (cisf, cus, ctsf
and cut) and not just cisf, as suggested by classical phenomenological models.
Our theory, for the ﬁrst time, establishes an extremely
important correlation between scrit and cut in fcc metals.
In Fig. 4b, we plot the predicted and experimental twinning
stress of all fcc metals considered here against cut. Fig. 4b
shows a monotonic increase in twinning stress with cut,
which classical phenomenological models cannot capture.
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Fig. 3. Predicted twin nucleus size (circles): (a) twin width d normalized by
twinning partial Burgers vector vs. predicted twinning stress. The theory
predicts that fcc metals with higher twin nucleation stress will accommodate wider twin nuclei. (b) Predicted twin aspect ratio vs. twinning stress (h
is the twin thickness). The line is a guide to the eye. Note that fcc metals
with higher twin nucleation stress will accommodate twin nuclei with
smaller aspect ratios.

Fig. 4. From Table 3, predicted and experimental twinning stress for fcc
metals vs. GPFE: (a) intrinsic SFE cisf and (b) unstable twin SFE, cut. The
predicted twinning stress (square) is in excellent agreement with the
experimental data (circles). Our theory captures the non-monotonic
dependence of twinning stress on cisf with excellent accuracy. The theory
also reveals a monotonic trend between scrit and cut, thus suggesting that
cut is a critical fcc material property governing twin nucleation.

Table 3
Predicted critical twinning stress stheory
and ‘‘ideal’’ twinning stresses stheory
(MPa) for fcc metals (present work), compared with known reported
crit
ideal
experimental values (from literature) sexpt
crit
Metal
Pb
Ag
Au
Cu
Ni
Al
Pd
Pt

stheory
(MPa) (predicted)
crit
40
65
80
120
250
220
330
480

sexpt
crit (MPa) (expt.)
a

19–71
38–71b
85–100c
125–160d
–
–
–
–

stheory
ideal ðMPaÞ

Deformation mechanism

660
1910
2210
3380
4680
1940
5260
3240

Twinning
Twinning
Twinning
Twinning
Twinning
Cross-slip
Cross-slip
Cross-slip

The theory provides quantitative agreement to experiment and correctly predicts the dominant deformation mechanism (twinning vs. cross-slip). Dash
indicates that experimental data was not available for comparison.
a
Ref. [7].
b
Ref. [2,55].
c
Ref. [55].
d
Ref. [57].
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The physics can be explained as follows: cut is the sum of
the twin boundary migration energy and the twin boundary formation energy [18]. In other words, to form a twin
boundary and translate it onto the next {1 1 1} plane during
twin nucleation, the Shockley partial must overcome the
barrier cut. The higher the cut barrier, the larger the stress
required to overcome it and allow passage of Shockley partial to the successive {1 1 1} plane. Consequently, fcc metals
with larger twin nucleation barriers cut exhibit larger twinning stress – a trend conﬁrmed by both experimental data
and present theory (see Fig. 4b). The present work also
highlights the role of unstable SFE cus. We have recently
shown that the unstable stacking fault energy governs the
intrinsic stacking fault width and, therefore, the energy
needed to recombine the partials during cross-slip [32].
Thus, an increase in cus inhibits cross-slip and promotes
twinning. For completeness, it is worth noting that ad
hoc twinning stress relations, such as (scrit = cisf/2jbtwinj),
do not predict the correct twinning stress for all fcc metals,
while our hierarchical, adjustable parameter-free approach
does.
Our theory also resolves an apparent contradiction from
experiments regarding observed twinning in conventional
pure Ni. Haasen and King [3] and Robertson [21] have
reported twinning in Ni at high stresses just prior to fracture (tensile strength of Ni is 317 MPa), but they did not
report a twinning stress. We predict that twinning in Ni will
occur (if at all) at 250 MPa due to its very high twin nucleation barrier cut. Narita and colleagues [55] did not observe
twinning in Ni, since their applied shear stresses were lower
than this critical value.
Coarse-grained Al has not been experimentally observed
to deform by twinning, except at crack tips [20] – most
likely due to very high stress concentration. This has been
typically attributed to the high intrinsic SFE of Al. Table 1
shows that while cut for Al is only slightly higher than that
for Cu, its cisf and ctsf are almost three times larger than the
corresponding energies for pure Cu. Additionally, the
cross-slip barrier cus for Al is much lower than that for
Cu, thus making cross-slip more favorable than twinning
in Al. Also, twinning as a deformation mechanism has
not been observed in conventional Pd and Pt. As seen in
Table 1, both Pd and Pt have a very high unstable twin
nucleation barrier cut (1.8 and 4 times larger than Cu for
Pd and Pt, respectively) that well exceeds the corresponding cross-slip barrier cus. Consequently, our theory suggests
a very high value of twinning stress for Pd (330 MPa) and
Pt (480 MPa), indicating that these metals will preferentially undergo cross-slip at the onset of stage III hardening
and not necessarily deform by twining.

dependence of the true twinning stress scrit on the entire
generalized planar fault energy, not just on the intrinsic
stacking fault energy cisf suggested by classical phenomenological models. Moreover, our theory reveals the underlying physics of twin nucleation in fcc metals – namely,
twinning stress has a non-monotonic dependence on intrinsic stacking fault energy which classical models fail to
explain, but bears a monotonic dependence on the unstable
twin stacking fault energy cut (also borne out with experimental data). Our ﬁrst-principles-based theory permits,
for the ﬁrst time, a quantitative prediction of the twinning
stress for fcc metals that is in excellent agreement with
experiments without requiring any adjustable parameters
at any length scale.
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