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a b s t r a c t

Fatigue crack growth was investigated in a 001½ � oriented single crystal specimen, made of a Ni-based
superalloy, Haynes 230. Crack propagation was characterized with digital image correlation: crack clo-
sure, measured by analyzing the relative displacements of crack flanks, showed closure levels much
lower than polycrystal alloys. Reversed plastic zones were calculated from regressed stress intensity fac-
tor ranges and compared to the strain field measured at the crack tip. Experimental results were com-
pared to those provided by a numerical model, which considered both crack propagation and single
crystal anisotropic behavior, in terms of crack opening levels and crack tip cyclic plastic zones. Results
of the numerical simulations were in good agreement with the experiments.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

The continuously increasing demand for sustainable and effi-
cient energy has led to the development of innovative alloys, cap-
able of working in very aggressive conditions, such as highly
corrosive environments at high temperature. Recently, the energy
and aerospace industries have shown a renewed interest in Nickel
based superalloys, since they exhibit an improved resistance to
creep, corrosion and oxidation, properties that make them the
favorite candidate for components such as turbine blades and com-
bustors [1].

A further improvement on material properties can be obtained
working on the microstructure of the alloy: an enhanced creep
resistance, for example, can be obtained adopting single crystal
components, since a single crystal structure does not include poly-
crystalline grain boundaries, the location in which voids, the fea-
tures responsible for creep failure, nucleate and grow. On the
other hand, single crystal components require the development
of advanced design techniques, because they exhibit a marked ani-
sotropic behavior, which is an important factor even in crack prop-
agation, since it has been shown that crack propagation occurs in
planes related to crystal slip systems orientation [2]. Accordingly,
an accurate description of crack propagation in single crystals is
possible only together with an appropriate crystal plasticity model.

In the literature, different crystal plasticity codes have been
proposed, with the main aim to describe crack nucleation in
polycrystalline aggregates [3]. The formulation of crystal plasticity
is due to the works of Taylor, Rice, Hill, Asaro and Needleman
[4–7]: starting from experimental observations, in these models,
inelastic strain is computed as a function of slip occurring in partic-
ular crystallographic planes. An initial application of crystal plas-
ticity to the study of the plastic zone in a single crystal was
presented in [8]. Another application of crystal plasticity to the
study of the crack tip field can be found in [9], in which the simu-
lation of a cracked C(T) specimen is performed. A comparison
between numerical and analytical results of crack tip fields in sin-
gle crystal is reported in [10]. All these studies were performed
considering a single load ramp. An application of crystal plasticity
to the study of fatigue can be found in [11], in which crack opening
loads were studied in a polycrystalline aggregate. The same
approach was employed by Potirniche et al. [12] to study short
crack propagation in aluminum. Recently, a different approach
based on cohesive elements has been proposed in the literature
[13].

1.1. Scope: crack closure and crack tip plasticity

In this work, fatigue crack growth in a single crystal of a nickel
based superalloy, Haynes 230, is investigated at room temperature
to provide an accurate analysis of the crack growth mechanisms
acting at the tip of a flaw both with an experimental approach
(DIC) and numerical simulations (crystal plasticity).

In his analytical work, Williams [14] described the stress field
around a crack tip, in an elastic and isotropic body, with a power
law series, discovering that the singularity is of the order
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http://dx.doi.org/10.1016/j.ijfatigue.2016.02.035
mailto:silvio.rabbolini@polimi.it
http://dx.doi.org/10.1016/j.ijfatigue.2016.02.035
http://www.sciencedirect.com/science/journal/01421123
http://www.elsevier.com/locate/ijfatigue
http://dx.doi.org/10.1016/j.ijfatigue.2016.02.035
http://dx.doi.org/10.1016/j.ijfatigue.2016.02.035


Nomenclature

A rigid body rotation
B rigid body translation
C;m paris law coefficients
D0; T0;l0 empirical parameters for temperature dependent shear

modulus
E Young’s modulus
F; Fe; Fp deformation gradient and its elastic and plastic compo-

nents
L; Lp velocity gradient and its plastic component
Ns number of slip systems
R load ratio
Rp;0:2% yield stress
S yield stress in the shear direction (Hill’s criterion)
T T-stress
T temperature
U stress range reduction factor
Y geometric factor
X;W; Z yield stress in the principal direction (Hill’s criterion)
a crack length
aij elastic constants
bs direction of the s-th slip system
n exponent of the slip rate
ns normal of the s-th slip system
r radial distance from the tip
rp plastic zone radius
s s-th slip system

x; y horizontal and vertical coordinate
w specimen width
Dr stress range
D�yy axial strain difference
DKeff effective stress intensity factor range
DKI;eff mode I effective stress intensity factor range
Drp cyclic plastic zone radius for a linear elastic material
Drp;EP cyclic plastic zone radius for an elastic–plastic material
_c0 reference slip rate
_cs slip rate along the s-th slip system
_� strain rate
�p accumulated plastic strain
�yy vertical strain
l shear modulus
ropen stress corresponding to the opening value
rx;ry stress in the x and y direction
�s accumulated plastic strain dependent component of ~s
~s slip system strength
sa temperature and rate invariant component of the yield

stress
ss resolved shear stress
sxy; syz; sxz shear stresses
sy temperature and rate dependent component of the yield

stress
h angular coordinate from the tip
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ri;j / K=r�1=2, where r is the radial distance from the tip, and that
the stress intensity factor, K, is a measure of the singularity itself.
Studying the singularity field for a crack in an anisotropic body,
Sih et al. [15] found the singularity to be of the same order.

Initial works [16,17] employed DIC to study the effects of crack
closure, by measuring the relative displacements of crack flanks
during a load cycle, following Elber proposal [18]. Full field dis-
placements were employed by McNeill et al. [19] to extract stress
intensity factors with a regression technique based on the analyt-
ical singular field. Carroll et al. [20] modified the regression algo-
rithm, including the effects of the T-stress, the second term of
the power series proposed by Williams. Recently, DIC was applied
to study fatigue crack growth of Haynes 230 at high temperature
[21] and to study fatigue crack growth in 316L steel and Haynes
230 single crystals [22,23].

Starting from DIC-extracted stress intensity factor ranges, it is
possible to evaluate the stress field acting at the tip. The stress dis-
tribution, together with an adequate yield criterion, can be used to
evaluate the plastic zone, the region around the tip in which mate-
rial locally yields. An initial estimation of the extent of the plastic
zone in an isotropic elastic/perfectly plastic material was given by
Irwin [24], who calculated the plastic zone radius, rp, as a function
of the applied stress intensity factor and of the yield stress, Rp;0:2%.
The influence of T-stress on plastic zone size was initially studied
by Gao et al. [25], who observed that the influence of this term
becomes significant only at moderate stress levels. Inside the plas-
tic zone, a limited area experiences reversed plastic flow during
each load cycle. Rice estimated that the radius of this region, also
referred as cyclic plastic zone, is a quarter of the monotonic plastic
zone [26]. McClung and Sehitoglu [27,28] discovered that the size
of the cyclic plastic zone depends on crack closure.

As for numerical approaches, the plastic wake generation and
crack closure (as a result of the irreversible plastic deformations
at the tip of a growing crack) have been largely studied with
numerical models based on a node release technique. Newman
[29] simulated crack propagation in a center-crack panel by chang-
Please cite this article in press as: Rabbolini S et al. Near-tip closure and cyclic
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ing the stiffness of spring elements placed along the crack flanks,
considering an elastic/perfectly plastic material. Following this
approach, McClung and Sehitoglu [27,28] were able to study crack
closure changes during crack propagation from a notch for differ-
ent steels and to check the dependency of the opening stresses
on the model mesh. The same approach was applied by Pommier
et al. [30,31] to study the effects of material hardening on crack
tip plastic zone. All these approaches were developed on 2D-
models, imposing a node release at the peak stress of every load
cycle. In [32], a numerical investigation of crack closure performed
on a 3D model is discussed, in order to highlight the differences in
crack opening levels along the front of a Mode I loaded crack. Sim-
ulations were performed on an innovative software, Warp3D [33],
which allows the development of cracked models taking into
account large displacement theory. In this work, crack closure is
investigated with Warp3D, since the software allows the develop-
ment of models that consider single crystal behavior.
1.2. Overview

This study deals with the analysis of crack propagation in a sin-
gle crystal, with the aim to provide a more accurate understanding
of crack growth mechanisms in individual grains. In the first part of
the paper, a discussion of material properties and experimental
procedures are reported together with crack growth measure-
ments. At first, DIC measurements were used for determining clo-
sure levels and the cyclic plastic region at the crack tip.

In the following sections, experimental results, obtained with
DIC, are compared to the numerical ones, obtained considering
crystal plasticity. The results of the simulation performed on a
quasi-static model are initially presented, with the aim to provide
an initial assessment of the plastic zone. In the final part of the
paper, crack closure in single crystals is studied with a model
which considers crack advancement with a node release technique.
Finally, numerical opening levels are implemented in a crack prop-
plasticity in Ni-based single crystals. Int J Fatigue (2016), http://dx.doi.org/
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agation model and are compared to experimental results in terms
of crack length vs cycles.
2. Experiments

2.1. Material properties

Haynes 230, a commercial Ni-based superalloy, was used dur-
ing the experiments presented in this work. Haynes 230 is a solu-
tion strengthened alloy, which exhibits high resistance to
corrosion, oxidation and creep, properties that makes it the prefer-
able choice for applications in the energy and aerospace industries,
such as gas turbines and combustors. High temperature properties
of this superalloy are due to the addition of chromium, tungsten
and molybdenum. Haynes 230 chemical composition is reported
in Table 1.

Single crystals were obtained from a seed: Bridgman technique
in vacuum was adopted in this phase. Crystal initial orientation
was determined with electron backscatter diffraction (EBSD). Spec-
imens were extracted from slices cut parallel to the 1 �10

� �
plane:

this plane was chosen because it included the crystallographic ori-
entation of interest, i.e. 001½ �, and the 111½ � orientation. Single
edge notch specimens were electrical discharge machined (EDM)
from these slices: ‘dog-bone’ specimen geometry was adopted in
this work. A schematic of the specimen is reported in Fig. 1,
whereas mechanical properties of the single crystals, evaluated
testing unnotched specimens, are reported in Table 2.

Before testing, EBSD was performed on the specimen to check
its orientation. The loading direction was confirmed, whereas it
was determined that the notch and the thickness directions were,
respectively, 340½ � and 4 �30

� �
.

2.2. Fatigue testing and DIC procedure

Before testing, the 001½ �-oriented single crystal specimen was
accurately prepared: the first step consisted in polishing the mea-
surement surface to a mirror finish with abrasive paper. The spec-
imen was then airbrushed with black paint: this procedure was
performed to generate a speckle pattern, necessary for digital
image correlation measurements. The sample was cyclically loaded
in a servo-hydraulic testing machine at a frequency of 5 Hz, with a
load ratio R equal to 0.05. The applied stress ratio, Dr, was set to
133 MPa.

During the experiment, an high definition digital camera, whose
resolution was 1600 by 1200 pixel at a rate of 15 fps, monitored
the notch region. A 12X adjustable lens and a 2X adapter were
employed to achieve a resolution of 0.63 lm/pix, necessary to
obtain accurate measurements.

Once a crack was observed, a measurement cycle at a frequency
of 0.25 Hz was performed, to get more pictures, necessary to char-
acterize the fatigue load cycle. A computer controlled both the load
frame and image acquisition, allowing the identification of the
applied load, measured by a 7.5 kN load cell, for each picture.

The displacement field around the tip was characterized with
Digital Image Correlation. Pictures were correlated with a commer-
cially available software, VIC 2D by Correlated solutions. The refer-
ence image, the picture respect to all the displacements were
Table 1
Chemical composition (%wt) of Haynes 230.

Al B C Co Cr Cu Fe La Mn
0.35 0.005 0.1 0.16 22.14 0.04 1.14 0.015 0.5

Mo Ni P S Si Ti W Zr
1.25 Bal. 0.005 0.002 0.49 0.01 14.25 0.01
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calculated, was taken at the minimum applied load, meaning that
the displacement field was calculated with respect to the fully
closed crack configuration. Further details on the experiments
can be found in [23].

The strain field was computed from DIC measured displace-
ments. Lagrange strain tensor equations were employed to calcu-
late strains: in order to obtain a smooth field, the displacements
were locally approximated with a first order polynomial. In
Fig. 1, the vertical strain field measured around a 0.955 mm long
crack at the maximum applied load is reported: the crack propa-
gated in the 001½ � plane and presented a symmetric plastic zone.
This is due to the fact that, during propagation, two different slip
systems were simultaneously activated. Strains are concentrated
along two bands, corresponding to the directions of the traces of
the slip planes activated during propagation. The highest value of
the vertical strain, registered at the tip, is higher than 1%.

2.3. Crack closure measurements with DIC

In order to measure crack opening loads, a series of two points
digital extensometers was placed along crack flanks. This feature
tracks the relative displacements of two groups of points, also
called subsets, belonging to the opposite faces of the crack: open-
ing was evaluated by placing digital extensometers perpendicular
to the crack plane and by considering the difference in the vertical
crack tip displacements, as proposed in Fig. 2a. An example of the
evolution of the crack profile during a single load cycle is reported
in Fig. 2b, whereas the evolution of crack opening levels during the
test is reported in Fig. 2c [23], in which it can be noted that, at
R = 0.05, the ratio between the opening and the maximum stress
kept constant and equal to 20%. A more accurate description of
crack closure measurements is reported in [23].

3. Cyclic plastic zone from the displacement field

DIC provides the displacement field in the tip region, which can
be used to evaluate crack driving forces without geometric consid-
erations. In [22,23], a non-linear least squares algorithm was
implemented and successfully employed to extract crack propaga-
tion driving forces, in terms of the effective stress intensity factors,
DKeff , and to observe how these values progress during a single
load cycle. The algorithm extracted DKeff by fitting DIC displace-
ments with the analytical singular field, which considered material
anisotropic behavior.

The analytical singular field for a crack in an anisotropic body,
adopted in the regression algorithm, is reported in Eq. (1)
[15,34], in which v are the displacements in the direction normal
to crack plane, Re denotes the real part of a complex number, r
and h are the coordinates of a point expressed in a polar system
centered at the tip, aij are the elastic constants of nickel, as pro-
posed by Hertzberg in [35], T is the T-stress, A and B are terms that
accounts for rigid body rotation and translation, l1 and l2 are the
two complex conjugate roots of Eq. (2), for which the imaginary
parts are positive, and qi are complex numbers computed as pro-
posed in Eq. (3).

v ¼ DKI;eff

ffiffiffiffiffi
2r
p

r
Re

1
l1 � l2

l1q2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshþ l2sinh

q��

� l2q1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshþ l1sinh

q 	

þ a12Trsinhþ Arcoshþ B ð1Þ

a11l4 � 2a16l3 þ 2a12 þ a66ð Þl2 � 2a26lþ a22 ¼ 0 ð2Þ

qi ¼ a12li þ
a22
li

� a26 ð3Þ
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Fig. 1. Fatigue crack growth analysis with DIC. Geometry of the ‘dog-bone’ specimen and definition of the region of interest, together with the vertical strain field registered at
the maximum applied load around the tip of a 0.955 mm long crack.

Table 2
Tensile properties of Haynes 230 single crystals loaded along different directions.

Loading direction Rp;0:2% (MPa) E (MPa)

001½ � 274 137
111½ � 428 330
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The regression algorithm calculated the set of variables neces-
sary to fit the experimental field, using Eq. (1). In Fig. 3a, experi-
mental displacements registered at the tip of a 0.955 mm long
crack at the maximum applied load are compared to those
obtained from regression, represented in blue. Crack profile and
crack tip are represented by a black line and a black dot. The
regression algorithm is capable of describing the singularity in
the crack tip region, showing a good agreement between theory
and experiments. Further details on the regression algorithm and
on DKeff extraction can be found in [22,23].

The evaluation of the crack propagation driving forces allowed
the definition of the stress field around the tip: in this work, the
stress distribution around the tip was computed considering mate-
rial anisotropic behavior and plane stress conditions, since the
specimen is thin [15]:

rx ¼ DKIffiffiffiffiffiffi
2pr

p FIx ¼ DKIffiffiffiffiffiffi
2pr

p Re l1l2
l1�l2

l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshþl2sinh

p � l1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshþl1sinh

p
� �� 


ry ¼ DKIffiffiffiffiffiffi
2pr

p FIy ¼ DKIffiffiffiffiffiffi
2pr

p Re 1
l1�l2

l1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshþl2sinh

p � l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshþl1sinh

p
� �� 


sxy ¼ DKIffiffiffiffiffiffi
2pr

p FIxy ¼ DKIffiffiffiffiffiffi
2pr

p Re l1l2
l1�l2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshþl1sinh

p � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshþl2sinh

p
� �� 


8>>>>>>><
>>>>>>>:

ð4Þ

The plastic zone around the tip was calculated combining the
analytical singular stress field (Eq. (4)) with a yield criterion that
accounted for single crystal anisotropic behavior. In this work,
the extension proposed by Hill of Von Mises’ yield criterion was
used [36]. The yield criterion in quadratic form can be expressed
as:
Please cite this article in press as: Rabbolini S et al. Near-tip closure and cyclic
10.1016/j.ijfatigue.2016.02.035
D ry � rz
 �2 þ G rz � rxð Þ2 þ H rx � ry

 �2 þ 2Ms2xy þ 2Ns2xz
þ 2Os2yz ¼ 1 ð5Þ

where D;G and H are coefficients that characterize material aniso-
tropy in the normal directions and M;N and O are the coefficients
that define shear anisotropy. These constants can be calculated as
reported in Eq. (6), in which X;Y and Z are the yield stresses in prin-
cipal directions and S is the shear yield stress.

2D ¼ � 1
X2 þ 1

W2 þ 1
Z2

2G ¼ 1
X2 � 1

W2 þ 1
Z2

2H ¼ 1
X2 þ 1

W2 � 1
Z2

2M ¼ 1
S2

8>>>>>><
>>>>>>:

ð6Þ

Assuming plane stress, rz ¼ sxz ¼ syz ¼ 0, Eq. (5) can be
rewritten as:

Gþ Hð Þr2
x � 2Hrxry þ Dþ Hð Þr2

y þ 2Ms2xy ¼ 1 ð7Þ
The extension of the plastic zone is obtained by substituting

Eq. (4) into Eq. (7) and solving for the plastic zone radius, rp. In
this work, the attention is focused on the cyclic plastic zone,
the process zone in which reverse yielding occurs. As suggested
by Rice [26], the extension of the cyclic plastic zone can be
approximately evaluated by considering one quarter of rp, as
reported in Eq. (8).

Drp ¼ 1
4
rp

¼ DK2
I;eff

8p
Gþ Hð ÞF2

Ix � 2HFIxFIy þ Dþ Hð ÞF2
Iy þ 2MF2

Ixy

h i
ð8Þ

In Fig. 3b, the cyclic plastic zone, computed according to Eq. (8)
is represented by a dashed black line and is compared to the exper-
imental strain field. Differently from the round shape observed in
polycrystals, the anisotropic cyclic plastic zone of a crack loaded
under pure Mode I showed two marked lobes extending from the
plasticity in Ni-based single crystals. Int J Fatigue (2016), http://dx.doi.org/
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Fig. 2. Crack closure measurements with DIC. (a) disposition of the digital extensometer along the crack; (b) vertical crack opening displacement profiles of the [001] single
crystal at R = 0.05 and Dr ¼ 133 MPa with a measured crack length of 0.955 mm. (c) Crack opening levels measured during the crack propagation test [23].

Fig. 3. Cyclic plastic zone analysis with DIC for a 0.955 mm long crack in the 001½ � oriented single crystal. (a) Comparison of experimental and regressed vertical
displacement contours in micrometers. DKI;eff from regression is equal to 13.49 MPa

ffiffiffiffiffi
m

p
; (b) comparison between experimental strains and the cyclic plastic zone calculated

according to Hill. The dashed line represents the cyclic plastic zone calculated from Eq. (8), whereas the continuous line represents the cyclic plastic zone calculated according
to Eq. (9).
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tip towards crack flanks. This is in contrast with experimental
observations, since the strains were accumulated along the direc-
tion of the activated slip systems. The extension of the cyclic plas-
tic zone, calculated according to Eq. (8), is equal to 0.0345 mm2.
Please cite this article in press as: Rabbolini S et al. Near-tip closure and cyclic
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The difference in extension of the cyclic plastic zone is due to
the fact that, in these calculations, only material elastic behavior
was taken into account. The presence of plastic strains can be
implemented following Irwin’s suggestions [24]: material elastic/
plasticity in Ni-based single crystals. Int J Fatigue (2016), http://dx.doi.org/
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perfectly plastic behavior involves a stress redistribution at the tip,
with an increase of the plastic zone radius, which can be roughly
estimated as the double of the value calculated from linear elastic
fracture mechanics. Therefore the cyclic plastic zone radius in case
of a elastic/perfectly plastic material can be calculated as:

Drp;EP ¼ 2Drp

¼ DK2
I;eff

4p
Gþ Hð ÞF2

Ix � 2HFIxFIy þ Dþ Hð ÞF2
Iy þ 2MF2

Ixy

h i
ð9Þ

In Fig. 3b, the cyclic plastic zone, computed according to Eq. (9)
is represented by a black continuous line. The adoption of Irwin
equation implies a change in the cyclic plastic zone extension,
which, in this case, is equal to 0.1461 mm2.

4. Cyclic plastic zone from crystal plasticity simulations

In this work, numerical simulations based on crystal plasticity
were performed in Warp3D [33]. In this section, a brief description
of the crystal plasticity model implemented in Warp3D is pre-
sented, together with the discussion of the results obtained from
two numerical models of the cracked specimen: the effects of sin-
gle crystal behavior are initially investigated in a quasi-static
model, whereas the effects of crack closure and strain accumula-
tion are analyzed with a model which simulated crack propagation
with a node release technique.

4.1. Overview of the crystal plasticity code employed in Warp3D

Constitutive models with CP concepts have the objective to
describe inelastic deformation in terms of the amount of slip
occurring in each crystallographic slip system. The CP implementa-
tion in Warp3D consists of the description of crystal kinematics
[4–7] together with the definition of a constitutive relation for slip
system hardening. The kinematics problem can be defined consid-
ering three different configurations of the continuum body: refer-
ence, intermediate/unrotated, current (see Fig. 4a). The changes
from one configuration to the following one is related to the defor-
mation gradients: Fe describes the part associated to the elastic
deformation of the lattice, whereas Fp is the term that accounts
for plastic deformation. In this scheme, the total deformation gra-
dient, F, is not given by the sum of Fe and Fp, but by their product,
following the multiplicative decomposition concept originally pro-
posed by Lee [37]:
Fig. 4. Crystal Plasticity model: (a) schematic of crystal’s Kinematic with multiplicative d

Please cite this article in press as: Rabbolini S et al. Near-tip closure and cyclic
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F ¼ Fe Fp ð10Þ
From Eq. (10) it is possible to determine the velocity gradient as
L ¼ _F F�1; its decomposition is symmetric and skew components
allow to define the stress rate that has to be integrated in Warp3D
[33].

The velocity gradient formulation for a single crystal assumes
that plastic straining is only related to slip occurring in slip sys-
tems. Accordingly, the plastic component of L can be expressed
through the scalar product:

Lp ¼
XNs

s¼1

_csbs � ns ð11Þ

where bs and ns denote direction and normals of the s-th slip plane
in the lattice frame and _cs is the slip rate along each system.

The slip rate depends on the reference strain rate ( _c0), the
resolved shear stress (s sð Þ) and the slip system strength (~s). In
Warp3D, it is assumed that slip system hardening is isotropic
and that all slip systems have the same strength. Hence, the defini-
tion of the slip rate for each slip system is defined as:

_cs ¼ _c0
~s
ss
~s

����
����n�1

ss ð12Þ

In Warp3D, hardening is modeled with a Mechanical Threshold
Stress model (MTS) [38,39]. The slip system strength (~s) follows
the formulation of the MTS model in its form:

~s ¼ sa þ sy T; _�
 �lðTÞ

l0
þ �s �p; T; _�

 �lðTÞ
l0

ð13Þ

with lðTÞ ¼ l0 � D0

expðT=T0Þ�1
. sa and sy are yield stress components,

the first one is a constant while the second is temperature and rate
dependent, whereas �s depends on the accumulated plastic strain,
other than temperature and rate (see Fig. 4b). Elastic properties

dependency is defined through the lðTÞ
l0

ratio.

4.2. Quasi-static model

An initial assessment of crack tip plastic zone was obtained by
considering the crack as stationary, neglecting the effects of plastic
wake during propagation. The model, depicted in Fig. 5, repro-
duced the dog-bone specimen geometry of Fig. 1 with a
0.955 mm long crack and was constrained to fully reproduce
ecomposition of F ¼ Fe Fp; (b) Behavior of the slip system hardening model Eq. (13).

plasticity in Ni-based single crystals. Int J Fatigue (2016), http://dx.doi.org/
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Fig. 5. Quasi-static crack finite element model for the [001] oriented specimen, with a close-up view of the mesh around the crack.
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experimental conditions: an encastre neglected all the displace-
ments of the bottom face, whereas the force was applied, through
a coupling constraint, on the upper surface of the model. In order to
accurately describe the strain field ahead of the tip, 8-node 3D iso-
parametric elements with a dimension of 1% of model thickness
were employed during the analysis.

The quasi-static model was developed neglecting the effects of
crack growth and closure. Accordingly, the applied load was mod-
ified respect to the experimental one, in order to keep the crack
always open and to apply the experimentally measured effective
stress intensity factor range. In order to consider both these condi-
tions, the model was cyclically loaded between the maximum and
the opening load, as reported in Fig. 6a.

DIC does not provide an absolute measurement of strains. All
the strains are calculated respect to the reference image, which is
the image taken at the minimum applied load. Therefore, the strain
field reported in Fig. 1 is the difference between the strain field at
Fig. 6. Strain field convergence in quasi-static crack analysis for a crack of 0.955 mm. (a)
ramp, between the maximum and the opening level. (b) Strain field contours (strains ar
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the peak and at the minimum load. Thus, a comparison between
FEM and DIC results is possible only if the difference between
the strains computed at the peak and at the opening stress are
taken into account. In Fig. 6b, the evolution of axial strains differ-
ence, D�yy, during six consecutive cycles is reported (this six cycles
are those from Fig. 6a, the strain differences are between point 4
and 3 for the first cycle, 6 and 5 for the second and so on for the
others): a major difference between the first cycle and the follow-
ing ones is highlighted, whereas convergence is achieved only after
the fifth cycle.

Finally, a comparison between experimental and numerical
results is reported in Fig. 7, in which it can be noted that the exten-
sion of the plastic zone is quite different, whereas a good agree-
ment in terms of bands orientation is obtained. These
observations leads to the conclusion that a quasi-Static model can-
not completely represent a fatigue crack: the assumption of
neglecting the plastic wake, and the subsequent crack closure
loading history of the QS model considering 6 cycles: the load is kept, after the first
e in percentage) for each cycle to analyze results convergence.
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Fig. 7. Comparison between experimental strain field measurements and the quasi-static simulation at the 6th cycle for a crack length of 0.955 mm.
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effect, is the main limit of this model, since it removes from the
simulation the irreversibility and the strain accumulation present
ahead of the tip, in the plastic wake, during fatigue crack growth.
4.3. Propagating crack model

The analysis performed on the quasi-static model gave an idea
of CP model capabilities in terms of slip angles identification and
numbers of cycles necessary to reach strain field convergence. This
information was employed to develop an enhanced model, in
which the effects due to crack growth were taken into account.
In order to numerically reproduce the plastic wake, a node release
technique was implemented. This technique consists in simulating
crack propagation, by releasing, during each load cycle, all the
nodes belonging to the current crack front, in the first unloading
step after the maximum load. Accordingly, the crack advances uni-
formly over the thickness during the simulation, by an amount
equal to the element size.

To analyze crack opening during the propagation, a model with
a small precrack has been implemented. Transition crack length
after wich the notch the SIF is not influenced by the notch effect
can be estimated as 0:13

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LnotchRnotch

p
(where Lnotch and Rnotch are

notch length and its radius) [40]. Accordingly, a precrack of
30 lm has been modeled at the notch root for nodal release
simulations.

The element size in the crack region, corresponding to the dis-
crete crack advancement considered during the simulation, was
set equal to 0.01 mm considering the relationship between ele-
ment size (Da) and the plastic radius (rp) [27], that states
Da=rp 6 0:05. a close up of the mesh in the crack region is reported
in Fig. 8, in which the geometry used in the simulation is also
reported. In order to reduce computational times, all the present
symmetries were taken into account. Two symmetry planes were
considered, meaning that only one quarter of the specimen was
modeled. Accordingly, boundary conditions were modified respect
to the quasi-static model: symmetries were modeled by neglecting
displacements along the direction normal to the symmetry plane,
whereas a coupling constraint in the upper surface was employed
to apply the remote load.

In this simulation, the specimen was cyclically loaded between
the maximum and minimum applied stress. The load cycle was
Please cite this article in press as: Rabbolini S et al. Near-tip closure and cyclic
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divided in variably sized increments, as reported in Fig. 8: the
small increments defined at the start of the cycle were necessary
to provide better resolution and to detect the opening load.
Another step refinement was considered after the peak load, the
point in which node release occurred: this feature was necessary
to insure full redistribution of the reaction forces acting on the
released nodes. Finally, another step refinement was placed in
the final part of the cycle, to avoid numerical errors occurring dur-
ing crack flanks contact.

Considering the results of the convergence analysis presented in
Section 4.2, three different strategies were taken into account: a
release every cycle, every two cycles and every five cycles. With
these three load histories it was possible to analyze strain field
convergence even for this case. To reproduce the experimental
observation reported in Section 3, in this case it is necessary to
compute the difference between the strains registered at the peak
and the valley load, since the effects of crack closure were included
even in the numerical model. In Fig. 9, the vertical strain registered
at the end of the simulation for all the three different node release
histories is reported: from this comparison it is evident that the
strain field variation is not as much highlighted as in the stationary
crack case. Accordingly, it is possible to assume that the differences
between the results with a node release every cycle and every 5
cycles are negligible in terms of strain field.

Crack opening levels were calculated following the procedure
described in [30,31] and depicted in Fig. 10a: the ratio between
the variation of the displacement of the second node behind the
tip and the maximum displacement of that node was plotted
against the applied stress. The crack was assumed to be open when
this ratio was equal to 1.5%. It was found that crack opening levels
for the 0.955 mm long crack depend on the number of cycles
between each node release: when crack advancement occurred
every cycle, the opening level registered was equal to 19.4% of
the peak stress. Opening was observed at a lower stress level when
the model with a release every 2 cycles was considered: in this
case the percentage was equal to 18.3%. A less marked drop was
measured when the model with a crack advancement every 5
cycles was taken into account: the ratio between the opening
stress and the maximum one was equal to 17.8%. The difference
between the model with an advancement every cycle and the
one that considered crack propagation every 5 cycles was lower
than 10%, meaning that a good estimate of crack opening levels
plasticity in Ni-based single crystals. Int J Fatigue (2016), http://dx.doi.org/
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Fig. 8. Propagating crack FE model for [001] specimen: model loading conditions and symmetry constraints; highlight of the crack and the nodes that are released during the
simulation; details of a load cycle, variable load steps are adopted to accommodate node release, redistribution of stresses and strains and contact.

Fig. 9. Node release model, plastic zone analysis of the 0.955 mm long crack:
comparison between the strain field contours for each node release strategy. Strains
are expressed in %.
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can be obtained even with a model which considers a limited num-
ber of load cycles, as reported in Fig. 10b, in which a good agree-
ment between experimental and FEM opening levels can be
observed; in the same figure, for the release every 5 cycles, the his-
tory of the opening level is registered at discrete crack length (0.55,
0.6, 0.7, 0.8, 0.9, 0.955 mm).
Please cite this article in press as: Rabbolini S et al. Near-tip closure and cyclic
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The attention was then shifted on the study of the capabilities
of the model to describe the plastic wake region and its effect on
ropen, as reported in Fig. 11, in which the results of the model with
the precrack and a node release every 5 cycles are reported. In
Figs. 11a–c, the strain field registered at the peak stress of three
different crack lengths (0.7, 0.9 and 0.955 mm) is reported, in
which it can be noted that the crack tip plastic zone is increasing
during propagation. To have a good view of the crack opening val-
ues and the augmentation of the hysteretic behavior of the mate-
rial, the remote applied stress is plotted against the displacement
at a node behind crack tip (as described in Fig. 10a). in Figs. 11d–f,
the entire loading cycle has been considered for the 3 different
crack length. Fig. 11d shows an opening level of 23% for a crack
length of 700 lm, with a cycle that shows low hysteresis.
Figs. 11e–f show an higher hysteresis and a regime opening value
around 18%, as shown in Fig. 10b.

Fig. 12 is a summary of the results achieved with the simulation
that considered five cycles between each release. In Fig. 12a, the
vertical strain field is reported: a larger strain concentration can
be observed at the tip, meaning that strain accumulation is the
main cause of the wrong assessments provided by the quasi-
static model. The model correctly describes plastic zone shape
and extension (Fig. 12a and b). A good agreement between numer-
ical and experimental results was observed even when vertical dis-
placements were taken into account (Fig. 12c), meaning that the
model is capable of describing not only the process zone, but also
those points outside the singular region.
5. Fatigue life assessment

Numerical results provided an assessment of crack opening
levels. These levels, together with a closure-free crack propagation
plasticity in Ni-based single crystals. Int J Fatigue (2016), http://dx.doi.org/
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Fig. 10. Crack closure measurements on the numerical models. (a) Numerical criterion for the determination of the opening level from finite element analysis [30,31]; (b)
comparison between experimental and numerical results, for 1 and 2 cycles release only the value at the maximum crack length have been recorded, for the 5 cycles various
intermediate crack lengths were analyzed.

Fig. 11. Plastic wake analysis. (a–c) Vertical strain field at the peak stress of the fatigue cycle when the crack is 0.7, 0.9 and 0.955 mm long; (d–f) remote stresses against
vertical displacements measured at the second node behind crack tip for the three identified crack lengths.
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Fig. 12. Comparison between experimental and numerical results for a 0.955 mm long crack, node release model with a release every 5 cycles: (a) experimental strain field;
(b) numerical strain field; (c) comparison between experimental and numerical vertical displacement fields (contours are in lm).

Fig. 13. Fatigue life assessment of the single crystal specimen. (a) Plastic zone around the notch at the peak stress of the first load ramp; (b) comparison between
experimental results and the fatigue life assessment based on the DKeff -propagation model.
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curve can be used to develop a propagation model to simulate
crack advancement in single crystal specimens. In [41], an experi-
mental campaign on SE(B) specimens, made of Haynes 230 poly-
crystals, was carried out to evaluate Haynes 230 crack
propagation curve in absence of closure. The effects of crack clo-
sure were removed, in those tests, by applying an high stress ratio,
equal to 0.7.

In this work, the closure-free propagation curve measured in
polycrystal Haynes 230 was employed to assess fatigue life of the
single crystal specimen. In order to remove the effects of the notch
Please cite this article in press as: Rabbolini S et al. Near-tip closure and cyclic
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on propagation, a numerical simulation was performed to evaluate
the size of the plastic zone generated at the notch during the first
load ramp. The extension of the plastic zone was calculated follow-
ing Rice’s proposal [8]: a node was considered yielded when C, the
sum of the magnitudes of the slips (C ¼ P jcsj), was greater than
1% Cc , the slip at yielding, calculated as:
Cc ¼
~s �p¼0ð Þ
l0

ð14Þ
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Numerical results, presented in Fig. 13a, show that the monotonic
plastic zone around the notch extends for 180 lm. Accordingly, fati-
gue life was assessed by calculating the number of cycles necessary
to the crack to propagate from an initial defect size of 0.68 mm to
the final one, measured when the test was ended. An analytical pro-
cedure was implemented: the steps computed in each iteration
were the following:

� calculation of the i� th effective stress intensity factor range,
DKI;eff as:
Ple
10
DKI;eff ¼ YUDr
ffiffiffiffiffiffi
pa

p ð15Þ

where Y is a geometric factor that accounts for specimen geom-
etry, calculated as proposed in Eq. (16) [42], in which w is spec-
imen width, U is the stress range reduction factor, calculated as
proposed in Eq. (17), in which rmax and rmin are, respectively, the
maximum and the minimum applied stress, and rop is the crack
opening stress, calculated by FEM (rop ¼ 17:8% rmax).

Y ¼ 0:265 1� a=wð Þ4 þ 0:857þ 0:265 a=wð Þ
1� a=wð Þ3=2

ð16Þ
ase
.101
U ¼ rmax � rop

rmax � rmin
ð17Þ
� Calculation of the i� th crack increment as:
dai ¼ C DKI;eff

 �m � cdN ; with cdN ¼ 1 ð18Þ

where C and m are the constants that describe the closure-free
propagation curve presented in [41].

� Crack length update:
ai ¼ ai�1 þ dai ð19Þ
Fatigue life assessment, obtained considering DKI;eff , is repre-
sented in Fig. 13 by a black continuous line: the assessment pro-
vides good estimates. This means that fatigue crack growth, for
the single crystals analyzed in this work, is driven by the effective
stress intensity factor range and it can be modeled taking into
account the effective crack growth curve measured in polycrystals.
6. Conclusions

In this paper, fatigue crack growth was investigated in a 001½ �
single crystal of a Ni-based superalloy, Haynes 230. Crack propaga-
tion was characterized by digital image correlation. It was found
that, in a single crystal, crack opening levels are lower than those
observed in a polycrystalline aggregate. An average ropen=rmax of
20% was observed during the experiments.

Experimental results were compared to those provided by a FEA
model. Single crystal anisotropic behavior was implemented by
considering an MTS model. A node release technique was
employed to simulate crack propagation and to estimate crack
opening levels. Numerical simulations confirmed experimental
results. Experimental results were also confirmed in terms of crack
tip strain fields. Excellent agreement was observed both in terms of
crack tip plastic zone shape and extension.

Numerical results were employed to develop a crack propaga-
tion model based on the effective stress intensity factor range. It
was found that fatigue crack growth in single crystals can be
described taking into account numerical opening levels and the
effective crack propagation curve measured during polycrystal
testing.
cite this article in press as: Rabbolini S et al. Near-tip closure and cyclic
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