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The presence of nano-sized coherent precipitates is well known to have crucial impact on
the mechanical behaviors of a broad class of superelastic alloys. As a representative material, the pseudoelasticity of austenitic NiTi alloy in presence of a lenticular coherent
Ni4Ti3 precipitate is investigated using atomic scale simulations. We predict the local stress
gradient at the matrix-precipitate interface induced by inter-lattice atomic disregistry. The
calculated stress distribution conforms to the latest high resolution electron microscopy
measurements in the literature. Due to the presence of the local disturbance ﬁelds, the
preference for activating different martensitic variants, given the uni-directionality
thereof, is inﬂuenced substantially. The resultant constitutive attributes are thus
observed to undergo adjustments in terms of reduced transformation stress, strain and
hysteresis in general agreement with experimental literature.
© 2016 Elsevier Ltd. All rights reserved.

Keywords:
A. Phase transformation
A. Microstructures
A. Twinning
B. Constitutive behaviour
Shape memory alloys

1. Introduction
Since their discovery in the early 1950s (Buehler et al., 1963; Chang and Read, 1951), the superelastic shape memory alloys
(SMA) have emerged as one of the most widely used multi-functional materials. In today's technology-driven world, the
usage spectrum for these materials has widened extensively to span bio-medical, aerospace and automotive industries
(Schetky, 1979; Yamauchi et al., 2011). To meet the speciﬁc requirements of modern applications, there exists an evermounting need for advancing new alloys with superior superelastic potential. To that end, strategies to ﬁne-tune the
microstructural features are being pursued rigorously both on experimental and theoretical grounds. Among the ongoing
quests, the introduction of nanometer sized coherent precipitates, via optimizing thermo-mechanical treatments, currently
stands as the singular most prospective as well as practical tactic (Ma et al., 2013; Miyazaki et al., 1984). Microstructurally, a
stress-induced reversible transformation between two ordered phases triggers the observed strain recovery under isothermal
conditions (Otsuka and Ren, 2005; Sehitoglu et al., 2001). The presence of nanoscale precipitates is known to drastically affect
the transformation hysteresis, the orientation dependence and magnitude of transformation stress as outlined by Sehitoglu
and others (Chumlyakov et al., 1997; Johnson et al., 2005; Khalil-Allaﬁ et al., 2002; Sehitoglu et al., 2000). So inﬂuential is the
effect of coherent precipitation that there exist newly proposed alloys, despite not being ordered crystals, demonstrating
enhanced recoverability due solely to the prevalence of precipitates (Chumlyakov et al., 2014; Sehitoglu et al., 2002; Tanaka
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et al., 2010). The principal role of these coherent precipitates is to create microscopic stress gradients as a direct consequence
of the inter-lattice mismatch, which in turn sets a preference for uni-directional transformation variants. Evidently, for the
current generation of scientists and researchers, an atomic level understanding of the precipitate-matrix interplay can prove
instrumental in forwarding new alloys and service components. However, the present limitations of even most modern
experimental techniques preclude in-situ investigation of the physical micromechanisms therein with the atomic-scale
resolution. Thus, one can immediately notice the critical need for an atomistic theoretical framework, free of adjusting parameters, to examine the mechanistic foundation for the general constitutive behaviors of precipitated superelastic alloys.
The present paper addresses these very concerns with molecular dynamics modeling, particularly utilizing a novel improved
pair-potential. Fig. 1 puts the current study into perspective.
For our objective, we select near equiatomic NiTi alloys as the candidate material for study. The NiTi alloys are one of the
most important classes of shape memory alloys (exhibiting pronounced superelasticity above austenite ﬁnish temperature,
Af) both from research and application perspectives. These alloys are studied extensively via experiments, and long known to
demonstrate well-deﬁned Ni4Ti3 precipitation upon suitable thermo-mechanical treatments (Fig. 2). Early x-ray diffraction
studies afﬁrmed that the lattice structure of the Ni4Ti3 precipitate is of rhombohedral type (Saburi et al., 1986; Tadaki et al.,
1986). A coherent boundary is characterized by a high degree of atom-by-atom correspondence between the two adjoining
lattices (i.e. the cubic matrix and the rhombohedral precipitate). The coherency of a precipitate is a strong function of its size
and shape. Through electron microscopy, the Ni4Ti3 precipitates are typically found to be of oblate spheroid geometry, lying
on the {111}B2 family of planes. Fig. 2 shows the most commonly observed microstructure morphology with the presence of
Ni4Ti3 precipitates. Precipitates with relatively small disc-diameters (typically of 5e10 nm) maintain coherent boundaries
with the matrix material (Treppmann et al., 1995). Thus, with a substantial inter-lattice registry at the shared periphery, the
small coherent precipitates induce elastic disturbance ﬁelds along the boundary. The origin of these ﬁelds can be attributed to
the very discreteness of the neighboring crystals, which consist of atoms as building blocks at the sub-crystal level. The noncontinuum nature of the atomistically mismatching lattices (i.e. the austenitic B2 matrix and the rhombohedral Ni4Ti3) (Gall
et al., 1999; Tirry and Schryvers, 2005) gives rise to elastically stretched atoms at the boundary. By contrast, semi-coherent to
incoherent precipitates (i.e. with diameter >>10 nm), are characterized by the presence of a gradually increasing number of
interfacial dislocations, which serve to mitigate the interfacial disturbances. Essentially, the sub-nanometer sized precipitates
are more inﬂuential in terms of generating internal stress/strain ﬁelds in the NiTi alloy microstructure. Consequently, the
coherent precipitates strongly inﬂuence the material preference for the nucleation and the growth of the uni-directional
martensitic variants (Bataillard et al., 1998) at the micro level. The resultant deformation characteristics are macroscopically manifested in terms of decreased transformation stress, strain, and hysteresis as reported in the experimental literature.
Most recently, using high resolution electron microscopy (Schryvers et al., 2006; Tirry and Schryvers, 2005), have measured
the strain gradient near a Ni4Ti3 particle in an austenitic matrix, which quite interestingly demonstrates a non-uniform
proﬁle. From theoretical standpoint, validity of any model can be checked against such ﬁndings. To develop a full understanding of the chain of micromechanisms contributing to the macroscale behaviors, one ought to delve deeper into the
atomic level phenomena as outlined heretofore.
A number of theoretical approaches have been undertaken in the earlier literature to understand NiTi constitutive bek et al., 2012; Zaki and Moumni, 2007). Most of these models based on the principles of
haviors (Bouvet et al., 2004; Sedla
thermodynamics, ﬁnite element and self-consistent methods address the continuum aspects of the problem (Bhattacharya,
2003; Boyd and Lagoudas, 1996; Patoor et al., 1996; Shaw, 2000; Song et al., 2013; Yang and Li, in press). Most noteworthy
approach to address the precipitate problem is the Eshelby-type analysis (Mura, 2012) capturing the internal/external stress/
strain distributions for various precipitate geometries. Sehitoglu et al. explained the biased variants due to the precipitate
ﬁelds with micro-mechanical calculations (Gall et al., 1999). However, as pointed out earlier, the fundamental effects of a

Fig. 1. Figure e The present research in perspective (the EBSD and the TEM images are from Wang et al. (2015) and Gall et al. (1999) respectively; the stent is
from: http://www.britannica.com/science/aneurysm).
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Fig. 2. Transmission electron microscopy (TEM) image of Ni4Ti3 precipitates in an austenitic matrix [12].

precipitate disturbance ﬁelds originate from the atomistic interactions (Khalil-Allaﬁ et al., 2002) at the discrete lattice level. To
that end, with the advent of superior computer power, the last decade has witnessed a surge in the atomic-scale modeling.
Most recently, quantum mechanics based treatments have been forwarded, predicting the elastic anisotropy of the Ni4Ti3
lattice founded on the sub-lattice electronic structure (Wagner and Windl, 2009). However, the ab initio endeavors are
currently limited to small systems due to a requirement of very high computing capacity (Chowdhury et al., 2015b), and hence
unable to capture the mesoscopic deformation scenarios. However, one can resort to mesoscale molecular dynamics (MD)
simulations to address much larger crystals consisting of millions of atoms, utilizing pair potential based bonding
descriptions.
As of today, most MD simulations on the strain-recovering alloys are conﬁned to NiTi crystals in solutionized conditions
(i.e. without precipitates) (Cisse et al., 2016; Farkas et al., 1996; Lai and Liu, 2000; Mutter and Nielaba, 2010; Zhong et al.,
2012). The primary objective has remained as capturing a broad spectrum of NiTi behaviors. To compare predictions
with experimental ﬁndings, the principal attributes to be modeled are threefold: (a) the size/shape of stressestrain hysteresis, (b) the martensitic phase transformation (i.e. B2 ↔ B190 ) at the crystal level, and (c) the stability of individual phases
under various thermo-mechanical situations. To that end, the existing literature reports several accomplishments. For
example, Farkas et al. (1996). proposed a pair potential and addressed the B2 lattice cohesive energy. Lai and Liu predicted
the melting behavior thereof based on another potential. Most recently, Zhu and co-workers (Mirzaeifar et al., 2014; Zhong
et al., 2012) adapted Lai and Liu's potential to study martensitic phase transformation both in nanowire and bulk crystal
conﬁgurations. Similarly, Mutter and Nielaba (2011, 2013) added modiﬁcations to Lai's original potential to predict temperature/composition dependent transformation behaviors. While the literature models succeeded in theorizing solutionized crystal behaviors, there still exists a need for studying how the aforementioned attributes are modiﬁed by
nanoprecipitates. It is important to note that the crystallographic interaction between the matrix (cubic B2 or monoclinic
B190 ) and precipitate (rhombohedral) is rather complex and entails a rather stringent accuracy from the pair-potential.
Particularly, it is imperative that the potential be capable of predicting elastic moduli accurately of individual crystal
structures. In this work, we use a newly developed Finnis-Sinclair type potential (descriptions provided in next section) to
achieve such a feat. We employ several improvement tactics such as ﬁne-tuning the cut-off behavior as well as accurately
ﬁtting the cross-interaction energy terms using density functional theory parameters. We particularly aim to investigate the
in-situ atomic-scale mechanism of how a coherent Ni4Ti3 particle inﬂuences: (a) the martensitic phase transformation and
(b) the associated stressestrain response.
The current work, based on the NiTi austenite precipitated with lens-shaped Ni4Ti3, can be deemed as a necessary and
timely contribution. This analysis serves to represent the generic effects of a nanoprecipitate on the superelasticity, and
essentially pave the way for extending current modeling approach to address similar class of materials.
2. Methods
2.1. Pair potential
Central to the concept of pair potential is the notion that the positively charged atomic nuclei interconnect with each other
via homogeneously distributed electron clouds (Fig. 3). This very special electronic bonding landscape can be mathematically
re-constructed by considering (i) the pair-wise potential energy, fij ¼ fij(rij) representing the close-range repulsive and longrange attractive forces (between atoms i and j separated by rij), and (ii) the embedding energy functional, Fi which implies
energy required to embed atoms into an electronic cloud (as contributed by all other atoms of the system). The total electron
density, at the site of a certain atom, i, is approximated by a simple linear superposition of electron cloud contributions of all
neighboring atoms, j i.e. rij ¼ rij(rij). Thus, the total potential energy surface can be represented by the Eq. (1):
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Fig. 3. The concept of pair-potential in MD simulations. The metallic bonding is reproduced by considering the functions, r, 4 and F.
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For NiTi binary alloy system, one can narrow down to the following functions: FNi, FTi, rNiNi, rTiTi, rNiTi, fNiNi, fTiTi and
fNiTi. Mishin and co-workers (Mishin, 2004; Zope and Mishin, 2003) extensively discussed the terms for pure Ni and Ti. We
model the inter-species rNiTi and fNiTi to capture the full spectrum of the potential surface of NieTi system. The development strategy consists of: (a) conducting density functional theory (DFT) simulations using the Quantum Expresso
(Giannozzi et al., 2009) to obtain parameters of importance, to be ﬁtted, and (b) formulation a cubic spline functional form for
both rNiTi and fNiTi (as function of rij). The Quantum Expresso is an open-source code for modeling materials electronic
structure based on DFT formalisms. Further details for interested readers are provided at: http://www.quantum-espresso.org.
The DFT-extracted energy versus volume data plus experimentally determined (from literature) cohesive energies will then
be used to determine the cubic spline constants.
We use a cubic ﬁtting expression of the form:

rðrÞ or fðrÞ ¼

X
a

aa ðra  rÞ3 Hðra  rÞ

(2)

where a denotes a particular knot of the curve; the Heaviside function, H(rra) ¼ 1 for (rra)0 and H(rra) ¼ 0 for (rra)<0.
The coefﬁcients aa are determined at known ra values up to the cut-off radius (0.52 nm) by optimization method. To that end,
we assume an objective function (Z) of the following form, to be minimized, considering the ﬁtting weight (wb):

Z¼

X

 


wb Y r; ab  Yb0

(3)

b

where Yb0 is the target value of the parameter to be ﬁtted (e.g. elastic constant, energy from experiments and/or DFT predictions) and Y(r,ab) is ﬁtting value to be adjusted with an adjustable ab. Setting a value for wb manually, ab values are
determined corresponding to the a minimized Z, and then inserted in Eq. (2). It should be noted that different values of wb
only mean different number of iterations (to minimize the function, Z) to ultimately converge on the ﬁnal target value. Thus,
the cross-species functions rNiTi and fNiTi are numerically produced. Speciﬁcally, the target variables to be ﬁtted comprise:
(a) the energy versus volume relations for B2, B19, B190 , BCO (body-centered orthogonal) crystals and imaginary B1-NiTi, L12Ni3Ti and L12-NiTi3 compounds (from Quantum Espresso based calculations), (b) experimentally determined B2 elastic
constants (C11, C12 and C44) from earlier literature (Mercier et al., 1980), and (c) the cohesive energies for pure species (Mishin,
2004; Zope and Mishin, 2003).
Following the foregoing methodology, the entire potential energy surface is constructed as given in Eq. (1). Due to the
accuracy of the ﬁtting process, the current potential provides a considerably better prediction of elastic constants (Tables 1
and 2). As a result, we are able to conduct accurate molecular dynamics (MD) simulations of the phase transformation as well
as the effects of lattice mismatch (between the B2 matrix and rhombohedral precipitate lattice). The most salient feature of
the current potential is the accurate prediction of the stress levels during deformation (as is presented subsequently). The
predicted ﬂow stress levels were predicted in MPa levels (where typical MD simulation based stresses are in GPa range).
Another important consideration for accurate MD modeling is the precise atomic positions (of both B2 and B190 lattices).
Positioning of the atoms would essentially dictate the NiTi constitutive behaviors subjected to different crystal orientations
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and loading senses (i.e. tension, compression). For example, the fractional positions for basis atoms in monoclinic B190 lattice
are experimentally (Kudoh et al., 1985) reported to be: Ti ≡ (0, 0, 0) and (0.5672, 0.5, 0.1648) and Ni ≡ (0.4588, 0, 0.6196) and
(0.1084, 0.5, 0.5452). The literature potential (Zhong et al., 2012) notes the positions as follows: Ti ≡ (0, 0, 0) and (0.5, 0.5, 0)
and Ni ≡ (0.5, 0, 0.5) and (0, 0.5, 0.5). In comparison, the current predictions (upon energetically minimizing the crystal) are:
Ti ≡ (0, 0, 0) and (0.6973, 0.5, 0.3413) and Ni ≡ (0.4906, 0, 0.6645) and (0.2067, 0.5, 0.6769) in better agreement with the
experimentally reported ones. The fact that the predicted constitutive responses and the associated phase transformations
are in good agreement with literature is attributed to the foregoing improvements in the potential (most importantly, the
correct elastic moduli and atomic positions).
2.2. MD simulation procedure
The open source software LAMMPS (Plimpton, 1995) (Large-scale Atomic/Molecular Massively Parallel Simulator) developed
at Sandia National Laboratories, USA (http://lammps.sandia.gov) was used to conduct MD simulations. The atomic conﬁguration viewer Ovito (Stukowski, 2010) (http://ovito.org) was utilized to analyze the evolution of crystal structures.
First, we created the austenitic NiTi single crystals of B2 type unit cells (with aB2 ¼ 3.021Å) using the basis: Ni ≡ (0 0 0) and
Ti ≡ (0.5 0.5 0.5). Then, separately a lens-shaped Ni4Ti3 precipitate is constructed, to be embedded in a B2 austenite matrix as
shown in Fig. 4(a). The primitive unit cell of Ni4Ti3 precipitate is of rhombohedral type. The atomic positions for the basis
atoms for this unit cell are taken from the X-ray diffraction literature (Saburi et al., 1986; Tadaki et al., 1986). The lattice
variables for the rhombohedral unit cell are: aR ¼ 6.704Å and aR ¼ 113.85 . As presented in Fig. 4(b), the oblate-spheroid
precipitate is constructed with major and minor axis being 70Å and 24Å respectively. It consists of 2681 Ni atoms and
2017 Ti atoms. The minor axis of the precipitate is parallel to the [111]R crystal direction. The host matrix consists of B2 unit
cells with lattice constant, aB2 ¼ 3.021Å. The oblate ellipsoid is inserted into the austenitic NiTi B2 matrix with the [111]R plane
parallel to the [111]B2 plane (Fig. 5), and energetically minimized in molecular statics simulations.
The energy minimization is conducted using the conjugate gradient energy algorithm. The size of the cubic crystal (with
each side being 30 nm) is selected based on the convergence of physical observables (e.g. temperature, pressure, kinetic and
potential energy) to the system size independence. It should be noted that the convergence is established upon a multitude of
simulations for various sizes of the simulation representative volumes. The crystals represent bulk material (i.e. without any
Table 1
Elastic constants (in GPa) of B190 from the current potential, a literature potential by Zhong et al. (2012), and DFT calculations (Wang and Sehitoglu, 2014).
Elastic constants (GPa)

C11
C12
C13
C15
C22
C23
C25
C33
C35
C44
C46
C55
C66
Bulk modulus, B
Shear, modulus, m
Young's modulus, E
Poisson's ratio, y

B190
Current potential

Literature DFT (Wang and Sehitoglu, 2014)

Literature potential (Zhong et al., 2012)

206
72
103
2
252
120
7
218
16
37
2
41
43
141
50
133
0.34

209
114
102
1
234
139
7
238
27
77
5
23
72
154
56
150
0.34

692
400
326
292
1135
222
125
303
175
286
110
215
114
447
202
526
0.3

Table 2
Elastic constants (in GPa) for B2 crystal from current potential, a literature potential by Zhong et al. (2012), and experimental measurements by Mercier et al.
(1980).
Elastic constants (GPa)

B2
Current potential

Literature experiment (Mercier et al., 1980)

Literature potential (Zhong et al., 2012)

C11
C12
C44
Bulk modulus, B
Shear, modulus, m
Young's modulus, E
Poisson's ratio, y

146
122
35
130
26
73
0.41

162
129
35
140
28
78
0.41

205
136
47
159
42
116
0.38
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Fig. 4. (a) e A Ni4Ti3 precipitate of rhombohedral primitive unit cell embedded in a B2 austenitic matrix. The precipitate lies on the 〈111〉B2 plane. (b) e The
atomistic conﬁguration of the lens-shaped Ni4Ti3 precipitate. The oblate spheroid is constructed with the 〈111〉R plane parallel to 〈111〉B2. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of this article.).

Fig. 5. The creation of the matrix-precipitate composite. The pre-constructed rhombohedral precipitate of lens shape is inserted into a B2 lattice and energetically relaxed in molecular statics simulations.
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free surface or dangling bonds) as ascertained by enforcing periodic boundary condition on the crystal facets (Chowdhury
et al., 2014a, 2013). The number of atoms in a typical simulation supercell was about 1  106, which is sufﬁciently large to
avoid any size- and/or periodicity-induced artifacts (Frenkel and Smit, 2001). An nph (n / number of atoms, p / pressure
and h / enthalpy) ensemble was employed for non-equilibrium deformation simulations with a constant number of atoms
and zero external pressure. A steady temperature is established prior to each non-equilibrium simulation via a thermostatting
algorithm coupled with energy minimization scheme. A Velocity Verlet time-integration scheme was used to conduct the
time-step advancement during the deformation simulations (Chowdhury, 2011). The stressestrain responses reported in this
letter are computed based on the concept of virial stress (which is the atomistically equivalent quantity of the conventional
Cauchy stress) (Tadmor and Miller, 2011). The virial stress is conventionally deﬁned in its simplest form as follows:

svirial ¼

 
1
1 X v4
〈kinetic energy þ
r〉
volume
2
vr

(4)

3. Results
3.1. Ni4Ti3 precipitate and elastic ﬁelds
Fig. 6(a) shows the three-dimensional distribution of the normalized stress proﬁle scanned along the center plane of the
precipitate disc. The stress data presented are averaged over a very thin-sliced plane parallel to the disc equator in order to

Fig. 6. (a) e The three dimensional stress proﬁle on a plane going through the disc equator. (b) e The same data demonstrating the stress distribution along a
line.
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capture the correct planar stress distribution. The averaging is conducted with a spatial resolution of 2Å. Fig. 6(b) presents the
szz stress proﬁle along the centerline of the precipitate as shown. The stress ﬁelds surrounding the precipitate are axisymmetric about the z axis, and mirror-symmetric about x and y axes. Therefore, the stress components syy and sxx follow similar
proﬁles (not shown). The stress components are normalized by the precipitate Young's modulus, E[111] ¼ 168 GPa (Wagner
and Windl, 2009), and the eigenstrain, ε*zz ¼ 0:029 mm/mm (Li and Chen, 1997). It is observed that inside the precipitate
the stress is tensile and constant, while a compressive stress peak can be discerned along the austeniteeprecipitate interface.
Fig. 7(a) and (b) demonstrate the computed stress distribution on a plane very close to the precipitate surface (parallel to
the disc plane) as indicated. The computed near-surface stress distribution appears markedly different than the peripheral
one as presented earlier in Fig. 6(a) and (b). It can be seen that near the pole (i.e. on top of the disc) the stress is constant and
compressive in nature. Farther away from the pole (and also from the surface), the stress reaches a tensile maximum. On
reaching the peak magnitude, the stress then gradually subsides to the bulk level (i.e. zero) with increasing distance from the
interface.
The characteristic variations of the near-interface stress distribution in the matrix are in general agreement with the most
recent measurements using high resolution electron microscopy by Schryvers et al. (2006) and Tirry and Schryvers (2005).
Their ﬁndings suggested a very similar distribution. A maximum strain is found not at the interface itself, rather a distance
away from it, which then gradually diminishes (i.e. similar to the present case). These researchers pointed out that there is a
strong deviation of the measured gradient from micromechanical predictions. They attributed the apparent discrepancy to:
(a) the assumption of an equal stiffness for the precipitate and the matrix in the micro-mechanical models, and (b) the
deviation of the real precipitate shape from the ideal lenticular one (as presumed in the Eshelby formulations). By contrast, in
the current calculations, the generated stress proﬁle is obtained as a direct result of the atomistic misﬁt, circumventing both

Fig. 7. (a) e The 3D stress distribution near the surface of the precipitate on a plane parallel to the disc plane. (b) e The near-surface 2D stress proﬁle.
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Fig. 8. A schematic comparison of the strain gradient near the precipitate surface obtained from current molecular statics simulations, high resolution electron
microscopy by Schryvers et al. (2006), Tirry and Schryvers (2005) and micromechanical prediction (Gall et al., 1999). The band representation is due to the
uncertainty in calculations.

constancy of stiffness and the perfect ellipsoid shape assumptions. The currently modeled interface is essentially noncontinuum, and is found to deviate from the perfect ellipsoid outline upon molecular statics relaxation. The physical
reason for such deviation is believed to be due to the equilibrium positions of interfacial atoms. The atoms at the periphery,
following relaxation, are not aligned in a perfect elliptical outline. This physics is equivalent in principle to the formation of
any material boundary, which is known to deviate from perfect geometrical shapes. Also, the moduli of the cubic matrix and
the rhombohedral precipitates are not the same. In other words, the physical conditions of the precipitate in the present
simulations are signiﬁcantly close to that found in nature. Thus, the molecular statics based calculations provide better
agreement with the experiments, unlike the micromechanical predictions. Fig. 8 provides a schematic comparison of the
precipitate strain gradient near the top surface as in Fig. 6(b) (highlighted with gray shading). The comparison is conducted
against the normalized distance obtained from current molecular statics simulations, high resolution electron microscopy
(Schryvers et al., 2006; Tirry and Schryvers, 2005) and micromechanical predictions based on Eshelby inclusion problem (Gall
et al., 1999).
Next, to understand the role of the precipitate-induced internal stresses, we conduct uniaxial compression simulations for
the 〈011〉B2 loading orientation. In the following sections, we refer to the pristine NiTi austenitic single crystal (with no
precipitate) as the “un-precipitated” and the one with the embedded Ni4Ti3 ellipsoid as the “precipitated” crystals.

Fig. 9. The stressestrain responses of the precipitated and the un-precipitated austenitic crystals.
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Table 3
Calculated values of stransform and εtransform for the precipitated and un-precipitated NiTi austenite compressed 〈011〉B2 in direction.
Parameter

Temperature

Un-precipitated

Precipitated

stransform (MPa)

300
340
e
300
340

776
787
4.20%
620
503

556
574
3.18%
502
370

εtransform
Stress hysteresis, H (MPa)

K
K
K
K

3.2. Stressestrain behavior
The presence of the precipitate is found to reduce the transformation stress and strain under 〈011〉B2 compression. Fig. 9
presents the constitutive responses of the austenitic NiTi single crystals in presence/absence of the Ni4Ti3 precipitate at 300 K
and 340 K temperatures. The reported stressestrain curves are obtained for the crystals deformed to a maximum strain level
of 5%. It readily follows that both the un-precipitated and the precipitated crystals demonstrate superelastic stressestrain
behavior with hysteresis.
For the un-precipitated NiTi austenite at 300 K, a transformation stress,stransform, of 776 MPa (based on 0.2% offset method)
is calculated (Chowdhury et al., 2015a). In comparison, the precipitated crystal at the same temperature experiences a
reduced magnitude of stransform ¼ 556 MPa. At a higher temperature (340 K), the stransform for the un-precipitated austenite is
about 787 MPa. For the precipitated crystal at 340 K, the stransform drops to approximately 574 MPa compared to the unprecipitated one at the same temperature.
The maximum transformation strain (i.e. εtransform ¼ εtotalεelastic) obtained for the un-precipitated NiTi is calculated to be
4.20%. For the precipitated case, the maximum εtransform drops to 3.18%. These observations are consistent with early
experimental literature (Gall et al., 1999; Sehitoglu et al., 2001). The calculated stransform and εtransform magnitudes of the
precipitated and un-precipitated NiTi are summarized in Table 3.
The aforementioned observations can be summarized as follows.
(a) The precipitated austenite experiences a reduction in the magnitudes of stransform and εtransform compared to those of
the un-precipitated one.

Fig. 10. The evolution of phase transformation during the loading/unloading the precipitated crystal.
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(b) With increasing temperature (300 K / 340 K), both the un-precipitated and the precipitated austenite experiences an
increased stransform, and smaller hysteresis.
To unravel the mechanistic origin of the observed constitutive responses, next we analyze the atomic-scale evolution of
the phase transformation processes.

3.3. Reversible B2 ↔ B190 transformation
Fig. 10 demonstrates the atomistic snapshots of the precipitated NiTi single crystal during various stages of deformation at
300 K temperature. The crystal is sectioned in the middle to reveal the Ni4Ti3 precipitate. We observe that the initial elastic
straining (from 0% to about 1.8%) does not incur any change in the atomistic morphology of the austenitic bulk, as expected.
The matrix phase remains essentially the same as the initial B2 structure, only elastically compressed along the applied
loading direction. When the applied stress level reaches the critical magnitude of 556 MPa, the atoms surrounding the
precipitate is observed to undergo considerable re-arrangement, indicating the initiation of B2 / B190 martensitic phase
transformation. At this stage, some regions of the austenitic lattice (with B2 unit cells) start transforming into the monoclinic
B190 lattice. This can be veriﬁed by a careful inspection of the lattice structure of the transformed portion of the crystal. On a
closer inspection, the monoclinic non-orthogonal lattice structure can be clearly discernible. The distinctive features of the

B190 unit cell are the lattice variables thereof: aB190 ¼ 4.0606Å, 4 bB190 ¼ 4.386Å, cB190 ¼ 2.699Å and aB190 ¼ gB190 ¼ 90 < bB190

(z 96.7 ). The monoclinic unit cell structure is in stark contrast with the B2 lattice. Thus, the volumes containing the individual phases can be properly identiﬁed upon studying the unit cell structure at higher viewing (atomistic) resolutions.
With continued compression (i.e. along the stress plateau), the volume fraction of the B190 martensite increases. The atoms
part of the newly transformed B190 lattice also create multiple mirrored strips. This phenomenon is the direct evidence of the
“internal twinning” of the B190 martensite. Such twinning process is commonly designated as the “compound” type in the
literature, occurring on the {001} family of planes.
The internal deformation twinning process continues until the exhaustion of the austenitic material, which occurs at
about 3.8% applied strain. At this point, the precipitated single crystal becomes fully martensitic (of internally twinned B190
lattice) approximately at 4% applied strain. Continuation of applied loading leads to the elastic straining of the twinned
martensite, corresponding to the rising portion of stressestrain curve (from about 4% to 5%). It is worth noting that no
discernible atomic re-arrangement within the Ni4Ti3 precipitate itself is observed, as expected. The ﬁnal crystal structure (at
5% applied strain) is characterized by multiple internal twins as can be seen in Fig. 10. This phenomenon is consistent with
early experimental observation that the presence of precipitate curtails the detwinning process, thus facilitating the elastic
straining of martensite (Treppmann et al., 1995).
Upon unloading, the deformed crystal consisting of twinned martensite fully recovers the total strain of 5%. Mechanistically, the complete deformation recovery can be attributed to a combination of elastic relaxation and a reverse transformation, B19' / B2. The atomistic snapshot in Fig. 10 indicates a gradually diminishing volume fraction of twinned B190
during unloading. The volume fraction of the martensitic B190 phase continuously diminishes along the lower stress plateau.
The phenomenon suggests that the internally twinned B190 structure is stable only under high stress, and hence the removal
of stress triggers the B19'-to-B2 transformation. Fig. 11 presents a closer atomistic view near the precipitate. Different variants
of the martensite structure can be discerned. The predominance of variant 2 can be attributed to the local ﬁelds of the
precipitate.

Fig. 11. Formation of different variants (of monoclinic B190 type lattice) around the ellipsoid Ni4Ti3 precipitate (of rhombohedral lattice).
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4. Discussion
4.1. Elastic ﬁelds of precipitate
The presence of Ni4Ti3 precipitate induces substantial local stress concentration at the interface, which strongly inﬂuences
the dynamics of the matrix-originated defects (e.g. propagation of twins etc.) during deformation. The origins of these stress
disturbances can be twofold: (i) the initial atomic misﬁt at the matrix-precipitate interface (prior to any applied loads), and (ii)
the inter-lattice elastic moduli mismatch, which introduces further stress concentrations during loading. Experimentally, the
extent of elastic strain ﬁelds around the Ni4Ti3 particle has most recently been quantiﬁed using high resolution electron
microscopy (Tirry and Schryvers, 2005). On theoretical grounds, the problem of precipitate-matrix interaction has most
widely been treated within Eshelby-based modeling framework (Mura, 2012), as the so-called inclusion problem. From a
physical standpoint, the current simulations provide an important physical foundation to understand the inclusion-type
effects (i.e. generation of local ﬁelds under zero farﬁeld stress) from the underlying atomistics.
Micromechanically, the origin of the interfacial elastic ﬁelds in an otherwise stress-free crystal is modeled via imposing the
so-called eigenstrain. In our model, the Ni4Ti3 precipitate is pre-constructed as the Ni-rich rhombohedral lattice of the lensshaped geometry. On insertion into the B2 lattice, the lenticular-shaped precipitate creates a coherent periphery with the
austenitic matrix, free of any interface dislocation. However, the local atomic coordination, adjacent both to the B2 matrix and
the rhombohedral precipitate, differs signiﬁcantly. The natural tendency of the atoms at the boundary would be to occupy the
space in the most energetically favorable positions, thus minimizing the strong inter-lattice disregistry. Following the energy
minimization in molecular statics simulations, the peripheral atoms assume metastable and higher potential energy states
compared to those in the surrounding crystal. As a result, these atoms create long-range elastic disturbances, which reach the
maximum magnitude very close to the interface (several nanometers), and subside spatially away from the precipitate. Thus,
the genesis of the interfacial stress ﬁelds can be ascribed to the elastic stretching of atomic bonds at the boundary due to local
atomic re-arrangement upon the energy minimization. The current predictions of the stress distributions are especially
unique, in that these ﬁelds are generated as a direct outcome of underlying atomistic interactions, unlike the micromechanical approach (where separate mathematical terms are incorporated in the strain formulations to account for the
existent disturbance). Moreover, in micromechanical approaches, the constancy of stiffness (both of the precipitate and the
matrix) and a perfect lenticular shape are assumed, which is generally not the case in nature. From a physical standpoint, the
molecular statics crystal conﬁgurations are closest to the real material ones. As a result, the currently computed stress
gradient is in good agreement with the experimental ones as measured by Tirry and Schryvers (2005).
The lenticular geometry of the precipitates plays a crucial role in generating non-symmetric stress ﬁelds. Early quantum
mechanical calculations demonstrated Wagner and Windl (2009) that the largest difference in elastic moduli between the
cubic and rhombohedral lattices exists along the 〈111〉Rjj〈111〉B2. As a result, the precipitates are always formed as oblate
spheroids with disc-plane parallel to {111}B2 family of planes. Due to the same rationale, a lens-shaped precipitate imposes
direction-dependent stress ﬁelds. As a result of the directional nature of elastic ﬁelds, the stress concentrations near the
surface experience a peak magnitude (as predicted by the our simulations as well as measured through experiments (Tirry
and Schryvers, 2005)) The current results, in conjunction with the experimental ones, serve to establish the strongly
directional nature of the precipitate ﬁelds. This result also bears important implications regarding the experimentally
observed multiple variants of the precipitates discussed as follows.
It is known that there exist 4 types of precipitate variants lying of the {111}B2 family of planes. The ﬁelds associated with
each variant would be essentially identical in nature, and differ in orientation only. Thus, in order to isolate the nature/role of
individual precipitates, it sufﬁces to investigate only one variant case. It can be reasonably inferred that the presence of
multiple precipitates would lead to a complex network of interacting ﬁelds in real materials. The mechanistic inﬂuences that
these localized stresses would have on the phase transformation preferences would be fundamentally similar to the current
observations, varying only in intensity and directionality.

4.2. Phase transformation and constitutive behavior
Transformation crystallography
The observed difference in the constitutive responses between the un-precipitated and the precipitated NiTi crystals
(Fig. 9) is principally a result of: (a) the uni-directionality of the phase transformation and (b) how the coherent Ni4Ti3
precipitate ﬁelds affect the phase transformation preferences (Bataillard et al., 1998). As observed, the B2 / B190 phase
transformation is associated with the process of compound twinning on the {111}B2 family of planes. The local ﬁelds would
essentially result in a large resolved shear stress (RSS) on some variants and a small RSS for others based on: (i) the loading
direction (i.e. tension or compression), (ii) crystallographic orientation of the austenite single crystal, and (iii) the
orientation of the precipitate. Therefore, for a particular combination of these factors, different sets of transformation
systems would be more readily available for activation. As a result, the presence of the precipitate would ultimately dictate
the favored activation of certain variant systems (out of 24 possible ones as per the transformation crystallography). For
the current case, we have considered only one combination of the precipitate variant and applied loading direction/
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orientation. Further investigation of different loading type (i.e. tension) and crystal orientation remains a promising future
research. We rationalize the currently observed trends in the levels of stransform and εtransform with regard to the crystallography as dictated by the local ﬁelds.
Transformation stress, stransform
The predicted stransform level is found to be reduced due to the presence of the precipitate ﬁelds (Fig. 9 and Table 1), in
general agreement with the experimental trends in the literature (Gall et al., 1999; Sehitoglu et al., 2001). This behavior is
believed to be an outcome of the local stress ﬁelds reinforcing the applied RSS. Thus, a lesser degree of externally applied
loads would be required to initiate and sustain the progression of phase transformation on the locally favored variant
systems. As a result, the stransform as well as the overall hardening response is decreased. Also noteworthy is the fact that
ﬂow behavior over the plateau for the precipitated crystal does not undergo any softening (as is the case for the unprecipitated one). The reason is believed to be attributable to the interaction among the variants (Fig. 11) giving rise to
a hardening effect.
The current observations bear important mechanistic implications in interpreting the experimental behaviors. In real
materials, the precipitates, being dispersed on 4 different {111}B2 planes, form a closely-knitted network of interacting
stress ﬁelds. Since there exist 24 different sets of potential variants, some variants would always be locally triggered by a
favorable ﬁeld. By studying one isolated precipitate case, one can extend the current inferences towards elucidating the
presence of multi-particles. Earlier literature noted that the precipitate-induced phase transformation is often accompanied by a transient R phase (of orthorhombic lattice type). However, Nishida and Wayman (1988) provided evidence
that the R-phase is not an essential precursor to martensitic (B190 ) transformation. Additionally, Treppmann and
Hornbogen (1995) noted that R-phase transformation occurs only when the precipitates are widely dispersed with
interspersed stress ﬁelds, which is not the current case. In the present model, the B2 lattice directly converts into the B190
type martensitic lattice in the form of different martensitic variants (via compound twinning).
Transformation strain, εtransform
As the martensitic variants grow, the interfacial misﬁt would be modiﬁed, and so would be the extent of the local ﬁelds.
Once the B2 / B190 transformation is complete, a new form of local mismatch would arise at the boundary between the
rhombohedral precipitate and the B190 martensite. The newly generated stress ﬁelds now governs the reverse B19' / B2
transformation during unloading, and hence the transformation strain, εtransform. Upon unloading, the maximum recoverable strain i.e. the εtransform for the precipitated crystal is lower than the recoverable strain of the un-precipitated crystal
(3.18% versus 4.20% respectively as in Table 1). This behavior has also been noted in the earlier experimental literature. The
currently observed εtransform reduction can be attributed to the combined effects of: (a) the non-transformability of the
Ni4Ti3 rhombohedral lattice, (b) the reverse transformation under the inﬂuence of a modiﬁed local stress concentration as
mentioned earlier, and (c) the inhibition of de-twinning of martensite due to the precipitate, thus promoting easily
recoverable elastic straining of martensite during loading (Treppmann et al., 1995).
Temperature effects
In addition, increasing temperature (300 K / 340 K) is observed to reduce the εtransform as well as increase the stransform
levels (Table 1) both for the precipitated and the un-precipitated alloys. These observations from the simulations are in
general agreement with literature experimental ﬁndings (Otsuka and Ren, 2005). The temperature effects can be rationalized on the basis of the thermodynamics of transforming alloys (Boyd and Lagoudas, 1996). The twinned monoclinic
B190 structure constituting the martensite phase becomes unstable at elevated temperatures. In order to sustain the B2-toB190 transformation, additional mechanical driving force is needed to be applied. As a result, the stransform levels continue
to increase with rising temperature, quite unlike any conventional alloys (which would undergo decreasing ﬂow stress).
Simulation-wise, a gradually decreasing presence of the twinned B190 crystal has been noticed on analyzing the atomistic
snapshots. At sufﬁciently high temperature, the parent B2 austenite behaves like a common alloy (i.e. demonstrates
temperature-dependent plastic deformation of the austenite phase), no longer displaying any reversible transformation or
the superelastic deformation.
Strain rate effects
Furthermore, it is important to note that the typical MD simulations are performed over several picoseconds timeframe.
As a result, the deformation proceeds with a rather high strain-rate. However, the currently predicted constitutive responses are quite intriguingly in a reasonable agreement with the earlier experimental levels (conducted at a typical
as and Favier, 1998; Sehitoglu et al., 2001). Experimentally, very high strain-rate deformation of NiTi
laboratory rate) (Orge
austenite is associated with an increased hysteresis and the loss of pseudoelasticity due principally to: (a) the slipping of
austenite crystal (Nemat-Nasser et al., 2005) and/or (b) the adiabatic heat generation (Leo et al., 1993). However, none of

P. Chowdhury et al. / International Journal of Plasticity 81 (2016) 152e167

165

Fig. 12. Schematic summary of the ﬁndings from the current modeling.

these phenomena is present in the current molecular dynamics deformations, which proceeds solely via compound
twinning. Early literature reports that pure twinning is considerably rate-insensitive unlike dislocation slip (Meyers et al.,
2001). In addition, the heat ﬂow rate during the current simulations was kept in synchronization with the strain rates,
thereby producing no adiabatic entrapment of deformation-generated heat. As a result, the simulated deformation scenario is mechanistically very similar to the experimental deformation at the laboratory settings. Due to the foregoing
factors, the present levels of the stressestrain curves are not affected by the usually encountered high rate-related artifacts
in the MD modeling (as cross-validated by performing multiple simulations at different strain rates).

5. Summary and future
In the current paper, we have predicted the internal/external stress distribution surrounding a coherent Ni4Ti3 precipitate
(with a disc diameter of 7 nm). The local ﬁelds are generated as a direct outcome of the inter-lattice mismatch between the
cubic B2 matrix and the rhombohedral Ni4Ti3 precipitate. Hence, the origin of the precipitate stress ﬁelds is captured on a
physical ground. Next, the constitutive behaviors of the precipitated austenite are studied against the un-precipitated pristine
crystal under the 〈011〉B2 compression. The information obtained from the current model is schematically illustrated in Fig. 12.
A reduced degree of the transformation stress, strain and hysteresis is observed to have resulted for the precipitated alloy. The
atomistic origins of the overall constitutive behaviors have been correlated with: (a) the unidirectionality of the phase
transformation (i.e. internal twinning of B190 lattice), (b) the local stress ﬁelds setting preference for the activation of different
variant systems, and (c) the thermodynamics of the transformation alloys. In addition, the principal merit of the current
modeling endeavor is highlighted as clarifying the atomic-scale roles of a coherent precipitate in improving the NiTi
superelastic traits. The successful modeling of the precipitate problem implies important future extension.
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The feasibility of the current atomistic simulations also suggests considerable promise for future research. For example,
problems such as fracture and fatigue behaviors of SMAs remain major issues today to be addressed. Atomistic simulations
can most effectively be employed to probe into the cracking phenomena under static and/or cyclic loading conditions. The
poor fatigue and fracture performances are at present a major setback for further extending the NiTi SMA usage (Robertson
et al., 2012) as demonstrated experimentally. Thus, utilizing atomistics, mesoscale defect properties such as Peierls stresses
could be predicted (Alkan et al., 2016; Chowdhury et al., in press), which in turn could be used in continuum damage
evaluation (Chowdhury et al., 2014b; Hazar et al., 2015). Such knowledge would be helpful for designing better SMAs in the
future.
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