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Abstract Titanium with Nb, Zr, and Ta alloying substi-
tutions possesses high plastic slip resistance and high
transformation strains upon bee (ff) to orthorhombic (o)
transformation. In the current study, we determine the
critical resolved shear stress (CRSS) for slip in Ti alloyed
for a wide composition range of Nb, Ta, and Zr. The CRSS
is obtained with a proposed Peierls—Nabarro formalism
incorporating the generalized stacking fault energy barrier
profile for slip obtained from the first-principles Density
Functional Theory (DFT) calculations. The CRSS for slip
of the orthorhombic martensite increases from 80 to
280 MPa linearly with increasing unstable fault energy.
The addition of tantalum is most effective in raising the
energy barriers. We also demonstrate the composition
dependence of the lattice parameters of both f and o’
crystal structures as a function of Nb, Ta, and Zr additions
showing agreement with experiments. Using the lattice
constants, the transformation strain is determined as high as
11 % in the [011] pole and its magnitude increases mainly
with Zr addition.
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Introduction

It is now well accepted that high-temperature Ti-based
alloys represent a formidable class of new shape memory
alloys. The research on Ti-based shape memory alloys dates
back to key works in the 1970s through the early 1980s [1—
5]. These alloys can be used in biomedical applications [6, 7]
in addition to exhibiting high-temperature shape memory
response [8—11]. Upon alloying with Nb, Zr, and Ta, high
slip resistance and high transformation strains can be
achieved [8, 9, 11, 12], and improving such properties is a
topic of continued scientific and engineering interest. While
a number of key works listed above have emphasized
experiments, less work has focused on theory and simula-
tion. For example, the plastic slip resistance is a very
important parameter in constitutive modeling [13] and to
achieve good shape memory functionality and fatigue
resistance. In order to minimize the plastic deformation
mediated via dislocation slip, it is desirable to elevate the
slip stress well above the stress required to induce martensite
transformation. Experiments [9, 11, 12] on Ti alloys
demonstrate considerable martensite slip resistance partic-
ularly when alloyed with Zr, Nb and Ta. In addition, the slip
stress magnitudes reported from these experiments are uni-
axial stress magnitudes with 0.2 % strain offset, and not the
CRSS levels for slip nucleation. Hence, it is imperative to
establish the composition dependence of the CRSS for slip
nucleation in Ti-based alloys over a wide composition range
of Zr, Nb, and Ta. Most importantly, a quantitative model
has not emerged that predicts the slip resistance over a broad
range of compositions. This information is crucial for the
design of new alloys and is the topic of this paper.

The present work represents a significant advancement

in establishing the CRSS (P

eritica) fOr martensite slip, the
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lattice constants (ag, a, b, ¢), and maximum transformation
strains (gan) of a large number of Ti-based shape memory
alloys which have never been explored before. The Nb, Ta,
and Zr contents for Ti alloys under current investigation
range from 6.25 to 37.5 at.% exceeding over 40 different
compositions. In the present paper, we point to the major
differences of alloying effects of Zr, Ta, and Nb on the
CRSS and the transformation strains by considering the
role of each element in detail. The CRSS for martensite slip
is achieved with a proposed Peierls Nabarro (PN) formal-
ism incorporating the generalized stacking fault energy
(GSFE) obtained from first-principles energy calculations
(DFT). The GSFE is the energy barrier per unit area
required to nucleate a slip, and will be discussed later.
Similarly, we establish the lattice constants of f (disor-
dered bee) and B19 o (orthorhombic) phases of these
alloys noting that the superelasticity in Ti alloys is
achieved by the reversible thermoelastic martensite trans-
formation between these two phases. Hereafter, the terms
B19, orthorhombic and «” are used interchangeably. In
addition, we investigate the composition dependence of the
Nb, Ta, and Zr on the lattice constants of both crystal
phases. Consequently, we undertake lattice deformation
theory (LDT) calculations to obtain the maximum trans-
formation strains of all the alloys considered in the present
analysis. The details of the LDT will be discussed later.

Although binary Ti-Nb alloys exhibit superelastic
properties, the transformation strains obtained for these
alloys have been limited to less than 3 % [10]. However,
the maximum transformation strain of over 4.3 % was
obtained for the case of Ti—22Nb—(4-6)at.%Zr [12], and
the experimental results confirmed that Zr addition
increases the maximum transformation strain and the
martensite slip stress. Consequently, the combination of
high transformation strains, plastic slip resistance, and
high-temperature shape memory capability make these
alloys very attractive for potential applications. Some of
the compositions have been studied before, but many
others are investigated in the current paper, which are very
promising. Therefore, we establish the CRSS for these
alloys with a wider composition range of Nb, Ta and Zr
that produce both a high slip resistance and a high trans-
formation strain. We note that that the variation of slip
resistance with increase in alloying content is highly non-
linear, and this necessitates an accurate model for flow
stress, which we propose in this study.

The determination of the lattice parameters as a first step
is not trivial because there are three lattice constants (a, b,
¢) for martensite, which are established for different levels
of volume change by conducting multiple simulations with
first-principles DFT calculations. In “Simulation Methods”
and “Lattice Constant Calculations” sections, we present a
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detailed methodology to obtain the lattice constants of f3
austenite and o martensite phase of a group of Ti—-Nb-Ta
and Ti-Nb—Zr alloys using DFT calculations. In “Slip and
GSFE Curves in B19 Ti Based Alloys” section, we provide
discussion on obtaining the GSFE for B19 (martensite) slip
nucleation and the modified PN methodology to establish
the CRSS for these alloys. We provide discussion and the
implications of results in “Discussion and Implications of
Results” section, and finally provide a summary in
“Conclusions” section.

Simulation Methods

The first-principles DFT calculations were carried out to
calculate the systems total energy. We utilized the Vienna
ab initio Simulations Package (VASP) with the projector
augmented wave (PAW) method and the generalized gra-
dient approximation (GGA) as implementations of DFT
[14, 15]. In order to simulate a disordered f crystal, a
simulator code was implemented to generate a 4 x 4 x 2
supercell consisting of 64 atoms. The three atom types (Ti,
Nb, and Ta/Zr) were positioned randomly within the
supercell yet following the composition and the bce crystal
coordinates so that the two atomic positions do not overlap
with each other. It is important to note that 64 atoms
supercell was large enough to obtain the converged mini-
mum structural energy value. This was verified with
independent simulations with number of atoms ranging
from 16 to 96. In addition, four independent cases repre-
senting four different random solid solution alloys were
investigated to see the effect of the positions of the ele-
ments on the lattice constants and the minimum structural
energies. The variation of the lattice constant and the
structural energy due to random alloy positioning was
within 0.5 % agreement. In our calculations, we used a
6 x 6 x 12 Monkhorst—Pack k-point meshes for the Bril-
louin-zone integration to ensure the convergence of the
results. For uniform sampling of the k-space, note that the
k points chosen are inversely proportional to the ratio of the
lattice vectors of the supercell. The k points chosen in the
current simulation were verified to yield a converged
minimum energy value. Similar procedure was followed
for GSFE calculations of B19 orthorhombic structure. Ionic
relaxation was performed by a conjugate gradient algo-
rithm. The energy cut-off of 360 eV was used for the
plane-wave basis set. The total energy was converged to
less than 10™> eV per atom. For GSFE calculations, a full
internal atom relaxation, including perpendicular and par-
allel directions to the fault plane, was allowed for mini-
mizing the short-range interaction between misfitted layers
in the vicinity of the fault plane. During the relaxation
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process, the total energy of the deformed crystal was
minimized.

Results
Lattice Constant Calculations

In this section, we demonstrate a general methodology to
obtain the lattice constants for the § and o crystal struc-
tures in detail. We take Ti—6.25Nb-31.25Zr as an example
case (note that the compositions used hereafter are all
atomic percentage). In order to derive the f lattice con-
stant, the total structural energies of the f§ supercell are first
obtained by varying the lattice parameters. Then the
equilibrium lattice constant (ao) is taken as the one corre-
sponding to the minimum structural energy as shown in
Fig. 1. Using this methodology, the equilibrium lattice
constant of Ti—6.25Nb—31.25Zr is calculated as 3.35 A.
Since an orthorhombic (a”) crystal has three different
lattice parameters, a, b, and ¢ for the angles
o= f =v=090° it is first important to obtain the equi-
librium volume. In all the B19 crystals considered, ‘a’ is
the smallest, ‘b’ is the intermediate, and ‘c’ is the largest
lattice parameter. Figure 2 shows the structural energy
variation with respect to different volumes for the case of
Ti—6.25Nb-31.25Zr, and the calculated equilibrium vol-
ume is 76 A>. For a constant equilibrium volume, it is now
convenient to obtain the structural energy of the crystal by
varying only two parameters, a/c and b/c ratios. We note
that the ratios, a/c = 0.59 and b/c = 0.92, correspond to
the lowest energy for the case of Ti—6.25Nb-31.25Zr, as
shown in potential energy surface of Fig. 3. Hence, the
equilibrium lattice constants a, b, and ¢ can be obtained
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Fig. 1 Structural energy variation with respect to lattice parameters
for Ti—6.25Nb-31.25Zr alloy
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Fig. 2 Structural energy variation with respect to volume change for
a B19 Ti—6.25Nb-31.25Zr crystal
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Fig. 3 Energy (in eV) versus a/c and b/c ratios under constant
equilibrium volume for a B19 Ti—6.25Nb-31.25Zr crystal

from the knowledge of equilibrium volume and the lattice
parameters’ ratios. We used similar methodology to cal-
culate the lattice constants for all other alloys considered in
the present study. A comprehensive list of lattice parame-
ters for Ti-Nb—Zr and Ti—Nb-Ta alloys for both f# and B19
o structures is listed in Tables 1 and 2.

To further study the composition dependence of Nb, Zr,
and Ta on the f# and B19 «” lattice parameters, we plot the
results of Tables 1 and 2 in Figs. 4, 5, and 6. It is important
to note that the theoretical values reported in Figs. 4, 5, and
6 are in excellent agreement with the experimentally
observed values (within 3 %) [8]. Figure 4 shows that the f8
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Table 1 Lattice constant (ag) of ff and orthorhombic phases (a, b, ¢) of Ti—-Nb—Zr alloys. The units are in Angstroms

Alloys Theory (this study) Experiments

ag a b c ao a b c
Ti-12.5Nb 3.26 3.01 4.65 4.95 3.285 3.02 4.661 4.985
Ti-25Nb 3.26 3.17 4.62 4.76 3.285 3.193 4.635 4.797
Ti-6.25Nb-6.25Zr 3.28 3.03 4.79 5.17 - - - -
Ti-25Nb-6.25Zr 3.28 3.24 4.65 4.81 3.30 3.25° 4.66 4.83
Ti-12.5Nb-12.5Zr 3.29 3.08 4.73 5.01 3.09° 4.75 5.03
Ti-18.75Nb-12.5Zr 3.29 3.17 4.66 4.89 3.32 3.19° 4.68 4.90
Ti-37.25Nb-12.5Zr 3.29 3.27 4.62 4.85 - - - -
Ti—6.25Nb-18.75Zr 3.31 3.04 4.79 5.18 - - - -
Ti-12.5Nb-25Zr 3.33 3.16 4.76 5.02 3.36 3.18¢ 4.79 5.03
Ti-18.75Nb-25Zr 3.33 3.18 4.67 4.90 - - - -
Ti-25Nb-25Zr 3.33 3.23 4.65 4.81 - - - -
Ti-6.25Nb-31.25Zr 3.35 3.06 4.80 5.21 3.386 3.09¢ 4.82 5.22
Ti-12.5Nb-37.5Zr 3.38 3.18 477 5.03 - - - -
Ti-37.5Nb-18.75Zr 3.31 3.28 4.63 4.86 - - - -
Ti-12.5Nb-18.75Zr 3.31 3.08 4.70 4.98 - - - -
Ti-18.75Nb 3.26 3.09 4.63 4.87 - - - -
Ti-18.75Nb-6.25Zr 3.28 3.17 4.64 4.87 - - - -

The spaces marked with dash (—) represent unavailable experimental data. Approximate values based on the following compositions [8]
* Ti-20Nb-6Zr
® Ti-13Nb-12Zr
¢ Ti-16Nb-12Zr
¢ Ti-~10Nb-24Zr
¢ Ti-6Nb-30Zr

Table 2 Lattice constant (ag) of f# and orthorhombic phases (a, b, ¢) of Ti—-Ta-Nb alloys. The units are in Angstroms

Alloys Theory (this study) Experiments

ap a b c ao a b c
Ti—6.25Nb—-6.25Ta 3.26 3.06 4.66 4.93 - - - -
Ti—25Nb-6.25Ta 3.26 3.11 4.66 4.77 - - N =
Ti-12.5Nb-12.5Ta 3.27 3.15 4.65 4.84 - 3.17° 4.65 4.85
Ti-18.75Nb-12.5Ta 3.26 3.19 4.64 4.76 3.28 3.21° 4.64 4.78
Ti-37.25Nb-12.5Ta 3.26 3.25 4.64 4.73 - - - -
Ti-6.25Nb-18.75Ta 3.26 3.15 4.64 4.81 - 3.16° 4.64 4.83
Ti-12.5Nb-25Ta 3.27 3.26 4.65 4.74 - - - -
Ti-18.75Nb-25Ta 3.26 3.27 4.66 4.72 - - - -
Ti—25Nb-25Ta 3.27 3.28 4.66 4.71 - - - -
Ti-6.25Nb-31.25Ta 3.25 3.23 4.63 4.72 3.28 3.26¢ 4.64 4.73
Ti-12.5Nb-37.5Ta 3.27 3.25 4.66 4.71 - - - -
Ti-37.5Nb-18.75Ta 3.27 3.26 4.67 4.74 - - - -

The spaces marked with dash (—) represent unavailable experimental data. Approximate values based on the following compositions [8]
4 Ti-14Nb-10Ta

® Ti-17Nb-10Ta

¢ Ti-6.25Nb-20Ta

4 Ti~6.25Nb-30Ta
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Fig. 4 Lattice constant of Ti-Nb—Zr alloys versus Zr composition.
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Fig. 5 Lattice constants of Ti—-Nb-Ta alloys versus Ta composition.
The broken lines are shown to guide the eye

phase lattice constants (ap) for Ti—Nb-Zr alloys are
strongly dependent on the Zr content. An increase in the Zr
content linearly increases a, and the relationship between
Zr content and ag can be expressed as follows:

ao(Zr at.%) = 3.2585 + 0.0029 x CZr(at.%)a

where C is the concentration of Zr in at.%. On the other
hand, in Fig. 5, we observe that both Nb and Ta do not
have a considerable effect on aq for Ti-Nb—Ta alloys.

In order to investigate the effects of Nb content on the
orthorhombic (B19) lattice parameters, we plot a, b, and
c as a function of Nb content for some of the alloys listed in
Table 1 where experimental data [8] are also available.
Interestingly, from Fig. 6, we see that the Nb content
affects the B19 lattice constants. In particular, the lattice
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O a (Experiments)
Db (Experiments)
Oc (Experiments) |
W a (This study)
A b (This study)
@ c (This study)

%

1 1

25 30 35
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Fig. 6 Lattice constants (a, b, ¢) of B19 Ti-Nb-Zr alloys versus Nb
content
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Fig. 7 a A perfect B19 lattice as viewed along the (010) direction.
b Deformed B19 lattice after shear by half the magnitude of Burgers
vector (uy, = b/2)

parameter a increases, while b and ¢ decrease with an
increase in Nb content regardless of the Zr content in these
alloys. These observations are validated both experimen-
tally and theoretically in Fig. 6.

Slip and GSFE Curves in B19 Ti-Based Alloys

An important criterion to maximize reversible strain is to
minimize plastic deformation accumulating via dislocation
slip in o martensite during phase transformation. The
possible slip systems in B19 orthorhombic crystal struc-
tures include a family of {110}(110) and {100}(100)
systems [16, 17]. Consider Fig. 7a where the B19 crystal
structure is shown as viewed along the [010] direction. It is
worth pointing out that in Fig. 7a, the slip system
(001)[100] corresponds to the largest interplanar distance
(axis c) in [001] direction and the shortest Burgers vector
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(axis a) in [100] direction. Based on this slip system, the
Burgers vector (b) for B19 Ti—6.25Zr-25Nb lattice is equal
to 3.24 A for example.

The GSFE is obtained by shearing one half (001) plane of
the crystal with respect to another half by continuous rigid
displacements of u, = nb along [100] direction, where b is
the magnitude of the Burgers vector and »n is a parameter
ranging from 0 to 1 [18-20]. Similarly, Fig. 7b is the
deformed lattice after shear by half a Burgers vector
(ux = 0.5b). The GSFE curves for both alloy systems, Ti—
Nb-Ta and Ti-Nb-Zr, for four different compositions
exhibiting the highest y,; values and the lowest y,; values are
shown in Fig. 8. The 7y, is the maximum energy barrier
required to nucleate a slip, and corresponds to the displace-
ment of u, = 0.5b on the GSFE curve. The (001)[100] 7y,
values for each alloy considered in the present analysis are
reported in Table 3, and graphically represented in Fig. 8.
The GSFE curve also allows us to derive the {100}(100)
shear modulus using the equation, Gyjo0y(100) = Zn%‘max.
The magnitudes of the shear moduli for Ti-Nb—Zr and Ti—
Nb-Ta alloys are also listed in Table 3.

In the present analysis, we determined that the
{100}(100) are the active slip systems in Ti-Nb-Zr and Ti-
Nb-Ta alloys. We also obtained the GSFE curves for
{110}(110) slip systems using similar methodology dis-
cussed above. The {110}(110) 7y, values for all the alloys
considered are approximately 3-5 times higher than those
for {100}(100) slip systems. For example, the {110}(110)
Yus for Ti—6.25Zr—-6.25Nb, Ti-18.75Zr-37.5Nb, Ti-25Ta—
25NDb, and Ti—6.25Ta—6.25Nb alloys were obtained as 922,
2124, 3276, and 1613 mJ m_z, respectively. These values
are significantly higher than the y,, for {100}(100) slip

T T
= Ti-25Ta-25Nb

m— Ti-6.25Ta-6.25Nb

T
m Ti-18.75Zr-37.5Nb
1000
e Ti-6.257r-6.25Nb

800
‘\‘A
% 600
£
N
>
400
200

0.00 0.25 0.50 0.75 1.00
u/b

Fig. 8 Generalized stacking fault energy (GSFE) for Ti-Nb-Ta and
Ti-Nb—Zr alloys for the compositions exhibiting the highest and the
lowest values
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systems, and hence rule out the possibility of slip nucle-
ation in {110}(110) slip systems. Recently, similar theo-
retical calculations [21] on NiTiHf have shown that the
activation of slip systems of {110}(110) family in B19
lattice is unfavorable due to the high energy barrier asso-
ciated with the generalized stacking fault energy (GSFE)
curve, and ultimately high CRSS (in orders of GPa).
Hence, the {100}(100) slip system is considered for further
analysis in the present paper.

Figure 9a, b shows the ternary contour plot of y,s vari-
ation for Ti-Nb—Zr and Ti—-Nb-Ta alloys. Upon comparing
the plots, we observe that the vy, values for all Ti—-Nb-Ta
alloys are higher than that of Ti—-Nb—Zr alloys for the same
composition of Ti and Nb. For the case of Ti—-Nb—Zr alloys,
the maximum 7,4 values lie in the region of high Nb and
high Zr content, shown by as shown by red shades in
Fig. 9a, while in the case of Ti-Nb-Ta alloys, the maxi-
mum 7, values are obtained in low Nb and high Ta con-
tent. The lower 7y,, values for Ti-Nb—Zr lie along the
constant Nb content of 12.5 at.%, while for Ti-Nb-Ta
alloys, the region is observed in low Ta and low Nb con-
tent. As we see later, the magnitude of y,s influences the
CRSS for martensite slip nucleation. Therefore, the results
in Fig. 9 provide useful insights for slip resistance associ-
ated with different compositions of Nb, Ta, and Zr in Ti-
based alloys.

Peierls Nabarro Modeling of the Critical Resolved
Shear Stress (CRSS) for Slip

The modified PN formalism is adopted in the current work
to calculate the slip stress, which is an advancement to the
original PN model [22, 23]. The major advancements of the
modified PN formalism are the use of actual energy land-
scape (GSFE) of the alloy to calculate the energy variation
with respect to the dislocation position and the considera-
tion of the lattice discreteness to obtain the misfit energy
curve [24-27]. The misfit energy across a slip plane is
defined as the sum over energy contributions due to slip
between pairs of atomic planes [26, 27], and can be
obtained from the GSFE as follows:

+o00

E = / osea(f())dx (1)

—00

The term ygsrg is the GSFE energy landscape (as shown
in Fig. 8) expressed in sinusoidal form, and f{x) is defined
as the disregistry function which is a measure of the slip
distribution on the slip plane, us — ug as shown in
Fig. 10a. The solution to f(x) can be written as follows [26,
27]:
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Table 3 The 7, values, the shear moduli, and the CRSS for slip nucleation in B19 Ti-Nb—Zr and Ti-Nb-Ta alloys

Ti-Nb-Zr Tus Shear modulus (in ~ CRsS, ¢~ Ti-Nb-Ta Tus Shear modulus (in  CRSS, o,
Alloys (at.%) (mJ m™3) GPa) (MPa) Alloys (at.%) (mJ m™3)  GPa) (MPa)
G100} (100) G100} (100
Ti—6.25Nb— 301 11 82 Ti—6.25Nb— 460 16 127
6.257Zr 6.25Ta
Ti—6.25Nb— 315 12 88 Ti—6.25Nb— 550 20 152
18.75Zr 18.75Ta
Ti—6.25Nb— 386 14 109 Ti—6.25Nb— 901 32 244
257r 25Ta
Ti—6.25Nb— 475 17 132 Ti—6.25Nb- 912 32 250
31.25Zr 31.25Ta
Ti-12.5Nb 532 18 144 Ti—12.5Nb- 810 29 224
6.25Ta
Ti—12.5Nb— 387 13 110 Ti—12.5Nb- 953 34 263
6.25Zr 12.5Ta
Ti—12.5Nb- 311 11 86 Ti—12.5Nb- 997 35 271
12.5Zr 18.75Ta
Ti—12.5Nb— 381 14 101 Ti—12.5Nb— 1006 36 278
18.75Zr 25Ta
Ti—12.5Nb— 410 24 125 Ti—12.5Nb- 1013 36 280
257r 37.5Ta
Ti—12.5Nb— 678 26 184 Ti—18.75Nb— 805 29 222
37.5Zr 6.25Ta
Ti—18.75Nb- 752 27 190 Ti—18.75Nb- 920 33 254
12.5Zr 12.5Ta
Ti—18.75Nb- 760 27 200 Ti—18.75Nb- 922 33 255
257r 18.75Ta
Ti-25Nb 843 29 228 Ti—18.75Nb- 923 33 255
25Ta
Ti—25Nb- 754 26 195 Ti—25Nb- 857 31 237
6.25Zr 6.25Ta
Ti-25Nb- 756 27 196 Ti—25Nb- 950 34 261
12.5Zr 12.5Ta
Ti-25Nb-25Zr 787 28 206 Ti—25Nb- 1011 36 280
18.75Ta
Ti-37.5Nb 852 31 231 Ti—25Nb-25Ta 1023 37 283
Ti-37.5Nb— 827 30 222 Ti-31.25Nb- 847 30 234
6.257Zr 25Ta
Ti-37.5Nb— 831 29 225 Ti—37.5Nb- 936 32 259
12.5Zr 12.5Ta
Ti-37.5Nb— 842 30 227 Ti-37.5Nb—- 957 33 264
18.75Zr 18.75Ta
Ti-50Nb 855 31 232
Ti-18.75Nb 755 26 196
Ti—18.75Nb- 679 24 183
6.257Zr
Ti—18.75Nb- 788 28 207
31.25Zr
b i (x b dislocation, x is the position of the dislocation line, and & is
f(x) = p tan E + 20 (2) the half-core width of the dislocation given by d/(2(1 — v))

where b is the magnitude of the Burgers vector of the slip

[26], where d is the {001} interplanar distance, and v is the
Poisson ratio. The discrete form of Eq. (1) can be written as
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Fig. 9 Composition dependence of unstable fault energy in a Ti-Nb-Zr, b Ti-Nb-Ta alloys

Fig. 10 a Schematic of the PN
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position for the case of Ti— 13
6.25Nb-25Ta & o<
T X >
i [)
& i/ 12
| W
11
@ Perfect crystal 0 Crystal with dislocation
0.0 0.2 0.4 0.6 0.8 1.0
u/a
(@) (b)
m=+00 the amplitude of the variation and the barrier required to
E = Z Yasee(f(ma' —u))d', (3)  move the dislocation. The Peierls stress is calculated as the
m=—00

where m is an integer, u is the position of the dislocation
line, and &' is the lattice periodicity defined as the shortest
distance between two equivalent atomic rows in the
direction of the dislocation displacement. The numerical
solution to Eq. (3) for the case of Ti—6.25Nb-25Ta is

shown in Fig. 10b. In Fig. 10b, the term (E/) is the

a/2
minimum of the EY function and provides an estimate of
the core energy of the dislocation. Similarly, the term

(Ef) is the Peierls energy (marked on Fig. 10b) which is
P
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maximum slope of the misfit energy curve which describes
the potential energy of the dislocation as a function of the
dislocation position u [26], and can be written as follows:

slij 1 aES
Tclri[t)ica] = max{z (a_u/> } (4)

The values of the CRSS for slip using Eq. (4) are given
in Table 3. We note that the y,; and ultimately the slip
stress of Ti—-Nb-Ta alloys are higher than Ti—-Nb—Zr alloys
for the same composition of Ti and Nb. Therefore, higher
the ys, the higher is the CRSS obtained using Eq. (4).
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Discussion and Implications of Results

Figure 11 shows the magnitudes of the CRSS for marten-
site slip in Ti-Nb—Zr alloys for several compositions of Nb
and Zr. The results for the binary Ti—Nb are also included.
Two important observations are noted in the plot: (i) First,
with an increase in Nb content, the CRSS for slip increases.
The net increase in CRSS upon increasing Nb content from
6.25 to 12.5 at.% for a constant Zr content is within
40 MPa, while a dramatic increase in the stress (approxi-
mately 60 %) is observed upon increasing Nb content from
12.5 to 18.75 at.%. (ii) Secondly, the results show that a
critical Zr content exists for each Nb content beyond which
the magnitude of CRSS for slip increases with an increase
in Zr content. For 6.25, 12.5, 18.75, 25, and 37.5 at.% Nb
contents, the slip stress increases linearly with an increase
in Zr content beyond 12.5, 12.5, 6.25, 6.25, and 6.25 at.%,
respectively.

We note that Ti—24Zr-13Nb does not exhibit supere-
lasticity, as validated by experiments [8], and the reason
behind this may be due a low CRSS for slip compared to
the martensite transformation stress. For example, the
calculated CRSS of Ti-25Zr—12.5Nb in the present anal-
ysis, which has a similar composition to Ti—24Zr—13Nb, is
125 MPa. In such a case, it is easier to deform by slip than
to induce martensite transformation, and this accumulates
the permanent irreversible strain. On the other hand, for the
case of Ti—25Nb, it is experimentally observed that the
transformation strain of approximately 2.2 % is fully
recovered [8]. This can be a result of the high CRSS for
slip nucleation. Theoretically, we obtained the CRSS of
228 MPa for the case of Ti—-25Nb, a 113 % increase in the

pseudoelasticity was observed. Hence, from the present
analysis, the magnitude of the CRSS can be related to the
recoverability of Ti—Nb-based alloys to a first approxima-
tion. In other words, the higher slip resistance favors
martensite transformation, thereby inhibiting nucleation
and accumulation of martensite slip. Nonetheless, the dif-
ference in the CRSS for slip and the martensite transfor-
mation stress is another important factor to consider.

Similarly, Fig. 12 shows the effect of Nb and Ta con-
tents on the CRSS for Ti-Nb-Ta alloys. Here, we point to
the major difference between the role of Ta compared to Zr
on the CRSS for slip. We observe that the addition of Ta
content on binary Ti—Nb alloys increases the CRSS for slip.
For example, the CRSS for slip for Ti-12.5Nb is 144 MPa
while that of Ti—12.5Nb—12.5Ta is 263 MPa, an increase in
the slip stress by more than 80 % with 12.5 at.% Ta
addition. While for the same composition of Ti and Nb, the
slip stress for Ti—12.5Nb—12.5Zr is 86 MPa, a decrease in
the slip stress by 25 %. The initial decrease (or increase) of
the slip stress upon alloying with Zr (or Ta) has been
reported previously in experiments [9, 10, 12]. The slip
stress for binary Ti-22Nb is 370 MPa while that of Ti—
22Nb—-6Zr and Ti—22Nb—6Ta are approximately 310 and
440 MPa, respectively. It is important to note that the
stresses reported experimentally are based on 0.2 % strain
offset, and do not correspond to the CRSS for slip. If we
assume that the Schmid factor of the activated slip system
is 0.5, the CRSS for Ti-22Nb is 185 MPa from experi-
mental measurements. Overall, if we compare the magni-
tudes of the CRSS in Ti-Nb-Ta alloys compared to Ti—
Nb—Zr for the same composition of Ti and Nb, we conclude
that Ta is more effective in increasing martensite slip
resistance than Zr.
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Fig. 11 CRSS for martensite slip nucleation as a function of Zr
content in Ti-Nb—Zr alloys. The CRSS for hcp Ti—6.25Nb martensite

nucleation is also shown (as open square)
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Fig. 12 CRSS for martensite slip nucleation as a function of Ta

content in Ti-Nb-Ta alloys. The CRSS for hcp Ti—6.25Nb martensite
nucleation is also shown (as open square)
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In the present work, we also calculated the maximum
transformation strains based on the Lattice Deformation
Theory (LDT) [28, 29] as shown in Figs. 13, 14, and 15.
The details of the LDT are provided in “Appendix” sec-
tion. In Fig. 13, we show the orientation dependence of the
transformation strains for Ti—6.25Nb—6.25Zr and Ti—
6.25Nb—-6.25Ta alloys. Note that two alloy compositions
reported in Fig. 13 exhibit the highest transformation
strains compared to all other alloys under consideration. It
is worth pointing out that in all the alloy systems, the
maximum transformation strain is observed in the [110]
orientation, as in the case for Ti—6.25Nb-6.25Zr and Ti—
6.25Nb-6.25Ta (Fig. 13). The maximum transformation
strain for Ti—6.25Nb—6.25Zr is 11 % which is higher than
that of Ti—6.25Nb-6.25Ta by 5 %. Upon comparing the
maximum transformation strains in Figs. 13, 14, and 15,
we conclude that Zr is a better alloying element compared
to Ta for increasing the transformation strain.

We calculated the transformation strains for most of the
alloy systems listed in Tables 2 and 3, and the maximum
transformation strains are plotted in Figs. 14 and 15. From
these plots, we observe that increasing Nb content in both
Ti—-Nb-Ta and Ti-Nb-Zr alloys for the same Zr or Ta
content decreases the maximum transformation strain. This
is in agreement with the experimental observations [10] for
binary Ti—Nb alloys where a decrease in transformation
strain is seen with an increase in Nb content. It was found
that an increase in Nb content from 15 to 25 at.% decreases
the transformation strain by 45 % (4.5-2.5 %). Interest-
ingly, we observe that increase in Zr content increases the
maximum transformation strain initially, but beyond a
critical Zr content, the transformation strain starts to
decrease. The critical Zr content is found to be 12.5 at.%
for all the alloys considered. On the other hand, no such
critical Ta content exists for Ti—-Nb-Ta alloys. Moreover,
the maximum transformation strains of Ti—Nb-Ta alloys

Fig. 13 Orientation
dependence of the
transformation strain (tension)
based on lattice deformation
theory in a Ti—6.25Nb-6.25Zr
and b Ti—6.25Nb-6.25Ta alloys

Ti-6.25Nb-6.25Zr

(a)
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are lower than those of Ti—Nb-Zr alloys for the same
composition of Ti and Nb.

We showed that the CRSS for slip is dictated by the
unstable energy barrier of the GSFE curve using PN for-
malism. The higher the y, value, the higher is the slip
nucleation stress. Figure 16 shows that the CRSS for
martensite slip nucleation in both Ti—-Nb-Ta and Ti—-Nb—Zr
alloys shows a linear dependence on the unstable stacking
fault energy value (y,s). This linear dependence can be
expressed by the following equation:

Tslip (yus) =0.272 x Vus (5)

critical

It is important to point out that the transformation strain
scales approximately with c/ag ratio in Ti—Nb alloys based
on our calculations. We also showed that Ta and Zr do not
exhibit similar effect on the CRSS and the transformation
strains. Specially, we reveal a nonlinear dependence of the
CRSS and the transformation strains on the Ta, Nb, and Zr
contents. The critical compositions of Zr and Ta have been
determined beyond which the martensite slip stress or the
maximum transformation strains change (either increase or
decrease). It is worth emphasizing that the CRSS values for
slip obtained in the present analysis are at 0 K, while
experimental values are reported at finite temperatures. The
reason for higher CRSS values obtained theoretically in the
present case compared to the experimental values may be
due to the temperature dependence of the elastic modulus
of martensite. Experiment [30] has shown that a decrease
in temperature (below Ms) increases the martensite elastic
modulus in Ti-based shape memory alloy, and therefore,
Eq. (4) yields high CRSS at 0 K compared to the experi-
mentally obtained CRSS values at finite temperatures. In
summary, we considered the CRSS and the transformation

T T T . : I
280 - ® Ti-Nb-Ta ]
B TiNb-Zr ‘ ,
240 ) ’ |
“© J
o 200 '. |
=3 o
55 160 | y |
) o’
F
120 m r |
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Fig. 16 The dependence of the CRSS for martensite slip nucleation
(rzlr’il:ical) on the unstable stacking fault energy values (7,;) for Ti—-Nb—

Ta and Ti-Nb—Zr alloys. The dashed line represents the best fit to data
given by the equation in the inset

strains for a large number of Ti—-Nb-Ta and Ti-Nb—Zr
alloys (over 40 cases) with wide composition range of Ta,
Zr, and Nb. This is a major contribution to future alloy
design via composition optimization.

Conclusions

In summary, we draw the following conclusion from the
current paper:

1. Using modified PN formalism incorporating the gener-
alized stacking fault energy (GSFE) from DFT calcu-
lations, we predict the martensite slip resistance in Ti—
Nb-Ta and Ti—-Nb-Zr alloys over wide composition of
Nb, Ta, and Zr. The CRSS levels are in the range
80-280 MPa. We propose a simple linear relation
between the CRSS and unstable fault energy.

2. We calculate the lattice constants of Ti—Ta—Nb and Ti-
Nb-Zr for  and o’ B19 orthorhombic structures noting
that the superelasticity in these alloys is attributed to the
thermoelastic transformation between the two phases. We
compare our theoretically obtained values with the
available experimental data showing excellent agreement.

3. Using lattice deformation theory (LDT), we calculate the
maximum transformation strains in both Ti-Nb-Ta and
Ti-Nb—Zr alloys. We show that the maximum transfor-
mation strain is higher in the case of Ti-Nb—Zr alloys
compared to Ti—Nb-Ta alloys for the same composition of
Ti and Nb. The strains exceed to 10 % in some cases.

4. We show that the addition of Zr increases the

transformation strain up to a critical Zr content beyond
which the transformation strain starts to decrease. The
maximum transformation strain is observed in the
[011] orientation for all the alloys considered in the
present analysis. Large additions of Ta and Nb
decreases the maximum transformation strain in the
alloys from 11 % to as low as 1.5 %.

5. From the present analysis, Ta is considered more
effective in Ti-Nb alloys in increasing the CRSS
compared to Zr, while Zr is more effective in
increasing the transformation strain compared to Ta.
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Appendix
The Lattice Deformation Theory (LDT) [29] estimates the

recoverable transformation strains by directly considering
the 6 lattice correspondences between the bce austenite and
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the orthorhombic martensite crystal structures. For each
lattice correspondence variant, a symmetric transformation
matrix U can be determined. The components of U matrix
are functions of the lattice constants of the parent austenite
and transformed martensite phases. An example of U for
the case of cubic to orthorhombic transformation is

o 0 0
0 y+B -8
U]— 2 2 ) (6)
0 y—B 7+
2 2

where o = \/Ea/ao, p=b/ay, y:\/zc/ag, ao, and a, b, and
¢ are the lattice constants of the bcc austenite and the
orthorhombic martensite phases, respectively.

The maximum recoverable strains is obtained as

e=/e.(FTF)é -1, (7)

where F is the deformation gradient and € is the unit vector
in the crystallographic direction of interest. Using polar
decomposition theorem, the deformation gradient F can be
written as

F =RU, (8)

where R represents a rigid body rotation and U is the
symmetric part of F.

Upon substituting Eq. (8) into Eq. (7), we have the
following equivalent equation:

¢=1/2.(U'R'RU)Z—1=/2.(U'U)Z -1 9)
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