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AbstractÐStress±strain responses of single and polycrystals of Had®eld steel were modeled using a visco-
plastic self-consistent approach. A unique hardening formulation was proposed in the constitutive model
incorporating length scales associated with spacing between twin lamellae and grain boundaries. TEM ob-
servations lend further support to the length scales incorporated into the constitutive model. Many of the
experimental ®ndings were made on ��111� and ��144� crystal orientations deformed in tension, displaying
®ne twin lamellae at small strains in addition to slip in intra-twin regions. A natural outcome of the model
was the small deformation activity inside the twinned regions and higher deformations between the twins.
The model utilized dislocation density as a state variable and predicted the stress±strain responses and tex-
ture evolution in single crystals accurately over a broad range of strains. The responses of polycrystals
with three grain sizes (100, 300, and 1000 mm) were also captured closely with the model in addition to the
twin volume fraction evolution with increasing deformation. Based on the simulations, it was possible to
explain unequivocally the upward curvature in stress±strain curves in the single crystals and in coarse
grained polycrystals of Had®eld steel. Overall, the combined experimental and modeling e�orts provide a
reliable tool to characterize slip±twin interaction in low stacking fault energy f.c.c. materials. 7 2000 Acta
Metallurgica Inc. Published by Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

Had®eld steels are well known for their high strain

hardening, and upward curvature in stress±strain
curves [1±3]. Twinning has been observed as the
main deformation mechanism [1] in these alloys. An

extensive single crystal study by the authors [3] has
elucidated the competing e�ects of slip and twin-
ning in this material and explained the observed

tension±compression asymmetry and orientation
dependence of strain-hardening behavior. In the
orientations which deform by twinning and slip an

upward curvature of the stress±strain response was
evident. In the orientations deforming only by slip,
the upward curvature was replaced by a more typi-
cal f.c.c. response. The splitting of grains or single

crystals into twinned and untwinned regions, and
the ensuing interference of deformation by these
twinned boundaries account for the ``ultra'' strain-

hardening behavior. The present work incorporates

these experimental ®ndings in a crystal plasticity

framework.

In previous crystal plasticity studies, novel consti-

tutive frameworks were established for simulating

the stress±strain response and texture evolution [4]

due to slip. These modeling e�orts have been lar-

gely limited to the medium and high stacking fault

energy (SFE) f.c.c. materials like copper and alumi-

num in which twinning is insigni®cant at room tem-

perature. Early studies [5±7] on twinning have

focused mainly on h.c.p. materials such as Zr and

Ti alloys where twinning is the main deformation

mechanism. Recently, the e�ect of twinning on tex-

ture development and stress±strain behavior of low

SFE f.c.c. metals has been a topic of intense

research [6, 8, 9]. Some success was achieved in pre-

dicting the deformation of brass under plain strain

compression and simple compression [6, 8]. The

unique feature of twinning is that twinning-induced

reorientation between the twinned region and the
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matrix occurs in an abrupt manner. On the other

hand, in slip deformation the lattice rotation is gra-
dual. The formation of twins within the existing
grains introduces additional boundaries, and this in

turn governs the strain-hardening behavior and tex-
ture development. Therefore, the treatment of twin-
ning has to include new features to the classical slip

description in crystal plasticity models. Ultimately,
systematic investigation of the low SFE class of ma-

terials in either single crystal or polycrystalline
forms with di�erent grain sizes will facilitate our
ability to model twinning deformations, and this

will be the subject of the present paper.
Previous modeling e�orts in crystal plasticity

either assume zero hardening [8], phenomenological

power law hardening [6], or di�erent hardening
laws for each stage of deformation [9] to mimic

stress±strain response. Moreover, previous treat-
ments extract single crystal parameters from poly-
crystalline stress±strain response. Admittedly, grain

boundaries complicate the understanding of the
competing e�ects and interactions of twinning and
slip. To advance our understanding of relative re-

sistances of slip and twinning, the use of single crys-
tals proves invaluable. In this study, Had®eld

manganese steel single crystal experiments will be
reported followed by polycrystalline stress±strain re-
sponses and texture evolution. Simulations will be

presented that closely reproduce the experimental
responses in all cases.
Since there is an abrupt change in orientation

between a grain and the twins formed in the present
material, the Taylor±Bishop±Hill or Full

Constraints (FC) [10] approach and the Relaxed
Constraints (RC) formulations [11] are not appro-
priate. In the FC formulation, the interaction of the

grain or twinned regions with their surroundings is
not considered. Since twins form as thin lamellae
and cluster to form bundles, the interaction of

twins with the surrounding matrix plays an import-
ant role in strain hardening. The RC formulation
relaxes some strain components, however, its appli-

cation is restricted to materials with highly distorted
grains [12]. On the other hand, Lebensohn and

TomeÂ [5] treated each grain as a viscoplastic in-
clusion embedded in the homogeneous medium
representing the aggregate. The relation between

stress and strain rate in the grain was linearized by
either a tangent approach or a secant approach [5].
This formulation resulted in an interaction equation

that relates the stress and strain rate in the grain
with the overall stress and strain rate of the homo-

geneous aggregate. Both the secant and tangent
approach allow for each grain to deform di�erently,
depending on the relative directional sti�ness of

grain and homogeneous medium. In this study the
secant approach will be modi®ed to include strain-
hardening e�ects associated with twinning.

The main shortcoming of crystal plasticity models
incorporating twinning as a deformation mode in

low SFE f.c.c. materials is the lack of a physical
basis for the relation between the length scale (i.e.

grain size or homogeneous deformation zone [13])
and the dislocation density evolution [14]. The
hardening associated with the evolution of dislo-

cation density is represented with a statistical sto-
rage term (athermal component) proportional to
the square root of dislocation density and a

dynamic recovery term proposed by Mecking and
Kocks [15], leading to a well-known Voce type
hardening law. Estrin and Mecking [16] remarked

that the spacing between impenetrable obstacles or
grain boundaries decides the mean free path (mfp)
of dislocations producing a geometric contribution
to the dislocation density. Their study [16] proposed

that when the two storage terms (statistical and
geometrical) are both used the simulations improve.
This ``hybrid model'' is applicable to the materials

in which the mfp is determined both by dislo-
cation±dislocation interaction and by such barriers
as grain and twinboundaries [16]. A recent success-

ful application of this hybrid model by Acharya
and Beaudoin [14] considered a physically motiv-
ated lattice incompatibility measure to mimic the

mfp for the storage of net dislocations. In the pre-
sent case, since twin formation subdivides the grains
as twin boundaries act as barriers to dislocation
motion, the mfp decreases with increasing volume

fraction of twins assuming the mfp to be pro-
portional to the spacing of the lamellae. Then, the
strain hardening changes with the reciprocal of the

mfp of dislocations. Experimental work by El-
Danaf et al. [13] indicates an inverse dependence of
the dislocation density evolution on the mfp (homo-

geneous deformation zone size) consistent with the
model adopted in the present work.
The outline of the paper is as follows: in Section

2, the experimental details will be provided. In

Section 3 the constitutive equations for single crys-
tal and polycrystals and the viscoplastic inclusion
formulation will be described. In Section 4, twin-

ning-induced reorientation will be explained consid-
ering the predominant twin reorientation (PTR)
scheme [7]. Section 5 will include a detailed expla-

nation of the hardening approach. In Section 6 a
comparison of simulations and experiments will be
given.

2. EXPERIMENTAL TECHNIQUES

The material used in this study was a Had®eld
manganese steel with a composition of Mn 12.34%,
C 1.03%, and Fe balance. Single crystals were

grown by the Bridgman technique in a He atmos-
phere, followed by homogenization in an inert gas
at 1373 K for 24 h. Electro-discharged machining

was utilized to cut the regular dog-bone shaped ¯at
tensile specimens with nominal dimensions of 8�
3� 1 mm3 in gage. Specimens were then solution
treated and water quenched from 1373 K after 1 h.
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Tests were performed at room temperature with a
screw driven ATS test machine. For the measure-

ment of strain, a miniature size MTS axial extens-
ometer was employed with a 3 mm gage section.
For TEM analysis, the samples were prepared by

mechanical grinding and twin jet electropolishing.
The electropolishing agent is a mixture of 80 g of
anhydrous sodium chromate and 400 ml of glacial

acetic acid. Thin foils were examined in a Hitachi
H-8100 electron microscope operated at 200 kV to
reveal the narrow twins and the dislocation struc-

ture. Hardness measurements were performed by a
Buehler Micromet II microhardness tester. For the
measurement of the texture evolution in single crys-
tals, a Philips X'Pert MRD Goniometer was used

with monochromatic Cu-K radiation. POPLA soft-
ware [17] was used to extract the texture plots.

3. CONSTITUTIVE RELATIONS

Plastic deformation occurs when a slip or a twin-

ning system becomes active. The resolved shear
stress, tsRSS, for a system (s ) is given by

tsRSS � ms
isi �1�

where ms
i is the vector form of the Schmid tensor

and si is the vector form of the applied stress. To
describe the shear rate in the system s, a rate sensi-

tive approach is utilized providing a nonlinear vis-
cous shear rate as a power of tsRSS in system s

_gs � _g0

�
tsRSS

ts0

�n

� _g0

�
ms

isi
ts0

�n

�2�

where _g0 is a reference rate, ts0 is the threshold stress
corresponding to this reference rate, and n is the
inverse of the rate sensitivity index. If n is high

enough, this description asymptotically approaches
the rate insensitive limit [Schmid criterion in
equation (1)]. The total strain rate in a crystal can

be written as the sum of all potentially active sys-
tems and can be pseudolinearized as follows [5]:

_ei �
"

_g0
Xs
1

ms
im

s
j

ts0

�
ms

ksk
ts0

�nÿ1#
sj �Mc�sec�

ij � ~s�sj �3�

where Mc�sec�
ij is the secant viscoplastic compliance

of the crystal which gives the instantaneous relation
between stress and strain rate.
Following Lebensohn and TomeÂ [5], at the poly-

crystal level the same pseudolinear form can be im-
plemented as in the case of equation (3) as follows:

_Ei �M
�sec�
ij � ~S�Sj �M

�tg�
ij � ~S�Sj � _S

0 �4�

where _Ei and S are the polycrystal strain rate and
applied stress, and Hutchinson [18] demonstrates

that M�tg� � nM�sec�:
De®ning the deviations in strain rate and stress

between the inclusion and the overall magnitudes as

_~ek � _ek ÿ _Ek �5�

~sj � sj ÿ Sj �6�

and utilizing Eshelby's inhomogeneous inclusion
formulation one can solve the stress equilibrium

equation to derive the following interaction
equation [19]:

~_e � ÿ ~M: ~s �7�

The interaction tensor ~M is de®ned as

~M � n�Iÿ S �ÿ1:S:M�sec� �8a�

where M (sec) is the secant compliance tensor for the

polycrystal aggregate and S is the viscoplastic
Eshelby tensor [19].
Two remarks concerning the viscoplastic self-con-

sistent formulation are due at this point. First, the
Eshelby tensor is a function of the compliance
M(sec) and the ellipsoidal inclusion axes, and can be

calculated considering a small compressibility and
using the approximate penalty method [19]. Or else,
it can be calculated exactly for an incompressible
medium [20]. In either case, it should not be con-

fused with the classical elastic Eshelby tensor.
Secondly, the interaction tensor ~M in equation

(8a) corresponds to a tangent formulation, and fol-

lows from using the relation M�tg� � nM�sec� and
assuming that the tangent form of equation (4) is
valid locally in the homogeneous e�ective medium

(HEM). If, instead, one assumes that the secant
form of equation (4) is locally valid, then an inter-
action tensor of the form

~M � �Iÿ S �ÿ1:S:M�sec� �8b�

results. The di�erence between the tangent and the
secant formulation is that the latter is characterized

by a more rigid interaction between grain and
matrix, and allows for smaller strain deviations
from the average.

In this work we assume a secant type formu-
lation. The results of the tangent formulation are
qualitatively similar. Equations (3)±(8a) provide the

required relations to derive _e and s for each crystal.
The macroscopic secant compliance, M(sec), can

be determined by substituting equations (3) and (4)
in equation (7). The macroscopic strain rate was

evaluated by taking the weighted average of crystal
strain rates over all the crystals as follows:

M�sec� � hMc�sec�:�Mc�sec� � ~M�ÿ1:�M�sec� � ~M�i �9�

Iterative solution of equations (3), (7) and (9) gives
the stress in each crystal, the crystal's compliance

tensor, and the polycrystal compliance consistent
with the applied strain rate _E: In this work, n [in
equation (2)] was chosen to be in the rate insensitive
limit �n � 20). As for the interaction equation (8a),
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an e�ective value of n � 1 is used corresponding to
a rigid interaction.

4. TWINNING REORIENTATION SCHEME

The main issue in the incorporation of twinning
into constitutive models is associated with the reor-
ientation of a grain upon twinning. Since twinned

and untwinned regions have di�erent orientations,
tracking a large number of orientations during the
deformation increases computation times. In the

present study, the predominant twin reorientation
(PTR) scheme is utilized to tackle this problem. In
this scheme, the real volume fraction of twinning in
the polycrystal aggregate is de®ned as [7]

fR �
X
r

f r
X
ti

�gr,ti=sti � �10�

where gr,ti is the accumulated twinning shear associ-
ated with each twinning system ti over the defor-
mation steps in each crystal, sti is the characteristic
shear of the twin system and f r is the weight of the

crystal which corresponds to the volume fraction of
the crystal in the aggregate. Whenever a whole crys-
tal is reoriented by twinning, the e�ective twin

volume fraction is updated as

fE �
X
r

f rDr Dr � 0 when the crystal is untwinned

Dr � 1 when the crystal is twinned

�11�
where r represents the number of crystals in the
aggregate. At every deformation step, the fraction

accumulated in the individual twinning systems of
each grain gr,ti=sti is compared with a threshold
value fT that follows the empirical relation

fT � A1 � A2
fE
fR

�12�

where A1 and A2 can be determined from single

crystal experimental results. The characteristics of
this scheme are that it favors the reorientation of
crystals using the most active twinning systems. In
addition, the self-adjusting nature of the scheme

guarantees the reoriented volume fraction, fE, to co-
incide with the real volume fraction, fR. Whenever
fE is larger than fR, the threshold fT increases and

inhibits further reorientation by twinning until the
real volume fraction catches up with the e�ective
one. The value of the constants A1 and A2 was

taken by TomeÂ et al. [7] as 0.25 to model large
strain deformation, meaning that whenever a crys-
tal's twin fraction reaches 50% it is reoriented using

the most active twinning orientation. However,
since the unique feature of Had®eld steel is the
early formation of twinning �< 5% strain), these
constants are chosen here as 0.15 to provide activity

at small strains. Later, the self-adjusting character
of the scheme accounts for the initial increase in the

e�ective twin volume fraction.
In the present material, this approach provides

an excellent agreement with experimental obser-

vations because in polycrystals one twinning system
prevails at moderate strains in each crystal. For this
scheme to be statistically meaningful, many grains

with the same initial orientations were assumed
based on their initial weight. This allowed grains
with similar orientations but with di�erent neigh-

borhoods to favor di�erent systems and predict tex-
ture evolution accurately. Moreover, in the single
crystal case, a total number of 1000 grains was used
with initially the same crystallographic orientation.

In the light of recent experimental observations
[3], a new hybrid hardening relation was introduced
and incorporated in the viscoplastic self consistent

(VPSC) model in the following section. This treat-
ment predicts the stress±strain behavior of Had®eld
steel single and polycrystals considering both the

dislocation density and volume fraction of twins as
microstructural variables.

5. THE STRAIN-HARDENING FORMULATION

In continuum crystal plasticity theories, perma-
nent deformation is accounted for by allowing slip
to lead to an incompatible plastic deformation at
the local level [14]. Since the total deformation is

compatible, a lattice or elastic deformation accounts
for the di�erence between the total compatible and
local incompatible plastic deformation. Twinning

produces similar incompatibilities in plastic defor-
mation. This incompatibility arises from the bound-
ary misorientation and incoherency of the twin and

the matrix, and the necessity of dislocations at
twin±matrix interface to accommodate the incoher-
ency as noted by Remy [21]. It is a well-known fact

that twin boundaries are a particular case of grain
boundary with a low index of coincidence S � 3
[21]. The idea of whether twin boundaries can play
a similar role as grain boundaries in low SFE f.c.c.

materials in terms of blocking the dislocation
motion has been proposed by Remy [21] and his
approach has been supported by TEM observations

[21, 22]. The twinning reaction at the twin±matrix
boundary for a Co±Ni alloy was observed to be
[21]

1

2
�110�4 1

2
�101�T �

1

6
�2�1�1�

slip in the matrix

� slip in the twin

� glissile partial in the boundary: �13�

Although this reaction is energetically unfavor-
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able, under the application of stress, unfavorable
dissociations become possible because they produce

shear compatibility or stress relaxation. However,
observation of partial dislocations in the boundary
indicates that product dislocations in the boundary

are not completely glissile. An important feature in
the present material and in most of the low SFE
f.c.c. materials with high concentration of solute

atoms is that twins cluster to form bundles a few
tenths to a few micrometers thick with thin layers
of matrix between them. This is clearly shown in

the TEM image for Had®eld steel (Fig. 1).
Interestingly, it is noted that these twins do not
grow to form thicker twins and they are stable after
unloading. Venables [23] and Friedel [24] proposed

the following reactions preceding reaction (13) to
rationalize these observations

1

2
�011� � 1

6
�2�1�1�4 1

3
�111�

slip in the matrix� glissile partial in the boundary

� sessile Frank partial in the twin �14�

1

3
�111�4 1

6
�112� � 1

6
�110�

sessile Frank partial in the twin

� Shockley partial in the matrix

� stair-rod at the boundary: �15�

From these reactions it is expected that twin
boundaries can be treated as grain boundaries, es-
pecially with increasing strain and increasing sessile
stair-rods or Frank partials. The dislocations in the

matrix form pile-ups near a twinning boundary and
lead to stress concentration near the boundary. The
TEM image in Fig. 2 indicates the di�erent slip ac-

tivities in the matrix and in the twin. Since twinning
forms at the early stages of deformation in this ma-
terial and due to the sessile dislocation formations,

most of the slip activity and thus accommodation
of plastic deformation by slip occurs in the matrix.
Therefore, it is believed that this constraint for de-

formation due to twin boundaries and twin±slip in-
teraction provides the high strain hardening in this
material. In one respect, twin boundaries can be
thought of either as impenetrable obstacles or as

boundaries inducing formation of ®ner grain sizes
by subdivision of grains. This reasoning supports
the choice of Estrin and Mecking's [16] hybrid

hardening approach in the VPSC formulation.
In the classical Mecking and Kocks [15] plasticity

Fig. 1. TEM micrograph of the ��111� oriented single crystal specimen deformed under tension at room
temperature. Strain, 3%. Individual thin twins cluster to form bundles with thin layer of matrix

between adjacent microtwins.
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model, the kinetic of plastic deformation is deter-
mined by a single structure parameter. This par-

ameter is the average dislocation density r [14]. In
this phenomenological model, the evolution of the
dislocation density is governed by athermal harden-

ing and dynamic recovery components [14±16]. The
athermal hardening component is represented by
dislocation storage from geometrical or statistical

considerations. Statistical dislocation storage orig-
inates from dislocations becoming immobilized by
forest dislocations upon travelling a distance (mfp)

proportional to r 1/2. Based on TEM observations,
twin boundaries and grain boundaries both act as
obstacles to dislocation motion. Thus, the increase
in twin volume fraction leads to a decrease in the

mfp of dislocations. To account for this e�ect, we
consider an evolution equation for the dislocation
density in the form

_r �
X
k

�
K0

db
� k1

���
r
p ÿ k2r

���_gk �� �16�

where d is the distance between twins or the grain
size in the case of polycrystals, b is the Burgers vec-

tor, k1 and k2 are constants and K0 is a geometric
constant. The ®rst term represents an empirical geo-
metric storage term due to twin boundaries as being

a barrier to dislocation motion and the second term
represents the athermal (statistical) storage of mov-

ing dislocations. The third term is associated with
the dynamic recovery. The dÿ1 dependence of the

evolution of dislocation density (®rst term) co-
incides with the Estrin and Mecking [16] treatment.
This hybrid model applies to processes in which the

dislocation mfp is determined both by dislocation±
dislocation interactions and by such barriers or
sinks as grain and twin boundaries. In the case of

twins evolving in the form of very thin lamellae (as
in the case of low SFE steels), many additional twin
boundaries are introduced that act as barriers to

dislocation motion and, therefore, a ®ne grained
material is mimicked. The spacing between twins is
almost constant as it can be seen in the TEM image
(Fig. 3) and thus, the rate of evolution of dislo-

cation density is inversely proportional to the dis-
tance between twins. Although twins can be
penetrable, a perfect dislocation splits into partials

producing storage of the partials at the boundary
[reactions (13)±(15)]. The formation of such pile-ups
at the boundary provides the necessary ground for

considering twin boundaries as barriers to dislo-
cation motion.
The ¯ow stress at a ®nite temperature and strain

rate is de®ned following Kocks et al. [25], Kocks
[26] and Mecking and Kocks [15] together with the
Bailey±Hirsch relationship as

t̂ÿ t̂0 � amb
���
r
p � t̂i �17�

Fig. 2. TEM micrograph of the ��111� oriented single crystal specimen deformed under tension at room
temperature. Strain, 35%. Dislocation activity is more signi®cant in the matrix than in the twinned

regions.
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where t̂0 is the yield strength, a is a constant, m is
the shear modulus, and t̂i is the contribution of

solid solution hardening. Since the nature of the in-
teraction of the ®rst and second term has not been
completely understood up to date, a simple super-

position is utilized following Kocks et al. [25]. It
should be noted that in a more general treatment, t̂i
and equation (17) should be modi®ed to account

for kinetics of ¯ow. However, single temperature
and strain rate experiments are addressed herein.
Upon combining equations (16) and (17) and

with the distance d between neighboring twins eval-
uated directly from Fullman's volumetric analysis
[27]

1

d
� 1

2t

f

1ÿ f
�18�

where t is the thickness of twins and f is the volume

fraction of twinned regions. Di�erentiating with
respect to time we obtain the following expression
for single crystal hardening:

_̂t �
"
K0a 2m 2b

4�t̂ÿ t̂0�
1

t

f

1ÿ f
�
�
amb
2

k1 ÿ k2
t̂ÿ t̂0
2

�#
X
k

��_gk ��� _̂ti: �19�

The thickness, t, of the twins in Had®eld steel stays
almost constant after they reach a limiting value of

0100±200 nm as seen in Fig. 3.
The curly bracket term in equation (19) is the

well-known Voce-form hardening, which can be

rewritten as [19]

_̂t �
"
K0a 2m 2b

4�t̂ÿ t̂0�
1

t

f

1ÿ f
� y0

�
t̂s ÿ t̂
t̂s ÿ t̂0

�#X
k

��_gk ��
� _̂ti �20�

where y0 is the constant strain-hardening rate and
t̂s is the saturation stress in the absence of geo-
metric e�ects.

In the case of polycrystals, when both grain and
twin boundaries are present, a decision has to be
made on the relative strength of these boundaries.

Dislocations can dissociate [21] at twin boundaries,
and the products of these dissociations can pene-
trate into the twinned region readily. In the case of

grain boundaries, considerable pile up of dislo-
cations is needed before slip in successive grains can
be activated. Therefore, grain boundaries constitute

stronger barriers and should be considered separ-
ately in the hardening formulation. Consequently,
equation (20) is modi®ed as follows:

Fig. 3. TEM micrograph of the ��111� oriented single crystal specimen deformed under tension at room
temperature. Strain, 35%. Two twinning systems are active. Matrix±twin lamellae are obvious.
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_̂t �
"

a 2m 2b

2�t̂ÿ t̂0�
�
K 00
d1
� K 000

d2

�
� y0

�
t̂s ÿ t̂
t̂s ÿ t̂0

�

� @ t̂i
@g

#X
k

��_gk �� �21�

where d1 [equation (18)] and d2 are the distances
between twin boundaries and grain boundaries, re-

spectively. The di�erent values of K0 are utilized to
represent the di�erent strengths of boundaries.
It is also possible to treat both types of bound-

aries with the same strength and assign polycrystals

with di�erent grain sizes a di�erent amount of in-
itial twinning volume fraction. However, simu-
lations indicated that equation (21) provides a

better prediction of stress±strain response compared
with the ``equal'' boundary strength approach.
In the present material, dynamic recovery is not a

signi®cant softening mechanism as in the case of
the high SFE metals. Moreover, the statistical dislo-
cation storage occurs by means of solid solutions
more than one due to forest dislocations at low and

moderate strains. Therefore, the Voce term in
equation (21) is not signi®cant in the present ma-
terial. However, this term may have a signi®cant

contribution to strain hardening in the other low
SFE materials such as Cu and Ag alloys. This is
because of the fact that in those materials, since

matrix strength is quite low, twinning is usually
observed in late stage II or in stage III as a compet-
ing mechanism to cross-slip [23, 28]. Therefore,

cross-slip and climb of dislocations can be the case
together with twinning as a softening mechanism
and the Voce term should be considered in those
materials. However, in the present case, the matrix

strength is high due to interstitial solid solution
hardening. The primary source of strain hardening
follows from slip±twin interaction and therefore,

the dynamic recovery does not play a signi®cant
role on the stress±strain behavior at low and mod-
erate strains. Thus, it will not be considered further

in this study, and y0 � 0:
The solid solution hardening contribution, t̂i, to

¯ow stress should include the volume fraction of
solid solution, the type of solution (interstitial or

substitutional), and the mis®t parameters (size or
modulus). However, in the presence of the slip±twin
interaction, solid solution hardening plays a second-

ary role similar to grain boundary strengthening.
Therefore, the last term in equation (21) is only sig-
ni®cant for the stage I of the present stress±strain

behavior in the single crystals. Since the stage I
strain-hardening coe�cient is constant and indepen-
dent of strain [29] in pure metals, @ t̂i=@g is assumed

to be constant as a ®rst approximation in this study
to predict the easy glide regime. However, the
authors are currently investigating the nature of the
e�ect of the interstitial atoms on the stage I harden-

ing of low SFE steels and it will be reported in the
near future.

As a result, the ®rst term in equation (21) arising
from slip±twin interaction by means of determining
mfp of dislocations by twin or grain boundaries

describes the experimental stress±strain behavior in
the Had®eld steel single and polycrystals.

6. RESULTS

6.1. Single crystals

The single crystal orientation ��111� was chosen

for testing the constitutive model proposed. Stress±
strain and texture evolution simulations were made
utilizing the twinning reorientation and strain-hard-

ening schemes described in Sections 4 and 5. Since
the VPSC model is a polycrystal plasticity model,
an initial single crystal was treated as a polycrystal

aggregate by splitting it into a total of 1000 grains
with the same initial orientation. Throughout the
present study, grains are assumed to be equiaxed in
both single crystals and polycrystals. Since simu-

lations are conducted until moderate strains, no
shape update of the grains is considered. The initial
critical resolved shear stresses for both slip and

twinning is obtained from experimental results such
that slip and twinning resistances are similar, with a
slightly lower slip resistance. Consistent with our

knowledge, twinning is observed at the early stages
of deformation but slip is ®rst required to nucleate
twinning [3]. The rate sensitivity was selected to be

represented by n � 20:
Since twinning develops at the early stages in this

material, the twinning reorientation scheme was
activated at 4% strain consistent with experimental

observations [3]. As a consequence, the constants
A1 and A2 in equation (12) were set to 0.15 to
reproduce this behavior in the ��111� orientation

under tension. For the aforementioned strain-hard-
ening approach, the value for @ t̂i=@g in equation
(21) is derived from the experimental stress±strain

response of the ��111� orientation. Since initial hard-
ening rate is small due to a LuÈ ders type propa-
gation, it is taken as m/4000 for both slip and
twinning. The initial value of the mechanical

threshold was set to t0 � 110 MPa for slip and t0 �
115 MPa for twinning considering the requirement
of coplanar slip before twinning. Twins are very

narrow and remain at constant width of 100±
200 nm during deformation. Therefore, for the
hardening part in equation (21) originating from

the geometrical dislocation storage, the thickness t
was set to 100 nm, the value of a was 1/3 [30], K 00
was 0.1 and K 000 was zero for the single crystal case.

The axial stress±axial strain response of the
��111� orientation under tension is shown in Fig. 4
together with the VPSC predictions. A correct
trend with an upward stress±strain response was
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captured in the simulations utilizing the above
parameters. The evolution of texture with increas-

ing strain is also included in this ®gure. Both ex-
perimental texture measurements and simulations
are incorporated in Fig. 4. In the easy glide

region (at 12% strain), only one twinning system
was active as noted in the [111] pole ®gure.
Once the primary twinning system occupies the

entire gage section and the secondary twinning
system is activated, an increase in strain harden-
ing is observed. From the micrograph shown in

Fig. 3, it appears that only two twinning systems
are active in this high strain-hardening regime.
Note, however, that the area shown is quite
small, and not all twins are always in contrast.

Texture measurements have indeed proved that
three systems were in e�ect as shown by the
[111] pole ®gure at 27% strain in Fig. 4. The

model was able to predict the correct number of
systems at 12 and 27% strains in Fig. 4. The
model also indicates that the only plane in which

twinning is not activated is the one parallel to
the applied load direction.
Since the ��111� orientation is a symmetric orien-

tation, the rotations due to slip are not as signi®-
cant as twin rotations at low strains. Therefore, it is
di�cult to ascertain the slip activity from the exper-
imental pole ®gures in Fig. 4. To illustrate the

results further, Fig. 5 demonstrates the relative slip
and twin activities in this orientation obtained from
the simulations. Relative activity is de®ned as

RAmode �

X
n

f n
X

s 0�mode�
Dgn,s

0

X
n

f n
X

s�all modes�
Dgn,s

�22�

where the numerator indicates total plastic shear
contribution from a single mode (slip or twinning)
and the denominator is the total plastic shear

(including both slip and twinning) weighted by the
grains' volume fractions. Since the Schmid factor
for twinning is greater than that for slip in this

orientation and the CRSSs for the slip and twinning
are approximately the same, the initial ``twin ac-
tivity`` is signi®cantly higher than the slip activity.

In the easy glide regime, the twin and slip activities
remain constant due to the LuÈ ders type propa-
gation. At higher strains, the slip activity surpasses
the twin activity. Figure 5 also includes the volume

fraction evolution of the twinned regions. The twin
volume fraction saturates at high strains consistent
with the decrease in twinning activity. At large

strains, the plastic deformation is accommodated
predominantly by slip.
Once twins have formed, deformation inside a

twin becomes less likely, as observed experimentally
(Fig. 2). The reason for this observation may be
twofold. One possibility is the hardening of the
twinned regions relative to the matrix lowering their

deformation rate due to twin reorientation with
respect to the applied stress direction. Another
reason is a change in the mobility of existing dislo-

Fig. 5. The relative slip and twinning activity in the ��111� crystal deformed under tensile loading at
room temperature and the twin volume fraction evolution with strain obtained by the present model.
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cations in the twinned regions [31]. Embury and co-
workers [31, 32] propose dislocations within twins

have a sessile con®guration and serve as forest dis-
locations. This would enhance the higher hardening
rate in the twinned regions. To check this theory,

the relative hardness of a twin and the matrix was
measured with a microindenter at 15% strain. The
hardness increase in the twin was observed to be

around 20% relative to the matrix at the same
strain level. To determine whether an orientation
change or con®guration change of dislocations is re-

sponsible for the hardness increase, other measure-
ments have been conducted at 35% strain showing
approximately 35±40% increase in the twin hard-
ness. These ®ndings support the idea that there is

an e�ect of the con®guration change of the dislo-
cations by twinning.
Thus, the model was modi®ed such that once a

region twins, the slip and twin resistances (CRSSs)
were increased 20% in the twinned regions. In
Fig. 6, the relative activities for twinned and

untwinned regions are compared. As noted in Fig. 6
the twinning activity within the twins decreases
rapidly. While slip accommodates the deformation

inside the twins, it is not as signi®cant as the slip or
twinning activity in the matrix. Figure 6 indicates
that the average number of activated systems is
three to four inside the twins and these are predo-

minantly slip systems.
In the ��111� orientation, the ®nal low hardening

region cannot be predicted with our model. As dis-
cussed in an earlier study [3], it is believed that the

formation of cracks at the twin±twin intersection
instigates softening and failure as proposed by
Mullner [33]. Therefore, this is not a model de-

®ciency, and indeed experiments in compression
con®rm that the upward curvature behavior extends
to high strains compared with the tension case. To

check the validity of our model parameters criti-
cally, a second orientation, ��144�, was studied under
tension. This orientation also deforms by combined

twinning and slip. However, it does not exhibit the
softening region before failure as can be seen in
Fig. 7. Simulations in this case reproduce correctly
the upward curvature of the stress±strain response

seen in the experiments. This suggests that the
model parameters hold in general and should be ap-
plicable to polycrystal aggregates. To test the model

for polycrystal applications, additional simulations
were conducted as described below.

6.2. Polycrystals

Simulations were performed without altering the

material parameters established from the ��111� case.
Three di�erent grain sizes (100, 300, and 1000 mm)
are studied to investigate grain size and initial tex-

ture e�ects on the strain hardening. Initial textures
for these three cases were measured experimentally
and utilized in the model. Especially in the coarse

Fig. 6. The relative slip and twinning activity inside the twinned regions in the ��111� crystal deformed
under tensile loading at room temperature. The total number of active systems are also included in the

®gure. The active systems are mostly slip systems.
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grain size (300 and 1000 mm) cases, an initial texture

was observed, however, in ®ne grain size material,

texture was nearly random. In initially textured

cases, grains were favorably oriented for twinning

(near the ��111� pole). The original volume fraction

associated with each grain is split into several ``sub-

grains'' with the same orientation to be statistically

meaningful in terms of our twinning reorientation

scheme as explained in Section 4. A grain having

1% volume fraction of the sample is split into four

sub-grains. The number of grains in the model was

chosen to be approximately 2000 for the coarse

grain cases and 3000 for the ®ne grain case. Each

grain was assigned a weight (volume fraction)

depending on the initial experimental texture

measurements. To account for the presence of grain

boundaries, they were treated separately from twin

boundaries as discussed in Section 5. Equation (21)

was utilized with K 000 chosen to be 0.8 for the grain

boundaries and K 00 was maintained at 0.1 for the

twin boundaries.

The experimental stress±strain responses for the

three di�erent grain sizes are shown in Fig. 8

together with model predictions. An excellent agree-

ment was observed between the experiments and

the simulations. The coarse grain size cases (300

and 1000 mm) exhibited an upward curvature in the

stress±strain response similar to the single crystal

case, however, in the ®ne grain size case, the

upward curvature is not apparent. The random tex-

ture in the ®ne grain case is conducive to strong

slip activity that does not produce an upward cur-

vature [3] in the stress±strain response. As a conse-

quence, the randomly oriented grain aggregates

exhibit an e�ective linear hardening that is pre-

dicted well with the model.

Figures 9 and 10 indicate the relative activities of

slip and twin modes for grain sizes 300 and 100 mm,

respectively. The e�ect of initial grain size and in-

itial texture can be observed in these activities. The

twin activity is higher than the slip activity in the

coarse grain size in the early stages of the defor-

mation. In the ®ne grain size case slip activity domi-

nates. Both predictions are consistent with the

general experimental observation that twinning is

suppressed in ®ne grained materials. The coarse

grain size cases have an initial texture that favors

twinning. At the later stages of straining, twinning

activity decreases signi®cantly in the case of the

coarse grain size because of the fast increase in the

twin volume fraction. A saturation in twin volume

fraction occurs at high strains but this saturation

volume fraction is smaller in the ®ne grain size case.

Figures 9 and 10 also include the twinning and

slip activity inside the twin regions. Similar to the

single crystal results, plastic deformation within the

twins is mostly accommodated by slip in the coarse

grain size case. In the ®ne grain size case, the twin-

ning and slip activities are almost equal. The higher

twin volume fraction in the coarse grain size case

inhibits further twin nucleation inside the twins.

Similar but less potent constraint is operative for

Fig. 7. The stress±strain response of the ��144� orientation deformed under tension at room temperature.
Experiment and simulation.
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Fig. 8. The stress±strain responses of polycrystalline Had®eld steel with three di�erent grain sizes (100,
300, and 1000 mm).

Fig. 9. The relative slip and twinning activity inside the twinned regions in the polycrystals with a grain
size of 300 mm. The simulation of the twin volume fraction evolution is also included in the ®gure.
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the ®ne grain size with low total twin volume frac-
tion. One possible reason for this activity di�erence

of slip and twinning inside the twins can be the
relative orientations of twinned grains due to initial
texture di�erences. Once a grain initially oriented

favorably for twinning twins, then the applied stress
direction can favor slip compared with further twin-
ning inside the twinned grain. Therefore, more slip

activity was observed in twinned regions in the case
of coarse grain size material.
The twin volume fraction evolution measured in

the ®ne grain size case is shown in Fig. 10.
Simulations exhibit a close agreement with exper-
imental evolution. Since very narrow twins form as
bundles and look like a thick twin, it is hard to

measure the volume fraction of matrix in between
the twin lamellae with optical techniques. Hence,
the di�erence between measurements and predic-

tions can probably be attributed to the limitations
of the experimental measurements.
Texture evolution in the case of polycrystalline

materials was not predicted because the experimen-
tal texture evolution at low tensile strains was not
signi®cant.

7. DISCUSSION

The unique feature of this study is the intro-
duction of a new hardening approach in a visco-

plastic self-consistent constitutive model

incorporating length scales associated with the

microstructural evolution. The experimental
stress±strain responses of single crystals with

di�erent crystallographic orientations and the

polycrystalline materials with di�erent grain sizes
permit a critical check of the hardening

approach. Our twinning reorientation scheme
(PTR) captures the texture evolution accurately

in the case of single crystal deformation in ten-

sion.

The self-consistent approach assumes every
crystal as an inhomogeneous inclusion embedded

in the homogeneous e�ective medium (HEM)
which represents the polycrystal aggregate. An

advantage of the viscoplastic self-consistent for-

mulation is the consideration of local grain inter-
actions. The strength of this interaction dictates

how much plastic deformation can be accommo-
dated by the crystal relative to its surroundings,

and neither shape change nor stresses are

enforced in the present method as in the full
constraints or the relaxed constraints cases [10,

11].

The VPSC formulation circumvents the restric-
tions of the Taylor or Sachs approach. It is possible

to tune the e�ective compliance tensor by changing

the value of the parameter n in equation (8a) and
thus the degree of matrix±crystal interaction. When

n increases, the matrix becomes more compliant
and the interaction between crystal and matrix

Fig. 10. The same as Fig. 9 for a grain size of 100 mm. The prediction of the twin volume fraction evol-
ution ®ts the experimental ones well.
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decreases. In the case of high anisotropy between

the crystal and the matrix, such as in hexagonal
materials, the interaction will play an important
role on the overall plastic deformation. However,

the anisotropy in f.c.c. materials is not as severe as
in hexagonal materials. Therefore, n in equation (2)
is chosen to be in the rate insensitive limit �n � 20).

In the self-consistent formulation, the stress±
strain relation is linearized by the secant formu-

lation. Another possible method in this linearization
is the tangent formulation. Within the tangent
framework soft grains deform more than average,

while hard grains deform less. In the secant
approach, every grain is strongly constrained by the
surrounding matrix and deforms similarly [34].

Both approaches are approximations to reality but
in the present study they predicted similar stress±

strain responses without signi®cant di�erences. This
is because the current material is more isotropic as
compared with hexagonal materials.

To incorporate twinning into crystal plasticity
models without dealing with the abrupt increase in
computation times as mentioned in Section 4, Van

Houtte [35], using statistical considerations, pro-
posed ®rstly a scheme that does not increase the

number of orientations throughout the deformation.
In his model, the probability of the reorientation of
a whole grain by twinning is given by the twinning

fraction increment Dg in the grain, and the prob-
ability of reorientation by slip is �1ÿ Dg). All twin-
ning systems are scanned and the grain is

completely reoriented by twinning if the outcome of
a random number generator falls in the interval 0±

Dg. TomeÂ et al. [7] argued that in Van Houtte's
model, a large number of initial orientations is
required in order for the statistical criterion to be

meaningful. Moreover, since reorientation is based
on the increments of the twin volume fractions in a
given time step (independent of previous defor-

mation history), the twinned orientation may not be
the most dominant one in that particular grain. To
overcome these di�culties, TomeÂ et al. [7] proposed

two alternative twinning reorientation schemes. The
one that is implemented in this study is the ``predo-

minant twin reorientation (PTR)'' scheme. A
threshold twinning volume fraction criterion was
used to reorient the crystals and the accumulated

volume fraction of twins due to reorientation was
maintained consistent with the real volume fraction
associated with the twinning shears [7]. The PTR

scheme also accounts for the deformation history
that is an advantage over their other scheme, the

volume fraction transfer (VFT) and therefore, it is
utilized in the present study.
Kalidindi [8] and Staroselsky and Anand [6] uti-

lized FEM to simulate slip and twinning. In
Kalidindi's study [8], the volume fraction evolution
for twinning was de®ned as a simple power law

function of the ratio of applied stress to twinning
deformation resistance. Staroselsky and Anand [6]

used Van Houtte's statistical approach [35] for

grain reorientation due to twinning. Before reorien-
tation, twinning shear was accounted for as provid-
ing a directional shear strain. Their relation does

not include the e�ect of the current volume fraction
of twinned regions. In reality, twinning rate
decreases with increasing twin volume fraction in

the crystal as shown in Section 6. Consequently, the
current twinning content should be taken into

account when modeling the evolution of twinning
volume.
The signi®cance of the present model is the ease

of incorporating twinning as a deformation mode.
While previous VPSC modeling e�orts have pro-
posed zero strain hardening or utilized empirical

hardening laws, in this work we present dislocation
density and volume fraction of twins as explicit

variables. For the strain-hardening model to hold
for Had®eld steel simulations, dislocations should
be activated both parallel and perpendicular to the

twinning plane such that multiple slip could occur.
The TEM images (Fig. 2) showing tangled dislo-
cations con®rm that multiple slip has occurred in

these cases. The simulations for polycrystals pre-
dicted an average of four to ®ve activated slip sys-

tems with a signi®cant shear activity in most of the
grains.
The hardening law in equation (21) is assumed to

be valid for both the slip and twinning systems and
no distinction is made between two deformation
mechanisms at this point. The d1 in equation (21) is

a general parameter which mimics the distance
between twin lamellae, however, no attempt is

made in the model to account for directionality of
the lamellae. This approach is completely reliable in
the case of polycrystalline materials because optical

microscopy observations indicated that only one
twin system prevails in every grain. Moreover, the
distance between two lamellae is nearly constant. In

these observations, there are more twin systems
activated near grain boundaries to satisfy compat-
ibility. This can be viewed as a further constraint

for dislocation motion at the grain boundaries, and
supports our approach for di�erentiating between

the strengths of two types of boundaries (twin and
grain) with the constants K 00 and K 000 : In the case of
single crystals, multiple twin systems are active es-

pecially in stage II and directionality of the lamellae
may play a role in the hardening. Moreover, there
should be a di�erence in hardening between slip

systems whose Burgers vectors are perpendicular to
the existing twin systems and those whose Burgers

vectors are parallel to the existing twin systems due
to dislocation reactions explained in Section 5. If
there is more than one twin variant, then it is likely

that a slip system will have a perpendicular twin
boundary to interact strongly and equation (21)
would be valid. In this work, however, we have

considered the hardening of slip and twinning sys-
tems in an average sense without considering rela-
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tive orientations of them with respect to bound-
aries. For a more precise approach, the geometrical

factors K 00 and K 000 can be de®ned as

K 00, K
00
0 � f �b� �23�

where b is the angle between the Burgers vector of
a system and the boundary interface or other bar-

riers.
In the present work, the twin±twin interaction is

treated as similar to the slip±twin boundary (as a

barrier) interaction considering that the twinning
dislocations at the twin tip would interact with the
existing twin boundary providing similar dislocation

reactions as in Section 5. Although there are
detailed studies of twin±twin interaction in f.c.c.
intermetallics such as TiAl [36], to modify the hard-
ening law, the nature of this interaction is not well

understood for low stacking fault high strength
steels. A detailed TEM study is needed to under-
stand this interaction and to modify our hardening

approach. However, as a ®rst approximation to in-
corporate the twinning length scale into a crystal
plasticity model, our hardening approach is proved

to work well.
The focus of the paper is the room temperature

deformation of single and polycrystal Had®eld
steels to better understand the e�ect of slip and

twinning together on the strain-hardening behavior.
Therefore, the strain rate dependence of the strain-
hardening coe�cient is not included in this study

since a previous study of one of the authors indi-
cated that in the present material, two orders of
magnitude change in the strain rate does not create

a signi®cant change in strain hardening of polycrys-
tals at room temperature. Thus, the rate sensitivity
n is taken to be in the rate insensitive limit at this

temperature. To reveal the strain rate dependence
of this material, strain jump tests should be con-
ducted at higher temperatures. When the relative
importance of the terms in the hardening law,

equation (21), is concerned, the geometrical storage
(®rst term) is the prevailing term in the formulation.
The Voce term in this equation corresponding to

the dynamic recovery does not play an important
role in the present material at room temperature, as
well. To better understand the role of dynamic

recovery in the stress±strain behavior, high tem-
perature experiments are needed to suppress twin-
ning and trigger climb and cross-slip.

8. CONCLUSIONS

The present work supports the following con-
clusions:

1. The upward curvature in stress±strain curves was

observed in single crystals favorably oriented for
twinning and in coarse grain polycrystals. This
``unusual'' strain-hardening behavior was pre-
dicted accurately upon incorporating the length

scale associated with the mfp between twin
lamellae. TEM observations con®rmed that the

distance between microtwins is less than 1 mm
and remains nearly constant during the defor-
mation.

2. The simulations proved that once twinning
spreads across the material, slip deformation
between the twin lamellae and within the twinned

regions governs the deformation behavior. Once
the grains twin, subsequent twinning activity in
those regions is limited. The average number of

active systems (twin and slip) was nearly four
throughout the deformation.

3. Experimental and simulated texture evolution in
��111� oriented single crystals agrees closely for

the case of single crystals providing an additional
check on the capabilities of the deformation
modeling. In the case of coarse grain polycrys-

tals, the initial texture was conducive to twinning
deformation while for the ®ne grain polycrystals
the initial texture was random favoring slip in

addition to twinning. This explains the ``linear''
strain-hardening response in ®ne grain polycrys-
tal instead of the ``upward'' curvature.

4. The results demonstrate that the strain-hardening
behavior of coarse grain polycrystalline Had®eld
steel is similar to that of ��111� single crystals.
This result is consistent with the polycrystalline

``coarse grain size'' material having an initial tex-
ture favored towards the ��111� pole. The strain-
hardening behavior at high strains exceeding 0.3

is limited by the damage evolution in [111] crys-
tals, while in the [144] case the strain hardening
extends to strains exceeding 0.6 providing a criti-

cal check on the model.
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