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The effects of anisotropy during mixed mode fatigue crack growth were studied in single
crystal 316L stainless steel. An anisotropic least-squares regression algorithm using
displacements from digital image correlation was developed to find the effective stress
intensity factors, KI and KII, and the T-stress. Crack tip plastic zones were determined using
an anisotropic yield criterion. Strains in the plastic zone obtained from digital image
correlation showed a dependence on the crystallography and load ratio. Crack tip slip irre-
versibility was measured and showed an increasing trend with increasing crack length;
this information is critical for describing crack growth behavior.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Fatigue crack growth has been studied extensively, since the risk of crack propagation is one of the largest detriments to
the life of engineering components. The majority of these studies have focused on the tensile opening of cracks, i.e. mode I
growth. Forsyth recognized Stage I cracks grow at an angle, introducing the need to study mode II growth [1]. Work followed
considering more than pure mode I crack growth and combinations of mixed mode stress intensity factors were used to de-
scribe mixed mode crack growth [2]. It has been found that mode II growth has a large impact on crack initiation and early
crack growth within individual grains of a polycrystalline aggregate [3]. This is due to plastic deformation during fatigue cy-
cling, which concentrates on the slip systems experiencing the maximum shear stress [4]. As investigations were extended to
rolling contact fatigue, commonly seen in the railroad industry, it became necessary to include the mode II growth of cracks
beyond the Stage I growth [5,6]. This need to understand both Stage I and Stage II was also observed during the study of
nickel-based alloy single crystals [7]. Single crystals have been utilized in this study to better understand the plastic strains
present in a single grain during mixed mode (I and II) fatigue crack growth. One of the key features of our study is that we
extract anisotropic stress intensity factors, KI and KII, from displacements utilizing special algorithms, thus allowing accurate
characterization and analysis of mixed mode crack growth.

Fracture mechanics has shown that the stress and displacement fields around the crack tip singularity are important for
describing the crack driving forces. In 1957, Williams first determined the stress fields around a crack tip in an elastic,
isotropic body using an infinite power series and found the first term to be of the order r�1/2, where r is the radial distance
. All rights reserved.
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Nomenclature

aij elastic constants
A rigid body rotation
Bu horizontal rigid body translation
Bv vertical rigid body translation
C Paris law coefficient
KI mode I stress intensity factor
KII mode II stress intensity factor
DKI mode I stress intensity factor range
DKII mode II stress intensity factor range
DKI,eff mode I effective stress intensity factor range
DKII,eff mode II effective stress intensity factor range
DKtot combined mode I and mode II stress intensity factor ranges
m Paris law exponent
r radial distance from crack tip
rp plastic zone radius
R load ratio
T T-stress term
u horizontal displacements
v vertical displacements
X, Y, Z yield stresses in the principle directions
S yield stress in the shear direction
a energy release rate ratio factor
Ii mode i energy release rate
h the angular coordinate from the crack tip
rx, ry stress in the x and y directions respectfully
sxy shear stress in the x–y plane
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from the crack tip. The T-stress term is the second term in this expansion [8]. Sih et al. used a similar analysis for an aniso-
tropic body and solved the general equations for those crack tip stresses, finding the stress singularities to be of the same
order [9]. Both of these solutions consider mode I, mode II, and anti-plane, or mode III, loading.

Crack initiation during fatigue typically begins along an active slip system in a single grain within a polycrystalline mate-
rial; this active slip system corresponds with the plane of maximum resolved shear stress range. This shearing crack growth
is referred to as mode II. After some growth, the crack tends to turn towards the plane of maximum tensile stress or mode I
growth [10]. This process is highly dependent on crystallography, and thus single crystals are utilized to study early crack
growth in the present work. Using single crystals also removes grain boundary effects on fatigue crack growth. In an fcc
material, such as the 316L stainless steel used in this study, desired testing conditions can be achieved with knowledge
of the slip planes. For instance, a [111] oriented crystal with a single notch in the [2 �1 �1] direction with a far field uniaxial
loading will initiate and grow an angled crack on the {111} plane which will experience local mixed mode loading along the
crack flanks.

Once it became evident that mode II loading contributed to fatigue crack growth, more studies were aimed at investigat-
ing mixed mode loading. Rybicki and Kanninen used the finite element method in conjunction with the crack closure integral
to solve for the effective mode I and mode II stress intensity factors [11]. This was followed by another finite element analysis
produced by Nakagaki and Atluri of a crack experiencing mixed mode loading. They found that crack closure occurred at
nodes away from the crack tip as well [12]. In other studies, mode II was found to dominate the crack growth behavior when
the cyclic stress had a strong compression load associated with it [10]. This was an early indication that the load ratio, R,
played a role in the magnitude of mode II growth. By comparing the stress intensity factor ranges, DK, associated with each
mode, it was concluded that when the value of DKII/DKI was high, the crack grew in shear, and when this ratio was low the
crack grew in tension [10].

Research has also focused on crack flank displacements and the associated mode II crack growth. Smith and Smith found
that mode II displacements start at the notch and described the crack as sliding [13]. A crack was only sliding until the shear
displacements reached the crack tip, and then the crack was considered to be fully slid. Sliding was also defined to be re-
versed if it fully occurred during both the loading and unloading of a fatigue cycle [13]. Kibey et al. used a finite element
model to simulate the crack closure of an inclined crack subject to a remote tensile (mode I) loading [14]. Slanted cracks
experience mixed mode loading allowing for the study of mode I and mode II crack opening levels. It was noted that a load
ratio with a compressive load experienced earlier opening in both modes I and II as compared to a purely tensile load ratio.
The maximum stress and friction between the crack faces also affected the opening levels.

The use of digital image correlation (DIC) during fatigue crack growth studies enables the use of displacements to extract
the stress intensity factors during a loading cycle. One DIC technique introduced for fatigue crack growth studies was a two-
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point digital image correlation displacement gage used to measure the local crack opening displacement [15,16]. McNeill
et al. introduced the idea of using DIC displacements to find stress intensity factors [17]. Carroll et al. compared several
methods which determined the mode I stress intensity factor, KI, the value of the T-stress, and the level of crack closure
[18]. T-stress is the second term in the Williams expansion and represents the uniform stress component, which is parallel
to the crack [19]. Recently, a study used DIC and a least-squares regression when studying isotropic mixed mode fatigue
crack growth and measured KI and KII values [20]. DIC has been employed to focus on crack kinking in functionally graded
materials [21]. These materials still exhibited isotropic properties, and the authors were able to determine KI, KII, and the T-
stress. Another significant aspect of these techniques was that since they were based on experimental displacements, crack
closure was included; therefore, the effective stress intensity factors were found.

A crack represents a singular point of stress concentration within a material and therefore yields the surrounding grains
and introduces localized plasticity ahead of the crack tip. The plastic strains accumulated during cyclic loading with a crack
present are known to form a plastic zone extending from the crack tip [22]. The plastic zone size can be estimated by deter-
mining at which point the stresses ahead of the crack tip meet the yield criterion. In the case of an isotropic body under pure
mode I loading, the plastic zone has been observed to be symmetric. In the case of combined mode I and mode II loading,
such as that found in an anisotropic body, the plastic zone is asymmetric [23,24]. As previously mentioned, inclined cracks
can experience mixed mode crack growth. The angle of this inclination has also been shown to have an effect on the plastic
zone shape [25,26].

The stress intensity factors, KI and KII, can be used to describe the size and shape of the plastic zone. Gao et al. concluded
that beginning at moderate stress levels, the T-stress term becomes significant in the crack tip stress field, and influence the
plastic zone size [27]. Betegon and Hancock concurred and found that the T-stress can also influence the plastic zone shape.
Inside this plastically deformed area is a reversed plastic zone [28]. This reversed plastic zone experiences reversed plasticity
upon unloading during a fatigue cycle. McClung and Sehitoglu found that the size of the reversed crack tip plastic zone can be
affected by the amount of crack closure [29]. In 1968, Tomkins was the first to correlate crack tip plasticity to the crack
growth rate [30]. Several authors extended this conclusion and focused on the strains in the reversed plastic zone. This
led to the finding that an increase in the magnitude of the plastic strains inside the reversed plastic zone correlated with
an increase in the crack growth rate [27,31]. A further refinement was the suggestion that irreversibility of slip ahead of
the crack tip contributed to the fatigue crack growth behavior. McEvily and Boettner observed slip in polycrystalline (cop-
per-based alloys) and single crystal (aluminum) specimens and concluded crack propagation was related to cross slip [32].
Building upon this idea, Fong and Tromans proposed a restricted slip reversal model relating slip irreversibility to crack
growth [33]. Expansions on this model include relating plastic strain ahead of the crack tip due to slip irreversibility to
the crack growth rate [34].

The following study gives insight into mixed mode fatigue crack growth in single crystal 316L stainless steel, which is
crucial to understanding complicated crack propagation in individual grains of an alloy. Displacements obtained using digital
image correlation were used to determine the crack driving forces occurring during a fatigue cycle and to characterize the
plastic zone strains. The first section of the paper discusses the materials and equipment employed for the experimental test-
ing. The analysis sections discuss the least-squares regression used to extract the crack tip stress field information from the
DIC results and the calculations of the plastic zone size and shape. The results show the strain development and irreversible
strains produced during a mixed mode I and mode II fatigue crack cycle. A stress intensity factor measurement technique for
anisotropic specimens of any geometry was developed and slip irreversibility was quantitatively found to increase with
crack length.

2. Materials and experimental procedure

Commercially available 316L stainless steel was used for testing. A portion of the material was grown into a single crystal
from a seed using the Bridgman technique in vacuum. The orientation of this crystal was then determined using electron
backscatter diffraction (EBSD) enabling slices parallel to the f110g plane to be cut. This plane contains the two crystallo-
graphic orientations of interest, [001] and [111]. The polycrystalline material and both of the single crystal orientations
were used during the study. Single edge-notch tension specimens were electrical discharge machined (EDM) with a gage
length of 9 mm long, a width of 3 mm, and a notch depth of 0.5 mm with the thicknesses reported in Table 1.

The specimens were polished to a mirror finish using abrasive paper. Black paint was then airbrushed onto each specimen
to create a speckle pattern for digital image correlation (DIC). For a description of the digital image correlation technique, see
[35,36]. A digital camera was used to capture images during the fatigue crack growth experiments. The camera resolution
Table 1
Summary of the specimen dimensions, testing conditions, and equipment setup.

Crystallography
(orientation)

Thickness
(mm)

R ratio Stress range
(MPa)

Magnification Resolution
(lm/pix)

Measurement cycle
frequency (Hz)

Images per
cycle

Polycrystalline 1.23 0.0624 245 4.9� 0.90 1 15
[111] 1.03 0.05 178 4.6� 0.95 1 15
[111] 1.75 �1 300 6� 0.78 0.08 188
[001] 1.08 0.05 155 5.1� 0.85 0.25 60

Please cite this article in press as: Pataky GJ et al. Full field measurements of anisotropic stress intensity factor ranges in fatigue. Engng
Fract Mech (2012), http://dx.doi.org/10.1016/j.engfracmech.2012.06.002

http://dx.doi.org/10.1016/j.engfracmech.2012.06.002


Fig. 1. The experimental setup. Labeled in the figure: (a) camera, (b) lens, (c) light source, (d) specimen, and (e) load frame.
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was 1600 by 1200 pixels, the maximum frame rate was 15 fps, and an adjustable lens with a 12�magnification range and 2�
adapter were used to achieve different magnifications. The experimental setup is shown in Fig. 1. The magnification and res-
olution of the images for each specimen are displayed in Table 1. The specimens were loaded in fatigue at the R-ratios and
stress ranges given in Table 1 at a rate between 3 and 10 Hz to initiate a crack at the notch. A computer program controlled
the servo-hydraulic load frame, and captured images and their corresponding loads measured by a 7.5 kN load cell during
the test. Once a crack was visually identified, measurement cycles were run periodically to capture a greater number of
images per cycle to provide an in-depth analysis into the fatigue cycles.

A commercially available image correlation program was used to perform DIC analysis. The first image of each measure-
ment cycle, captured at minimum load, was used as the reference image for that cycle. The full field of the image, both be-
hind and ahead of the crack tip, was used for correlations. A two-point digital image correlation displacement gage (digital
extensometer), which consists of a subset on each crack flank, was used to measure crack opening displacements; multiple
digital extensometers were placed on the image along the length of the crack spanning from the crack tip to the notch
[15,16]. The maximum subset size used was 72 by 72 lm with a maximum of 9 lm between centers of the subsets. Each
extensometer provided, the horizontal (u) and vertical (v) displacements and the strains were calculated assuming a small
strain approximation. The displacements are used in the least-squares regression as discussed in Section 3.

After testing, electron backscatter diffraction (EBSD) was performed on the single crystal specimens to verify their orien-
tations. For the two [111] crystals, their loading directions were confirmed, the normal was determined to be ½011�, and thus
the third orientation ½211�. The [001] crystal was also confirmed to be properly oriented in the loading direction, the normal
plane was ½110�, and the third orientation was ½110�. A post fracture SEM micrograph of one of the [111] crystals is shown in
Fig. 2. A schematic of the sample indicating the loading directions in crystal frame and the {111} slip planes in grey is shown
in Fig. 3. The blue planes indicate the crack growth plane for each sample.
Fig. 2. SEM image of the [111] oriented single crystal specimen with the crystallographic orientations and the possible crack growth planes indicated.
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3. Regression analysis

The use of DIC provides a full field displacement field to find the crack driving forces without geometric considerations. A
nonlinear least-squares regression can optimize the stress intensity factor determination process and give insight into how
these values progress during a fatigue loading cycle. The following procedure describes how the stress intensity factors and
higher order terms were found.

Since the frequency during the measurement cycles was slowed to the values given in Table 1, the entire loading and
unloading process was recorded, and DIC provided a full field of displacements for each image. These displacements were
the input to find KI, KII, and the T-stress. For mode I and mode II mixed mode crack problems, the crack tip displacements
for an orthotropic material with the crack growth direction and crystallographic orientations consistent, as shown in Fig. 4
where the mechanical properties for [h0 k0 l0] are used instead of the loading direction [hkl] properties, are expressed as [9,37]
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where Re denotes the real part of a complex number,
pj ¼ a11l2
j þ a12 � a16lj; ð3Þ

qj ¼ a12lj þ
a22

lj
� a26; ð4Þ
KI and KII are the mode I and mode II stress intensity factors respectively, T is the T-stress, A is the rigid body rotation, Bu

and Bv are the rigid body translations in the u and v directions respectively, r and h are the polar coordinates with the origin
at the crack tip, l1 and l2 are the roots from the following characteristic Eq. (5), and aij are the elastic constants as found by
Ledbetter for 316L stainless steel [38]. These two l’s are the two complex conjugate roots for which the imaginary parts are
positive.
a11l4 � 2a16l3 þ ð2a12 þ a66Þl2 � 2a26lþ a22 ¼ 0 ð5Þ
In Eq. (2), the vertical displacements responsible for the tensile (mode I) crack opening are perpendicular to the crack sur-
face. To accommodate this, the grid of displacements obtained from DIC and the compliance tensor values were rotated with
respect to the crack propagation angle. This provides two distinct sets of experimental data: the horizontal displacements
and the vertical displacements. An algorithm was written to simultaneously solve every vertical and horizontal displacement
using Eqs. (1) and (2) for the desired parameters (KI, KII, T, A, Bu, Bv) using a nonlinear least squares regression. This provided
the stress intensity factors values and T-stress directly from the experimentally measured displacement field without any
contributions from the rigid motion. With the full field being used, over 10,000 displacements were considered in each cal-
culation. It was deemed necessary during the development of the algorithm that both the horizontal and vertical displace-
ments were required. If only the horizontal displacements, Eq. (1), were used, KI is underestimated and KII is overestimated.
Contrary to this, if only the vertical displacements, Eq. (2), were used, KI is overestimated and KII is underestimated. This was
due to the dominance of each stress intensity factor with its respective mode of opening; KI when considering only the ver-
tical displacements (mode I) and KII when considering only the horizontal displacements (mode II).

4. Crack tip plastic zone analysis

With the stress intensity factors for mode I and mode II known, the stress field, Eq. (6), around the crack tip was deter-
mined [9]. The stress field was used to determine the plastic zone size and shape. The stresses are
rx ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p ðFIx þmFIIxÞ

ry ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p ðFIy þmFIIyÞ

sxy ¼
KIffiffiffiffiffiffiffiffiffi
2pr
p ðFIxy þmFIIxyÞ

9>>>>>>>=
>>>>>>>;
; ð6Þ
and the F terms in Eq. (6) are expressed as
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where m = KII/KI.
Since the single crystals exhibit anisotropic properties, Hill’s extension of the von Mises’s yield criterion was used [39].

The yield criterion in quadratic form is expressed as
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where E, G, and H are coefficients that characterize the anisotropy in the normal directions and L, M, and N are the coeffi-
cients that characterize the shear anisotropy. X, Y, and Z are the yield stresses in the principal directions and S is the shear
yield stress. Assuming plane stress since the specimens are thin, rz = sxy = syz = 0 and Eq. (9) reduces to
ðGþ HÞr2
x � 2Hrxry þ ðEþ HÞr2

y þ 2Nsxy ¼ 1 ð11Þ
To find the plastic zone size, we substituted Eq. (6) into Eq. (11) and solved for the plastic zone radius, rp, with the final
form:
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5. Results and discussion

Fatigue crack growth tests were performed on a polycrystalline specimen and the two previously discussed crystallo-
graphic orientations. The tensile properties for each are presented in Table 2. The crack growth behavior as a function of
the total stress intensity factor range is given in Fig. 5a.

Several methods have been proposed for combining the stress intensity factor ranges [2]. The most general expression has
the form
Table 2
Selected tensile properties of the 316L stainless steel specimens.

Crystallography
(orientation)

Yield stress, 0.2%
offset (MPa)

Elastic
modulus (GPa)

Polycrystalline 230 192
[111] 466 329
[001] 329 121
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Fig. 3. A schematic of the samples in crystal frame showing the loading directions, {111} slip planes in gray, and the crack growth planes in blue.

Table 3
Paris law fits and stress intensity threshold from fatigue crack growth tests of 316L stainless steel.

Specimen C m

Polycrystal R = 0.624 2.46 � 10�09 2.87
[111] Single crystal R = 0.05 9.96 � 10�13 7.46
[111] Single crystal R = �1 7.86 � 10�13 6.45
[001] Single crystal 6.50 � 10�12 4.49

Table 4
Effective Paris law fits and stress intensity threshold from fatigue crack growth tests of 316L stainless steel.

Specimen C m

Polycrystal R = 0.624 1.05 � 10�08 3.32
[111] Single crystal R = 0.05 6.37 � 10�09 3.89
[111] Single crystal R = �1 3.29 � 10�09 3.65
[001] Single crystal 3.10 � 10�09 3.29
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The anisotropic case has a more complex form and requires the use of the energy release rates, Ii, Eqs. (14) and (15), for
mode I and mode II respectively [9]. The ratio between these two energy release rates will be used to determine a, i.e. I2=I1:
I1 ¼ �
pKI

2
a22Im

KIðl1 þ l2Þ þ KII

l1l2

� �
ð14Þ

I2 ¼
pKII

2
a11Im KII l1 þ l2

� �
þ KIl1l2

	 

ð15Þ
where a11 and a22 are the elastic constants. The a ranged from 2.25 to 3.8 for the cases included in this study.
The majority of the crack growth recorded occurred in regime II, the steady state region of fatigue crack growth. The

experimental data were fit to the Paris law, Eq. (16), and the constants C and m are given in Table 3.
da
dN
¼ CðDKtotÞm ¼ C DK2

I;eff þ aðDK2
II;eff Þ

h im=2
ð16Þ
The crack growth behavior as a function of the effective total stress intensity factor range, for which crack closure is con-
sidered in the DKeff calculation, is displayed in Fig. 5b. The effective mode I and mode II stress intensity factor ranges were
determined for each test by utilizing the regression technique discussed in Section 3. Since the DIC displacements are the
basis of this technique, crack closure during the fatigue cycle is inherently included. If there was no closure, the crack open-
ing displacement magnitudes would be greater. These values were fit using Eq. (17) and the Paris fits for Fig. 5b are displayed
in Table 4 and are similar to reported values [40].
da
dN
¼ CðDKtot;eff Þm ¼ C DK2

I;eff þ aðDK2
II;eff Þ

h im=2
ð17Þ
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5.1. The effective stress intensity factor range determination in the experiments

The regression analysis solves for each of the variables required to replicate the crack tip displacements during a fatigue
crack growth cycle using Eqs. (1) and (2). These displacements will be referred to as the regressed displacements. The exper-
imentally obtained and regressed displacements have been plotted together to demonstrate the accuracy of the regression
technique. In Figs. 6–12, the blue1 contours represent the experimentally found displacements and the red contours represent
the regressed displacement contours. A selected fatigue cycle for each sample tested is presented at maximum load.

When the regression was performed on the polycrystalline specimen, isotropic compliance coefficients were used in Eq.
(5). Since the crack was horizontal with no shear component, the mode II stress intensity factor range was nearly zero. The
[001] oriented specimen also grew in pure mode I as expected because of symmetric slip with respect to the crack plane. As
with the polycrystalline case, there was no mode II component, and thus the mode II stress intensity factor range was
again nearly zero. The vertical displacements for the polycrystalline and [001] oriented specimen are given in Figs. 6 and
7 respectively. The experimental and regressed displacement contours show good agreement.

Two specimens with [111] orientations were tested to investigate mixed mode growth. The first [111] specimen was
tested at a load ratio, R, of 0.05 as a comparison to the polycrystalline and [001] specimens. The horizontal and vertical dis-
placement contours are displayed in Fig. 8a and b respectively for when the crack was 1.588 mm long. The mode I and mode
II stress intensity factor ranges were determined to be 9.14 MPa

p
m and 4.33 MPa

p
m, respectively. The horizontal

displacements are asymmetric in Fig. 8a. indicating shearing or mode II displacement is occurring during the cycle. A second
test was conducted with the [111] orientation at a load ratio, R, of �1. With compression introduced into the fatigue cycle,
the stress intensity factor ranges were expected to increase. The horizontal and vertical displacements for the cycle with
crack length of 1.176 mm are displayed in Fig. 9a and b respectively. The mode I stress intensity factor range was
18.95 MPa

p
m and the mode II stress intensity factor range was 7.96 MPa

p
m. At a shorter crack length, it is already evident

that the compressive part of the fatigue cycle had caused the stress intensity factors to increase by about a factor of two. The
crack growth angle was within two degrees between both [111] specimens.

The importance of including crack closure when determining fatigue crack growth rates has been made evident in this
section. Referring back to Fig. 5a, the fatigue crack growth results showed no consistency when using the isotropic (with
no closure correction) stress intensity factor range calculation. When the crack closure was taken into account, the material,
regardless of crystallography, demonstrated a common trend with the effective (anisotropic and close corrected) stress
intensity factor ranges as shown in Fig. 5b. To elucidate this fact, Table 5 provides a brief comparison of five crack
lengths between the effective and isotropic stress intensity factor ranges for the [111] oriented specimen with a load ratio,
R, of 0.05. The mode I values show an average overestimation of 15%, and the mode II values show an average overestimation
of 40%.
5.2. Plastic zone sizes

Since each image captured represents a different load throughout the fatigue cycle, the entire progression of stresses and
strains was recorded. Using Eq. (12), the plastic zone size was determined using the stress intensity factors found in the
regression analysis and the development of the size and shape throughout the fatigue cycle was observed. DIC was used
to find the strains in front of the crack tip, and the strains inside the plastic zone are shown in Figs. 10–13 for the loading
portion of a fatigue cycle up to maximum load for each specimen tested during this study.

The polycrystalline case presented in Fig. 10 displays the classic symmetric isotropic plastic zone shape for plane stress.
At 6% of the load, the plastic zone is almost nonexistent with an area of 0.0007 mm2. At the maximum load, the strains near
the crack tip are greater than 1%, and extend out at roughly 60� from the crack tip with an area of 0.1920 mm2. In the other
pure mode I case, the [001] single crystal still has a symmetric plastic zone as shown in Fig. 11. At 29% of the load, the plastic
Fig. 4. Schematic showing the vertical (v) and horizontal (u) crack tip displacements, and the crystallographic orientation used.

1 For interpretation of color in Figs. 3–10, the reader is referred to the web version of this article.
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Fig. 6. Comparison of experimentally measured and regression vertical displacement contours in micrometers for the polycrystalline specimen with a crack
length of 0.856 mm and a DKI value of 8.01 MPa

p
m found from regression.

Fig. 7. Comparison of experimentally measured and regression vertical displacement contours in micrometers for the [001] oriented single crystal. The
crack length is 1.154 mm with a corresponding DKI regression value of 9.06 MPa

p
m.

Fig. 5. Fatigue crack growth results for the polycrystalline and single crystal 316L stainless steel specimens at room temperature with testing conditions
shown in Table 1. (a) Results based on the classical stress intensity factor range with the Paris law fits displayed in Table 3. (b) Effective fatigue crack growth
results found using the least squares regression stress intensity factor ranges with Paris law fits given in Table 4.
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Fig. 9. Comparison of experimentally measured and regression (a) horizontal and (b) vertical displacement contours in micrometers for the [111] oriented
single crystal with a load ratio of R = �1. The crack is 1.176 mm long with corresponding regression values for DKI of 20.99 MPa

p
m and DKII of

8.49 MPa
p

m. The black dot signifies the crack tip location.

Fig. 8. Comparison of experimentally measured and regression (a) horizontal and (b) vertical displacement contours in micrometers for the [111] oriented
single crystal with a load ratio of R = 0.05. The crack is 1.588 mm long with corresponding regression values for DKI of 9.14 MPa

p
m and DKII of

4.33 MPa
p

m. The black dot signifies the crack tip location.
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zone area is only 0.0004 mm2. The maximum plastic zone area for this specimen, 0.0527 mm2, is a quarter the size of the
polycrystalline case, and the DIC strains show a more compact concentration.

The KII component in the two [111] crystals caused the plastic zone shape to be asymmetric. In the specimen tested at the
load ratio, R, of 0.05, the plastic zone shape was a combination of the polycrystalline and [001] plastic zone shapes as shown
in Fig. 12. The upper half of the plastic zone has a shape similar to the smooth, round polycrystalline shape, but the lower half
has the more pinched lobe shape of the [001] specimen. The plastic zone is larger above the crack tip, which is consistent
with the displacements that were greater above the crack, as shown in Fig. 8a. The strains were lower for both the polycrys-
talline and [001] cases and the gradient was also steeper; outside the direct vicinity of the crack tip, the strains were con-
sistently 0.05% or less. The plastic zone area progression was similar to that of the polycrystalline sample and the maximum
area found was 0.1680 mm2. In the load ratio, R, of �1 [111] specimen, the plastic zone had a shape similar to the first [111]
specimen and the plastic zone size was the largest found in this study, as displayed in Fig. 13. At 51% of the load, the area was
0.1430 mm2, which was on the order of the previous [111] specimen and the polycrystalline specimen at maximum load.
Strains greater than 1.1% were measured near the crack tip and the strains were observed to extend farther out from the
crack tip vicinity than in the [111] specimen with the load ratio, R, of 0.05. The strains extend at approximately 30� to
Please cite this article in press as: Pataky GJ et al. Full field measurements of anisotropic stress intensity factor ranges in fatigue. Engng
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Fig. 10. Plastic zones and vertical displacement contours in micrometers associated with a fatigue cycle of the polycrystalline specimen with a crack length
of 0.917 mm and a stress intensity range of DKI = 8.34 MPa

p
m. Each figure represents a different load level during the loading portion of the cycle: (a) 6%

with a plastic zone area of Arp = 0.0007 mm2 (b) 43% with a plastic zone area of Arp = 0.0048 mm2 and (c) maximum load with a plastic zone area of
Arp = 0.1920 mm2. Strains found from DIC are shown inside each plastic zone.

Table 5
Comparison of effective and classical mode I and mode II stress intensity factors for {11 1} oriented specimen loaded at R = 0.05.

Crack length (mm) KI
a KI,eff

b % Deviation KII
a KII,eff

b % Deviation

1.378 7.82 6.62 15 5.52 2.89 48
1.484 8.12 7.07 13 5.72 2.83 51
1.552 8.30 6.71 19 5.85 3.98 32
1.699 8.68 7.21 17 6.13 3.74 39
1.940 9.28 8.25 11 6.54 4.48 32

a Isotropic estimate.
b Anisotropic and closure corrected from regression).
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the crack plane below the crack and 60� to the crack plane above the crack. At maximum load, the plastic zone area dom-
inated the entire crack tip region. The greater amount of strain in the load ratio, R, of �1 [111] single crystal indicates that
introducing a compression portion to the fatigue cycle is more damaging than pure tension. This is attributed to the crack
opening earlier in the cycle.

It has been recognized that there are additional methods to describing the plastic zone in single crystals. A double slip
analysis, which considers only limited slip in a single grain, has been used to describe the effects that crystallographic ori-
entation has on the size and shape of the plastic zone [41]. With the 316L stainless steel being an fcc material, the [111]
single crystals have up to 6 slip systems active and the [001] single crystal had up to 8 slip systems active. Based on this
knowledge, there was significant slip to warrant the use of a continuum model such as Hill’s yield criterion.
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Fig. 11. Plastic zones and vertical displacement contours in micrometers associated with a fatigue cycle of the [001] oriented specimen with a crack length
of 1.174 mm and a stress intensity range of DKI = 10.33 MPa

p
m. Each figure represents a different load level during the loading portion of the cycle: (a) 29%

with a plastic zone area of Arp = 0.0004 mm2 (b) 56% with a plastic zone area of Arp = 0.0050 mm2 and (c) maximum load with a plastic zone area of
Arp = 0.0527 mm2. Due to the anisotropy of the single crystal, the plastic zone, with DIC strains shown inside, has an irregular shape but is still symmetric
due the specimen experiencing pure mode I loading conditions.
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5.3. Irreversibility of crack tip strains

Fatigue crack growth is caused by dislocations being emitted from the crack tip during loading, and not fully reversing
during unloading, advancing the crack [33]. The residual plastic strain left due to this interaction is the slip irreversibility
and has been related to crack propagation [34]. An estimation of the slip irreversibility was determined by finding the
amount of irreversible strain accumulated near the crack tip during a fatigue cycle. The schematics in Fig. 14 indicate when
the strains were measured during the loading cycle. In Fig. 14a, minimum load is point A, which corresponds to the mini-
mum stress in Fig. 14b. Point B represents the maximum load, halfway through the loading cycle. As the specimen is un-
loaded, the stress returns to the minimum load, shown in Fig. 14a, irreversible slip has accumulated and the minimum
strain has increased to point C in Fig. 14b.

The strains at the two minimum points during the loading cycles were measured for selected crack lengths in each of the
four specimens. The results in the axial strain differences at the crack tips are presented in Fig. 14. The inequality between
the strain values of the fatigue cycle minimums revealed unrecovered strains, and thus irreversibility. It is observed that the
[111] specimen with a load ratio, R, of �1 had the greatest differences in the axial strain. The [111] specimen with a load
ratio, R, of 0.05 the second highest slope of irreversibility, but it was not significantly higher than the polycrystalline and
[001] specimens. The shear strain irreversibility was also measured. For both the pure mode I growth tests in the polycrys-
talline and [001] specimens, the shear strain was negligible to the axial strain. The [111] specimen with a load ratio, R, of –1
again had a much greater slope than the load ratio, R, of 0.05 specimen, but both specimens had shear strain irreversibilities
on the order of the axial strain differences. This again showed the significance of the mode II growth and the damaging
effects of a compressive portion of a fatigue cycle for a mixed mode crack (see Fig. 14).
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Fig. 12. Plastic zones and vertical displacement contours in micrometers associated with a fatigue cycle of the [111] oriented specimen at the crack length
of 1.716 mm with a load ratio of R = 0.05 and stress intensity ranges of DKI = 11.91 MPa

p
m and DKII = 5.47 MPa

p
m. Each figure represents a different load

level during the loading portion of the cycle: (a) 15% with a plastic zone area of Arp = 0.0008 mm2 (b) 58% with a plastic zone area of Arp = 0.0196 mm2 and
(c) maximum load with a plastic zone area of Arp = 0.1680 mm2. The plastic zone size and DIC strains within are asymmetric due to the specimen being
under mixed mode loading conditions.
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6. Summary

The stress intensity factors, KI and KII, at the crack tip of polycrystalline and anisotropic single crystal specimens, which
were cyclically loaded, were determined using full field DIC displacements. The DIC data was analyzed using a least-squares
regression and several observations were made concerning this technique. Since the mode I vertical displacements have
symmetry across the crack, it is expected that there be zero vertical displacement in front of the crack tip. When only
one set of the DIC displacements (horizontal or vertical only) was used in the regression analysis, the regressed vertical dis-
placement contours took an irregular shape and had nonzero displacements ahead of the crack tip. This was a key indication
to the overestimation and underestimation of the stress intensity factor ranges mentioned in Section 3. This reinforces the
requirement that both sets of displacements must be used to accurately describe the stress intensity factors in mixed mode
fatigue crack loading. The simultaneous use of both stress intensity factors is also observed in Eqs. (14) and (15) where both
KI and KII are used to find each of the energy release rates.

The ability to efficiently determine both sets of displacements at once throughout the entire loading cycle and then the
corresponding stress intensity factor ranges in a single crystal is important for furthering the knowledge about Stage I fatigue
crack growth. Using experimentally found displacements, crack closure is already included in these stress intensity factors.
Stage I fatigue crack growth is dominated by slip, and since the single crystals exhibit anisotropic properties, the stress inten-
sity factor range is highly dependent on the orientation. This was demonstrated with the pure mode I growth in the poly-
crystalline and [001] oriented crystal and the mixed mode growth in the two [111] oriented crystals.

The utilization of digital image correlation also provides for the strains around the crack tip. The plastic zone was deter-
mined using the stress field associated with the KI and KII values obtained from the regression analysis, and the development
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Fig. 13. Plastic zones and vertical displacement contours in micrometers associated with a fatigue cycle of the [111] oriented specimen at a crack length of
1.024 mm with a load ratio of R = �1 and stress intensity ranges of DKI = 22.84 MPa

p
m and DKII = 9.61 MPa

p
m. Each figure represents a different load

level during the loading portion of the cycle: (a) 15% with a plastic zone area of Arp = 0.0018 mm2 and (b) 51% with a plastic zone area of Arp = 0.1430 mm2.
At maximum load, the plastic zone engulfs the entire crack tip region and has been excluded. Asymmetry in the plastic zone and DIC strains is observed due
to the mixed mode loading.

Fig. 14. (a) The fatigue loading cycle as a function of time showing A and C at minimum load. (b) Schematic showing the slip irreversibility between points
C and A. Tensile crack tip strain differences between minimum load points (A and C) of selected fatigue cycles as a function of crack length for the four 316L
stainless steel fatigue crack growth specimens.
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of the strain field inside the plastic zone was observed. By comparing polycrystalline and single crystal specimens, further
insight can be gained on how grain boundaries and anisotropy affect the plasticity ahead of a crack tip. When studying mixed
mode cases, the effects that varying angles of crack growth have on the asymmetry of the plastic zone and strain develop-
ment can be determined. By testing using different load ratios, R, the most damaging cases in terms of the plasticity around
the crack tip was investigated as seen with the two [111] specimens. The case with the load ratio, R, of �1 was observed to
be the more damaging case due to the compressive portion of the cycle and greater crack opening displacements.
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The strains ahead of the crack tip were quantitatively measured and the slip irreversibility for each cycle was found. This
ability can be used to increase the accuracy in crack growth models since the slip irreversibility and crack growth rate are
related [34]. A correlation between the increase in slip irreversibility as the crack length increased was observed in each
specimen tested. The rate at which each of these increased varied between the polycrystalline specimen and each single
crystal orientation tested.

7. Conclusions

The main contribution of this work is the analysis of mixed mode crack growth in single crystal 316L stainless steel.

(1) A least-squares regression technique was developed to find the stress intensity factors and T-stress in both isotropic
and anisotropic materials using displacements found from digital image correlation.

(2) The development of the plastic zone size and shape, and the associated strain fields were found for the entire fatigue
loading cycle of polycrystalline and single crystal 316L stainless steel specimens.

(3) A quantitative value of the slip irreversibility ahead of the fatigue crack tip was measured and a trend of increasing slip
irreversibility with greater crack length was found.
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