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Abstract

In many engineering applications, fatigue is the dominant failure mechanism governing the life of a component. Thus, many studies
have focused on this phenomenon, although there is a need for a model that addresses fatigue based on the material’s microstructure,
specifically the energetics of the grain boundaries (GBs) and persistent slip bands (PSBs). Our approach is to model the energy of a PSB
structure and use its stability with respect to dislocation motion as our failure criterion for fatigue crack initiation. The components that
contribute to the energy of the PSB are identified, namely the stress field resulting from the applied external forces, dislocation pile-ups
and work-hardening of the material is calculated at the continuum scale. Further, energies for dislocations creating slip in the matrix/
precipitates, interacting with the GBs and nucleating/agglomerating within the PSB are computed via molecular dynamics. The results of
our simulations on the stability of a PSB produce the correct fatigue crack initiation trends for the grain size, grain orientation, character
of the GB, precipitate volume fraction and applied strain. From this information, we see that distinct GBs act as strong barriers to slip
and increase the fatigue strength of the material.
� 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

From experimental results, finer grain material generally
experiences a longer fatigue life [1–7], since persistent slip
bands (PSBs) are prone to form in larger grains [8–10].
However, previous studies were performed on materials
with uniform grain size and cannot address the response
of adjacent small/large grains that we account for in the
model presented herein. Similarly, there have been a num-
ber of studies that examine the grain boundary (GB) char-
acter, defined as the density of coincidental atoms between
two lattices at the GB, where the density’s reciprocal is
denoted as the coincident site lattice (CSL) R value. Exper-
imental studies have shown that CSL boundaries of high
CSL density/low R value do not crack during fatigue of
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Ni [11], stress corrosion of a Ni-based superalloy [12] and
cavitation of Cu [13]. Hence, it is important to account
for the GB character as this contributes to the formation
and stability of a PSB. As a consequence, the affect of indi-
vidual CSL R values on the fatigue behavior of a material
as well as the grain size and orientation are addressed in
this model.

During the fatigue process, defects multiply and accumu-
late within the material. This behavior results in an increase
in the dislocation density [14]; these dislocations form
unique structures in an attempt to minimize the total energy
of the system [15]. As a consequence, in many materials
strain is localized in the form of slip bands, which are precur-
sors of crack initiation, as first pointed out by Ewing and
Humfrey [16], Seeger et al. [17] and Friedel [18]. Persistent
slip bands were initially observed in single-crystal face-
centered cubic (fcc) pure metals, specifically copper, although
the concept has been generalized as a function of temperature,
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stacking fault energy, slip character and applied strain
amplitude (cycles to failure) [15,19].

Fatigue is distinguished from other types of loading by
slip irreversibilities, in which vacancies are generated, cre-
ating a flux within the PSB, resulting in surface intrusions
and extrusions. Meanwhile, dislocations agglomerate into
the walls of a PSB, as a consequence of PSBs being softer
than the matrix material, and represent domains of strain
localization. Once active, an increase in dislocation density
is observed, resulting in hardening of the PSB. Both the
hardening behavior and dislocation density are seen to sat-
urate as the fatigue cycling continues [20–22]. Therefore,
PSBs represent significant localization of plastic deforma-
tion, slip and dislocations, and during this process, hard-
ened (matrix) material forms adjacent to the relatively
soft (PSB) regions. The interface between the PSB and
matrix is a plane of discontinuity across which there are
abrupt strain gradients, resulting in a preferred site for
crack initiation [23–25].

Essmann et al. [26] and Differt et al. [27] created a model
for extrusions and intrusions resulting from a PSB focusing
on randomly distributed irreversible slip processes. Slip
irreversibility arises in the material due to dislocation anni-
hilation [26], although dislocation multiplication occurs
concurrently, resulting in a dynamic equilibrium within
the PSB [28]. This leads to elongation of the PSB, disloca-
tion gliding within the PSB even at low temperatures,
extrusions/intrusions at the surface of the single crystal,
and an increase in surface roughness. In their model, they
estimated the surface roughness which displays a square
root dependency on the number of loading cycles [26,27].
This model is physically based and well thought-out. Hence
this model serves as an important starting point to us; by
including energy barriers, stress fields and an overall energy
foundation, we establish a PSB model for crack initiation
by integrating perspectives from the atomistic and contin-
uum scales.

Cyclic loading produces positive and negative edge dis-
locations, which attract each other, forming dislocation
dipoles agglomerating in the walls of the PSB that result
in a near-zero Burgers vector [29]. Hence, during cyclic
loading, dislocations arrange themselves into preferred
defect structures to minimize the total elastic strain energy
of the system [30,31]. There have been a few attempts to
develop a closed-form solution to the stress field developed
by the dislocation arrangement of a PSB. Brown used
Airy’s stress function to develop an expression for the
stress field by the dislocations of a PSB [32]. Van der Gies-
sen and Needleman developed a dislocation dynamics
model to verify that the stress field from a series of planar
edge dislocations can be modeled as a series of hyperbolic
terms [33]. Brinckmann extended this model to account for
two opposing series of edge dislocations, which provided a
good approximation for the dislocation arrangement in a
PSB and the resulting stress field [34]. These models repre-
sent the stress field of dislocations in a PSB from 2-D dis-
location dynamics; hence there is still a need for incorporation
of the unique dislocation arrangements within PSBs into a
polycrystalline fatigue model, which is addressed in our
model.

So fat, we have only discussed PSB formation in single
crystals, although dislocation walls and PSBs can form in
the most favorably oriented grains within a polycrystalline
material [9,35–38]. Lin and Ito developed a model for plas-
tic shear strain accumulation from a PSB in a polycrystal
[39]; however, their shear stress field was non-equilibrating.
Building on their concepts, in 1981, Tanaka and co-workers
created an energy balance of the dislocation structure along
the PSB, in order to predict crack initiation [40–42]. Their
PSB model consists of two series of dislocations of opposite
sign on opposite layers, which account for deformation as a
result of forward and reverse loading. From this, Tanaka
and Mura wrote a closed-form solution for the number of
cycles to failure in a PSB, which can also be expressed in
a Coffin–Manson form, which displays a Hall–Petch-type
dependency on grain size. Their solution is attractive
[43,44] and is comparable to experiments by adding a vari-
able for the degree of irreversibility [45], although there
are some concerns and limitations with this model. For
instance, it does not take into account the complicated
geometry and dislocation arrangement of a PSB and several
energy terms need to be incorporated for a complete descrip-
tion of the PSB, including the energetics of the GBs. Fur-
ther, there is an energy discrepancy as their model takes
into account only the portion of the hysteresis loop above
yielding.

Historically, the majority of the studies on PSBs have
been on pure fcc materials, although PSBs have been
observed in alloys [46,47] and superalloys [48–52]. Typi-
cally, superalloys are strengthened by an ordered c0 precip-
itate. Petrenec et al. studied the dislocation arrangements in
Ni-based superalloys (IN713 and IN792) at room and ele-
vated temperatures [53–55]. They concluded that persistent
slip bands were evident and contained a high density of dis-
locations. PSBs form as dislocations cut through the matrix
and c0 precipitate in a planar slip manner at both temper-
atures and were the main source of crack initiation [53–
55]. Therefore, the PSB structure in precipitate-hardened
superalloys (i.e. multiple parallel thin bands) is noticeably
different compared to the ladder-like structures observed
in single-phase materials.

As previously mentioned, PSB formation manifests in
surface roughness by means of intrusions and extrusions.
This phenomenon is also seen across the grain boundaries
in the bulk of a polycrystalline material [29]. Risbet et al.
measured the evolution of extrusions on the surface of
cyclically loaded Waspaloy, a Ni-based superalloy using
atomic force microscopy [56,57]. The height of a PSB is
seen to be nearly zero until a threshold number of cycles
is reached, at which point it increases rapidly, and nearly
saturates. As expected, this behavior is highly dependent
on the applied strain range. In an extremely intensive
experimental study, Huang et al. [58] used in situ neutron
diffraction to measure the dislocation density in monotonic
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and cyclically loaded Hastelloy C-22HS, a Ni-based super-
alloy. The results show the dislocation density increases
during cyclic loading and saturates; as a consequence the
mean dislocation spacing decreases as PSBs are formed.
The aforementioned work represents an extensive effort
in capturing the slip behavior, dislocation density, wall
spacing, PSB height and extrusion length evolution with
number of cycles during fatigue of Ni-based superalloys;
these quantitative values and trends are extremely valuable
for use in this study.

Persistent slip bands have been examined in detail over
the last 30 years, but a model capturing its complexities
has yet to emerge. In this study, we formulate a model
for predicting fatigue crack initiation in a wrought Ni-
based superalloy, although this methodology could be used
to characterize fatigue in a variety of metals and alloys.
This material was chosen due to the complexities and wide
distributions of microstructural features, further validating
our model. Hence, we establish a physically based fatigue
model that incorporates the microstructure (grain size,
grain orientation, GB character and c0 distribution) and
the unique nature of fatigue dislocation structures, i.e.
PSBs. The model encompasses continuum and atomistic
contributions in a unified energy expression. In the subse-
quent sections each component contributing to the overall
energy of the PSB section are identified and quantified.
These components are the heart of our fatigue model,
which establishes an energy balance for a PSB.

2. Material characterization

The material utilized in this study is a Ni-based superal-
loy, Udimet 720 (U720). The primary strengthening mech-
anism in this material is in the form of ordered Ni3Al
Fig. 1. (a) Microstructure of U720, displaying bands of c0 precipitates (left). T
the grain size is fine, while in areas denuded of c0, the grain size is coarse. (b)
precipitates (L12 structure), which occur in this material
at three length scales (primary, secondary and tertiary).
The coherency of these c0 precipitates with respect to the
c matrix offers stability along with enhanced strengthening
at elevated temperatures. The material underwent a solu-
tion process at 1100 �C for 2 h followed by oil quenching,
in order to prepare the matrix for uniform precipitation
of c0. Afterwards, it was aged at 760�C for 8 h with air-cooling,
in order to precipitate the coarser c0, which offers creep
resistance. A second aging process at 650 �C for 24 h with
air-cooling produced fine c0, thus strengthening the micro-
structure for tensile and fatigue loads and stabilizing the c0

precipitates.
Also, during the heat treatment process the c0 acts to pin

the grain boundaries, thus determining the grain size in the
c matrix. In this material, there are areas of densely popu-
lated c0 along side areas denuded of c0, as shown in Fig. 1a.
As a result, there exists a wide distribution of grain sizes, as
fine grains form in regions of heavily populated c0 and
coarse grains form in regions where c0 is sparse. Data on
grain size and orientation were obtained from electron
backscatter diffraction (EBSD) scans. The mean grain area
is 4 lm2, although grains can reach over 100 lm2 (Fig. 1b).
The long tail of the grain size distribution and dual peaks
shown in Fig. 1b suggest a bimodal-like distribution of
grain sizes with large variations. Further, due to the varia-
tion in grain sizes and neighboring grains, each grain can
have a wide distribution of associated GBs. From this anal-
ysis, the CSL values of the GBs within each specimen and
the energy of each individual GB were determined by the
methodology described in Ref. [59] and shown in Fig. 2a
and b, respectively.

In this study, strain-controlled experiments were con-
ducted on U720 fatigue specimens at 1.3% and 0.9% total
hese precipitates determine the grain size. In areas of densely populated c0,
Histogram of the grain area from a 2-D EBSD scan.
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Fig. 2. (a) Histogram of CSL values for specimens of U720 after fatigue testing at 538 �C. (b) The grain boundary energy shown as a function of the
rotation angle for nickel in the h1 1 0i tilt, h1 1 1i twist, and h0 0 1i tilt directions.
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strain ranges at 538 �C and Re = 0. During reverse cycling,
the specimens experience considerable compressive plastic-
ity; thus we believe the PSB behavior in our strain-
controlled experiments (strain ratio Re = 0) is comparable
to stress-controlled fully reversed studies (R = �1) in the
literature. Interestingly, the character of the GBs remained
constant during fatigue testing, regardless of the applied
strain amplitude. The fracture surfaces of failed fatigue
specimens were analyzed to study the mechanism for crack
initiation, as shown in Fig. 3a and b. Transgranular failure
is observed and is of primary interest in this study. Material
characterization in the form of transmission electron
microscopy (TEM) was performed, which provided a qual-
itative indication of the material behavior, thus providing
key insights that can be used to model the microstructure
and resulting dislocation arrangements. As expected,
noticeably different dislocation arrangements form during
monotonic and cyclic loading [15,19]. In the fatigued sam-
ples, slip and plastic strain are localized into banded
regions. Fig. 3c shows a detailed TEM image of two slip
bands in U720, and a low-magnification view of persistent
slip bands is shown in the inset. Similarly, the observation
of persistent slip band formation has been observed in the
literature for U720 [60–62] and is the precursor to crack
initiation and material failure.

From this TEM analysis, we draw many insights into
the strain localization that ultimately leads to failure within
U720. The formation of the persistent slip bands occurs in
preferentially oriented grains. Slip interacts with the GB
causing pile-up of dislocations and stress concentration,
which results in slip penetrating into the second grain. By
viewing the high-magnification image, we see that the slip
band forms by dislocations shearing the c0 precipitates.
This effectively weakens the precipitate as an obstacle for
future dislocations to penetrate (cutting reduces the effec-
tives size of the precipitate and the ordering of the Ni3Al
intermetallic structure) and concentrates plastic deforma-
tion into a small volume. This results in slip being confined
to a single glide plane (a 2-D planar feature). Initially one
slip band forms as the precipitates are cut at the weakest
spot, since this alloy has a statistical distribution of local
strength (i.e. interparticle distances). However, the increase
in dislocation density hardens the slip band, and thus cut-
ting sets in at the next weakest plane. Consequently, we get
an increasing number of slip bands with cycle number, but
not much change within the bands, which macroscopically
results in cyclic saturation.

3. Modeling and results

Our approach is to model the energy of a PSB structure,
E, and use its stability with respect to dislocation motion as
our failure criterion for fatigue crack initiation. The con-
cept of an energy balance and stability of a dislocation
structure within a material is not new; it has a long-standing
historical basis [40–45,63–67]. Moreover, this approach
allows us to address the small length scale problems via
incorporation of atomistic simulations. Hence, the atomic
simulations provide important insights into the energy bar-
riers and physics of the grain boundaries, which are crucial
to fatigue of a polycrystalline material. All the contributing
energy factors to the PSB are addressed and our energy
balance is as follows:

E ¼ �Er
appðr;m; L;NÞ � Ehardðq; L;NÞ

þ Edisl
pile�upðh; d; L;NÞ þ Edisl

nucðm;R; h; L; L0;NÞ

þ Eslip�GB
extrusionðm;R; h; L; L0;NÞ þ EAPBðL; c0dist;NÞ

þ Ec�SF ðL; c0dist;NÞ; ð1Þ

where r is the applied stress during fatigue loading, N is the
number of cycles, m is the Schmid factor of the grain contain-
ing the PSB, L is the grain size, L0 is the size of the neighbor-
ing grain, h is the height of the PSB, d is the mean dislocation
spacing within the PSB, q is the dislocation density within the
PSB, R is the character of GB in the CSL, and c0 is the



Fig. 3. (a) Fracture surface of a failed fatigue specimen. (b) A crack initiates from a transgranular facet, although considerable plasticity is involved in
forming this feature. (c) A high-magnification image of two slip bands in a failed fatigue specimen of U720 tested at 1.3% strain range, R = 0 and 538 �C.
A low-magnification TEM image of PSBs is shown in the inset.
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distribution of Ni3Al precipitates. The first three terms of the
energy expression are associated with the continuum length
scale, and other terms are derived by atomic simulations.
Each term will be discussed in the subsequent sections.

The geometry of the PSB within the most favorably ori-
ented grain of a polycrystal is shown in Fig. 4a, which shows
that the dislocations localize into the PSB and form wall
structures. The PSB intersects the GB; as a consequence of
Fig. 4. (a) Schematic of the PSB geometry (h, d) in the polycrystal. The PSB
intersects a pair of GBs each with an associated R value. (b) Extrusions form a
PSBs causing slip at a free surface, interactions of a PSB with GBs leads to stat
Ref. [29].
slip within the PSB, extrusions are formed across the GB.
Extrusions were originally defined for slip emanating at sur-
faces; however, PSB impingement at grain boundaries can
also constitute crack initiation [8]. In this case, as Mughrabi
et al. has shown [29] (Fig. 4b), interactions between PSBs and
GBs in polycrystals result in a static extrusion, resulting in
ledges/steps, thus roughening the GB. The number of dislo-
cations within the extrusion is given by npen

dis
~bh, where npen

dis is
forms across a grain of size L and orientation (Schmid factor, m) and
cross the GB. Although extrusions were originally defined as being due to
ic extrusions across the GB in the form of ledges and steps. Redrawn from



Fig. 5. Contour plot of the stress field in a PSB (height h) from the
dislocation dipole walls (separated by a distance d, as shown in the schematic
in Fig. 4). The PSB is modeled as two alternating layers of edge dislocations
separated by h containing a series of dislocations with spacing d.
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the number of dislocations that penetrate the GB on a single
slip plane and b is the Burgers vector.

3.1. Continuum terms

The continuum terms (the first three terms in Eq. (1))
create an internal stress field, in which the glissile disloca-
tions must overcome this stress field to plastically deform
the material [68] by an increment of slip, oX, as follows:

Es ¼ �s~bLnlayers@X ; ð2Þ
where the overall shear stress, �s, is composed of the disloca-
tion field in the PSB structure, sdis, the work-hardening of the
system, sh, and the external applied resolved shear stress, sA.

�s ¼ sdis � sh � sA: ð3Þ
It is paramount to account for each layer of successive

dislocations that are gliding with the PSB. The number of
moving planes within the PSB is quantified by nlayers, which
is related to the PSB width, h:

nlayers ¼ h=~b: ð4Þ
The width of the PSB, h, was measured from the TEM

images of U720 (e.g. Fig. 3c). This quantity was seen to
increase according to a square root function with increas-
ing number of cycles, and then saturate. The individual
stress components that contribute to the internal stress field
are discussed next.

3.1.1. Dislocation pile-up

Within the PSB, dislocations agglomerate and form
dipole structures, in order to minimize their total energy,
as shown in Fig. 4. The dipole structure within the PSB
can be modeled as layers of opposing signed dislocations
[26,39,40] separated by a distance, h. Within each layer is
a series of dislocations, equally spaced by d. In doing so,
we can assume linear elastic, isotropic, plane strain behav-
ior, thus greatly simplifying the problem, in order to find
the stress within the PSB. The stress field created by the dis-
location dipoles within the PSB is given by sdis as it varies
spatially (x, y) within the PSB [34]:

sdis ¼ lbp

ð1� mÞd2

 
y 1� cos 2px

d

� �
cosh 2py

d

� �� �
� cos 2px

d

� �
þ cosh 2py

d

� �� �2

�
ðhþ yÞ 1� cos 2px

d

� �
cosh 2pðhþyÞ

d

� �� �
� cos 2px

d

� �
þ cosh 2pðhþyÞ

d

� �� �2

!
; ð5Þ

where the elastic constants l, m are the shear modulus and
Poisson ratio at elevated temperatures (538 �C), respec-
tively. The resulting contour plot of the stress field due to
dislocation pile-ups within the PSB is shown in Fig. 5.
The mean dislocation spacing, d, is determined based on
the dislocation density within the PSB, q, as follows:

d ¼ 1ffiffiffi
q
p : ð6Þ
In Eq. (5), the dislocation pile-up stress is given as a
function of spatial position. It is of particular interest to
understand which value is pertinent to our study. In previ-
ous models, Mura et al. [40–45] and Brinckmann [34]
described failure for a PSB as a crack breaking apart the
material in the middle of two opposing dislocation series,
although this approaches the material’s cohesive strength
and refers to a more brittle mode of fracture. Another the-
ory is the existence of a significant gradient in the strain
field at the junction between the relatively soft matrix
and a heavily work-hardened PSB, resulting in crack initi-
ation at this junction [24,25]. From the latter theory, the
stresses near the top and bottom of the slip band are most
significant to our model.

3.1.2. Work-hardening

As previously mentioned dislocations shear a given pre-
cipitate and weaken the effective area of the particle, which
makes it easier for subsequent dislocations to cut the parti-
cle on the same slip plane. The dislocations accumulate and
interact with each other, resulting in significant work-hardening
within the PSB [17,18,20,28,58]. This work-hardening can
relax in many ways the elastic stored energy during cyclic
loading. Hence, it must be taken into account. In this
model, the work-hardening is assumed to follow a Taylor
relationship:

sh ¼ alb
ffiffiffi
q
p þ so; ð7Þ

where the scalar, a = 0.45 [69]. The initial shear stress, so:

so ¼
ry

M
; ð8Þ

is given by the yield stress at the test temperature normal-
ized by the Taylor factor, M, which is nearly random (3.16)
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for this material. The evolution of dislocation density with
loading cycles (N) was extracted from the literature for a
similar Ni-based superalloy studied by Huang et al. [58]
and a power law was used to fit the data, F(N):

F ðNÞ ¼ A1Nc1 þ A2: ð9Þ
Since Huang’s study only represents one test condition,

the functional form of the dislocation density was amended
by the following ratios for each variable:

q / ðc
pl
ratioÞ

2ðmratioÞ2

expðEc�nuc�GB
ratio Þ

� F ðNÞ: ð10Þ

The relationship for the Schmid factor, m, and disloca-
tion density is derived from simple expressions for the
Taylor hardening and inelastic strain rate, respectively:

s ¼ mr ¼ alb
ffiffiffi
q
p ) q / m2: ð11Þ

Similarly, by relating the Orowan equation to the inelas-
tic strain rate, an expression between the dislocation den-
sity and activation energy is developed:

_c ¼~bq�v ¼ _co exp
�DE
kT

� �
) q / expð�DEÞ: ð12Þ

Due to the volatile nature of the exponential term, a
Taylor expansion was used to the second power. The plas-
tic strain amplitude relationship was verified by experimen-
tal data by Grosskreutz [20] for the dislocation density in
copper single crystals as a function of shear flow stress,
which can be related to the plastic shear strain as follows:

q / ðcplÞ2: ð13Þ
3.1.3. Applied stress

The applied shear stress for each grain, sA, is measured
from the hysteresis behavior of the material during the
strain control test and multiplied by the Schmid factor of
the individual grain, m.

sA ¼ m � DrA ¼ m � HðNÞ: ð14Þ
The evolution of alternating stress during loading, DrA,

is obtained from the test data on the polycrystalline mate-
rial, which in this study is a Ni-based superalloy, U720.
The stress response, H(N), resembles a square root func-
tion as it hardens with increasing number of cycles and sat-
urates. The stress is dependent on the applied strain,
although at each strain range, the stress saturates after
approximately 100 cycles.

3.2. Atomistic contributions

During the fatigue process, dislocations nucleate and
shear the c0 precipitates to form shear bands. Once formed,
the dislocations within the PSB interact with the GB. In
order to capture the physics at the GB interface, it is neces-
sary to investigate this problem at a smaller scale. Hence,
atomic simulations in the form of molecular dynamics
(MD) are utilized and the results are incorporated into the
energy balance in the form of energy barriers. This approach
allows us to address the problems at hand and leverage our
atomistic simulations, such that we do not encounter the
inherently high stresses associated with MD. The following
sections address the four last terms in Eq. (1).

3.2.1. Dislocation nucleation from GB and agglomeration in

the PSB

Dislocations nucleate during fatigue loading and agglom-
erate in the PSB, resulting in a hardening response. GBs act
as distinct sources for dislocations. Depending on the char-
acter of each GB, there is a different energy barrier for dislo-
cation nucleation from the GB. As discussed in the Appendix
A and in greater detail in Ref. [70], it was shown that the
energy barrier to nucleation, Ec�nuc�GB

MD , is inversely related
to the static GB energy, EGB

Static, through a power-law relation
(Fig. 6a):

Ec�nuc�GB
MD ¼ 6:0� 1015 � ðEGB

StaticÞ
�1:3

: ð15Þ
Hence, GBs with stable configurations and low interface

energy have a larger energy barrier to nucleating a disloca-
tion. With this information, we can model the energy asso-
ciated with the nucleation of dislocations from a distinct
GB as:

Edisl
nuc ¼

X
i

@X i � Ec�nuc�GB
MD ðq� qoÞ~bhL2: ð16Þ

The number of dislocations nucleating within the PSB
during loading is represented by the evolution of dislocation
density within the PSB multiplied by the cross-sectional area
of the PSB: (q � qo)hL. This energy contribution is depen-
dent on the individual slip increment, oXi, for movement
of a dislocation after nucleation.

3.2.2. Dislocation–GB interactions to form extrusions

As previously mentioned, dislocations glide within the
PSB and as a result the dislocations interact with the GB.
Depending on the character of the GB, there are different
energy barriers to dislocations penetrating the GB. Once
again, this value is specific to the CSL R value (Appendix
A and Ref. [70]), as measured from MD simulation, as
shown in Fig. 6b. The relationship between the energy bar-
riers for a dislocation to penetrate the GB, Ec�slip�GB

MD , and
the static GB energy is given by:

Ec�slip�GB
MD ¼ 2:8� 1013 � ðEGB

StaticÞ
�0:6

: ð17Þ
In cases where the dislocations penetrate the GB, the PSB

forms an extrusion across the GB, as shown in Fig. 4. The
intersection between the PSB and GB is a preferred site for
crack initiation as pointed out by Mughrabi et al. [29] and
Blochwitz and co-workers [8]. Thus, we must account for
the energy in the formation of a static extrusion at the GB
of the polycrystal; hence the associated energy with the
PSB forming an extrusion (step/ledge features) at the GB is
of the form:

Eslip�GB
extrusion ¼

X
i

@X i � Ec�slip�GB
MD npen

dis
~bh; ð18Þ
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where npen
dis is the number of dislocations that penetrate

the GB. This quantity can be approximated based on
the AFM measurements of extrusions at the surface of
a Ni-based superalloy by Risbet et al. [56,57]. In their
study, they measured the height of the extrusions, which
we normalize by the Burgers vector, b, to obtain npen

dis . The
extrusion height was measured as it evolved with increas-
ing load cycles for various applied strain ranges. After a
threshold number of loading cycles, Nth, the extrusions
appeared and were pronounced; as expected, extrusions
are observed after fewer cycles at higher applied strain
ranges compared to lower strain ranges. The functional
format, G(N), used to fit this data is a square root depen-
dency, based on models of Essmann et al. [26] and Differt
et al. [27] of surface roughness:

GðNÞ ¼ A2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N � Nth

p
: ð19Þ

Once again, the values of the AFM measurements must
be normalized to account for different microstructure con-
ditions; hence npen

dis is proportional to the following ratios:

npen
dis /

ðcpl
ratioÞ

2ðmratioÞ2ðLratioÞ
expðEc�ext�GB

ratio Þ
� GðNÞ; ð20Þ

where the plastic strain ratio is confirmed by the experi-
ments of Risbet et al. [56] and the theory by Mughrabi
et al. [29], and the grain size dependency is derived by
the irreversible slip in a PSB model by Risbet et al.
[57]. Similar arguments were made for the Schmid factor
and activation energy dependence as aforementioned in
Eqs. (11) and (12), respectively. By taking into account
the activation energy of the GB, we can effectively mod-
ify Risbet et al.’s AFM measurements of the extrusion
height at the free surface to quantify the static extrusions
across GBs.
3.2.3. Dislocations shearing the matrix and c0 precipitates to

form PSBs

The preceding sections addressed modeling PSBs in gen-
eral terms; here we refer to the case of superalloys investi-
gated in this study. Thus, the mechanism for slip band
formation in this material by cutting through the c matrix
and the c0 precipitates is discussed, as shown in Fig. 7a. In
order to do so, the dislocation must overcome an associ-
ated energy based on the glissile dislocation destroying
the (fcc) lattice stacking sequence (Fig. 7c) in the c matrix
and stacking sequence and order in the c0 precipitates as
shown in Fig. 7d and e, which correspond to the stacking
fault, cSF, and anti-phase boundary, cAPB (APB) energy,
respectively. Various types of c0 precipitates form in these
complex alloys; however, all are basically the same with
respect to the issue of slip localization and shearing. Based
on the composition of U720 and our characterization, we
see the majority of the precipitates are comprised of Ni3Al.
For the sake of brevity, we model the c0 precipitates as
Ni3Al, which are in an ordered L12 structure; thus the
ordering of the Ni and Al atoms within the lattice creates
the additional obstacle to slip. Hence, the energy associated
with the formation of the PSB from shearing the c matrix
and the c0 precipitates is given by:

EAPB þ Ec�SF ¼ f
Z L

o
cAPBdLþ ð1� f Þ

Z L

o
cSF dL

� �
nlayers

eff @X ;

ð21Þ
where f is the volume fraction of c0 precipitates and nlayers

eff is
the number of effective layers contributing to the stacking
fault or APB energy, as each additional layer provides 95%
of the energy value of the prior layer. For U720, the fraction
of c0 precipitates is approximately 0.20 as shown in Fig. 7b by
the use of image analysis software on optical micrographs.



Fig. 7. (a) Dislocations shearing the c0 precipitates, which is necessary to form slip bands. g/3 g weak-beam image shown with contrast inverted. (b)
Optical image of U720, displaying the c0 precipitates (fraction � 0.20). (c) Generalized stacking fault energy (GSFE) curve, which corresponds to the
energy pathway for slip in the matrix material. (d) Schematic of the ordered Ni3Al c0 precipitates; redrawn from Ref. [74]. (e) The corresponding energy
pathway that must be overcome to penetrate the precipitate, also referred to as the anti-phase domain boundary energy (APB).
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An embedded atom method (EAM) potential for Ni [71]
was chosen to match the intrinsic, cISF-127 mJ m�2, and
unstable, cUS-255 mJ m�2, stacking fault energies of the
material (Fig. 7c), which compares well with experimental
values of 125–128 mJ m�2 and ab initio calculations of
273 mJ m�2 for the cISF and cUS energies, respectively
[72]. It is critical to obtain reasonable values of the unsta-
ble stacking fault energy as this parameter has been tied to
the mechanics and nucleation of dislocations [67]; hence
this Ni potential was used to generate the MD simulations
for dislocation nucleation and penetration of GBs (Fig. 6).
The anti-phase boundary energy is calculated using the
EAM potential for Ni–Al in the L12 structure [73], each
of which gives very good agreement with the individual
stacking fault energies for Ni and Al, although the APB
energy is slightly higher compared to experimental and
ab initio results for the ordered Ni3Al intermetallic [74]
(Fig. 7e).

3.3. Failure criterion and test cases

Remaining consistent with the other historical energy
balances [40–45,63–67], we check the stability of the PSB
by differentiating with respect to plastic deformation, spe-
cifically movement of the glissile dislocations. Each compo-
nent of the energy balance in Eq. (1) is expressed as an
increment of slip, oXi, thus making differentiation very
amenable and computationally efficient. The minimum
energy of the PSB is determined:

@E
@X i
¼ 0: ð22Þ

Additionally, the second derivative of the energy must
be positive to ensure that the energy corresponds to a local
stable minimum. Thus, we establish Eq. (22) as our failure
criterion for fatigue crack initiation corresponding to sta-
bility and equilibrium of the PSB’s energy.

Hence, this model sums the energy contributions of each
term in Eq. (1) within the grain most likely to form a PSB
(favorable energy for failure based on a combination of ori-
entation, grain size and adjacent grain boundary charac-
ter–CSL R values). This energy balance evolves with
increasing loading cycles; meanwhile physically there is sig-
nificant irreversible slip within the PSB, leading to disloca-
tions penetrating the GB, thereby forming extrusions.
When the PSB achieves stability, i.e. it reaches a minimum
energy configuration, a crack initiates from the PSB. The
crack nucleates at the site of the extrusions (ledge and step
features) at the intersection of the PSB and GB.

Various test cases at a series of total applied strain
ranges, Dea, were created to check this model for trends
such as grain sizes, CSL R values and Schmid factors.



Table 1
Fatigue model test cases results showing the cycles to crack initiation for various applied strain ranges based on deviations in the microstructure (grain
sizes, CSL R values, and Schmid factors).

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8

Grain size (lm) 2 2 4 4 2 2 4 4
CSL sigma value, R 7 7 7 7 9 9 9 9
Energy ratio (from R) 3.63 3.63 3.63 3.63 1.16 1.16 1.16 1.16
Schmid factor 0.3 0.42 0.3 0.42 0.3 0.42 0.3 0.42
Ni for Dea = 1.30% 13,247 6459 11,152 5428 8143 3965 3259 6700
Ni for Dea = 1.20% 18,800 9171 15,831 7711 11,574 5647 4643 9526
Ni for Dea = 1.10% 28,319 13,986 23,877 11,786 17,581 8757 7230 14,501
Ni for Dea = 1.00% 44,862 22,207 37,845 18,727 27,926 13,976 11,552 23,049
Ni for Dea = 0.95% 58,982 30,874 50,019 26,298 37,993 20,687 17,393 31,644
Ni for Dea = 0.90% 132,615 83,150 114,651 73,165 95,537 65,241 57,564 82,097

M.D. Sangid et al. / Acta Materialia 59 (2011) 328–341 337
The microstructure features of the grain within the poly-
crystal in which a PSB forms is shown in Table 1 for each
test case along with the resulting cycles until crack initia-
tion. The results are plotted in Fig. 8 in a typical strain–life
format. From these test cases, we can observe the variation
in fatigue life by changing a single parameter. Hence,
changing the grain size from 2 to 4 lm results in a reduc-
tion in fatigue life as shown by the differences in the blue
to gray and similarly red to black curves (both solid and
dashed lines) in Fig. 8: we can see that smaller grains exhi-
bit a longer fatigue life as expected from the literature [1–7].

In addition, we see that the crack initiation life is signif-
icantly affected by varying the character of the GB, which
is intersected by a PSB, resulting in formation of a static
extrusion at the GB. In Table 1, we display the result of
two CSL R values: R7 and R9. In these cases, the R7 GB
corresponds to a 38.2� twist rotation about the h1 1 1i axis
and a relatively low energy of 503.5 mJ m–2, meanwhile the
R9 GB is a 38.94� tilt rotation about the h1 1 0i axis result-
ing in a significantly higher energy of 932.2 mJ m�2. For
the purpose of our code, the activation energy ratios as
expressed in Eqs. (10) and (20) for the R7 and R9 GBs
are 3.63 and 1.16, respectively; in this case the ratio refers
to the activation energy value in comparison to the satura-
tion values shown in Fig. 6. Hence the result of varying the
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Fig. 8. Strain–life curve for predicting crack initiation based on our
physically based fatigue model. The various curves represent test cases as
described in Table 1.
GB character from R7 and R9 is seen by comparing the
solid to dashed lines of similar color in Fig. 8. The lower
static energy GB (R7) offers a longer life, since it offers
more resistance to slip nucleation/penetration thus hinder-
ing crack initiation; this is in agreement with early work
[11–13] suggesting that GBs with low R values do not crack
during fatigue testing. As expected, the most significant
factor is the grain orientation: changing the Schmid factor
from 0.3 to 0.42 results in substantial life degradation as
shown by comparisons of the blue to red and gray to black
curves (both solid and dashed lines) in Fig. 8.

Each term’s contribution to the energy balance along
with the total energy of the PSB is shown evolving with
applied loading cycles in Fig. 9. The values plotted are
the derivative of each energy term with respect to an incre-
ment of slip. The test case in this plot refers to a micro-
structure with a grain size of 2 lm, Schmid factor of 0.3
and R7 GB character at total applied strain ranges, Dea,
of 1.30% and 0.90%, resulting in a crack initiating at
13,247 and 132,615 cycles, respectively. As discussed, the
continuum terms (i.e. the first three terms of Eq. (1)) pro-
vide a stress field that must be overcome for slip within
the PSB. Consistent with traditional energy balances, the
external work opposes the PSB energy formation, hence
this value is subtracted in the energy balance (Eq. (3)),
resulting in a negative value of the blue line in Fig. 9.
The sharp kink in the blue line occurs upon saturation of
the dislocation density and the material hardening stress
response to the applied external strain. The dashed lines
represent dislocations cutting through the c matrix and
the c0 precipitates to form the PSB, which remain relatively
constant throughout fatigue loading. The cyan curve repre-
sents the energy of dislocations nucleating from the GB
and forming within the PSB. This value increases slightly
as the dislocation density increases, although its low value
in this case is representative of the high energy barrier
caused by the R7 GB. For other GBs, the energy from dis-
location nucleation can be quite substantial. Physically,
cracks initiate at the extrusions (i.e. ledges/steps) across
the GB, hence it is reassuring that this corresponding
energy drives the energy balance. Dislocations pile-up at
the GB and eventually penetrate the GB, forming extru-
sions, at which point the energy increases substantially as



Fig. 9. The evolution of the individual and total energy components from our energy balance (Eq. (1)) with increasing loading cycles; each term is
expressed as a derivate with respect to a slip increment. Hence, the total energy (black line) reaches a minimum as its derivate approaches zero, which is
defined as stability of the PSB and crack initiation. The two plots are shown for strain ranges of (a) 1.30% and (b) 0.90%.
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shown by the red curve. The black curve represents the
total energy of the system, which is the sum of all other
curves. This value is initially dominated by the applied
work and later balanced by the extrusion energy. Once
again, each of these curves represents the derivative with
respect to a slip increment. Hence, as the black curve
approaches zero, this corresponds to stability of the PSB
and is our criterion for crack initiation. Attention must
be paid to ensure that the stability refers to a minimum
energy configuration of the PSB, hence the derivative of
the total energy is zero and its second derivative is positive;
in Fig. 9, this occurs the second time the black curve
reaches zero.

4. Discussion

This model is physically based, and thus incorporates
the microstructure of the material, which provides an
attractive solution to material failure. Moreover, the model
sums the individual contributions to the PSB’s energy, as
PSBs have been observed in this material as a consequence
of fatigue loading. As the PSB energy reaches a stable con-
figuration and a minimum value, a crack initiates at the
extrusion resulting from the penetration of the PSB across
a GB. It is noteworthy that this physically based model dis-
plays the correct trends for grain size, grain orientation
(Schmid factor), GB character (CSL R value) and volume
fraction of c0 precipitates as well as the familiar curvature
of the strain–life plot. We analyzed the sensitivity of the
microstructural variables on the model’s prediction for
cycles to crack initiation as shown in Fig. 10.

The grain size sensitivity results showed that decreasing
the grain size from 30 to 1 lm resulted in an approximately
5.3� increase in life until crack initiation as shown in
Fig. 10a. Although experimental data is not readily avail-
able on U720, this trend (i.e. decrease in grain size leading
to longer fatigue life) is seen in the literature, as previously
discussed [1–7]. Lukas and Kunz observed a fatigue life
increase of �3� (at a medium Dea) by decreasing the grain
size by a factor of �17� in copper [5]. Our model predicts
an increase in fatigue life of 2.94–3.17� for a similar
decrease in grain size. Thus, the trends and magnitudes that
our fatigue model predicts seem reasonable; in addition,
our model predicts that PSBs form in the larger grains in
a polycrystal with a wide distribution of grain sizes, as
observed for a variety of materials [8–10] including Ni-
based superalloys [75]. The grain size dependency is inher-
ent to our model: each term essentially involves an energy
density, which must be multiplied by the volume of the PSB
to obtain the energy. Since PSBs span the entire length of
the grain, there is thus a grain size dependency in each
term. For the energy to nucleate dislocations from the
GB and accumulate in the PSB, the length scale depen-
dency is squared. Since the energy density is proportional
to the number of dislocations in the PSB, in order to find
this quantity, the dislocation density, q, must be multiplied
by the area of the PSB (hL).

Likewise, an approximately 2.6� increase in fatigue
life was observed by changing the Schmid factor from
0.50 to 0.25 in the grain orientation sensitivity chart in
Fig. 10b. Thus, higher Schmid factors (more favorable
orientations) are prone to PSB formation and shorter
fatigue life. This trend has been confirmed by experi-
ments reported in the literature [9,35–38,75]. Experiments
cannot quantifiably describe a one-to-one relationship
between Schmid factor and fatigue life: this type of
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Fig. 10. Sensitivity analysis of the model based on varying the input factors for (a) grain size, L, and (b) Schmid factor, m, for PSBs forming extrusions
across R7 and R9 GBs. For these test cases, the applied strain range is 0.95%.
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unique relationship is only established through a model
with predictive capabilities. To establish the model’s rela-
tionship with the Schmid factor, we must analyze the
individual terms. The continuum stress field is linearly
dependent on the Schmid factor, since there is a direct
correlation between the grain orientation and resulting
number of dislocations. Further, both the dislocation
nucleation and extrusion energy terms are proportional
to the Schmid factor squared as previously discussed,
thus controlling the relationship.

As seen in Fig. 10, by changing the character of the GB
from R9 to R7, the fatigue life increased by approximately
55%. The dominating terms controlling this behavior were
the dislocation nucleation and extrusion energy: both had
an exponential dependence on the activation energy barrier
presented by the character of the GB. In this simulation,
the exponential relationship was expanded by a Taylor ser-
ies, in which terms greater than third-order were discarded.
Once again, it is difficult to establish bicrystals of U720 to
experimentally depict this trend. Thus, we must rely on the
model’s prediction and confirm this behavior from the lit-
erature. Many experimental studies have suggested that
lower-energy CSL boundaries resist cracking and have an
extended fatigue life [11–13].

Furthermore, each term in this analysis is seen to satu-
rate except for the extrusion energy. Hence, during the fati-
gue process, there is a dynamic equilibrium between
dislocation nucleation and annihilation, which results in
the dislocation density reaching a nearly constant value.
The saturation of the dislocation density evolution repre-
sents irreversibility within the fatigue model. At the satura-
tion point, the number of dislocations that are generated
and annihilated are approximately equivalent. Thus, the
dislocation nucleation energy, applied stress, dislocation
pile-up energy, work-hardening and energy associated with
slip (APB and SF) also reach a constant value in our
model. However, during this saturation process, disloca-
tions still flow within the PSB, resulting in extrusions at
the GB, hence the extrusion energy is the only term in
our energy balance that does not saturate.

The back-stress that the material experiences during the
unloading portion of fatigue is taken into account from the
internal stress field created by the pile-up of dislocations,
applied loading and work-hardening of the system. Addi-
tionally, this model can be amended to account for fatigue
loading with various R-ratios (mean stresses). The applica-
tion of normal loading has been shown to affect the stack-
ing fault energy curve [76], and thus has a significant
impact on the response of each of the terms established
by atomic simulations (i.e. the last four terms in Eq. (1)).
Further, we would like to reiterate that U720, a wrought
Ni-based superalloy, was chosen to display our model’s
effectiveness due to the complexities and vast distributions
of features in the material’s microstructure. The concepts
presented in this model are general for fatigue in any pure
metal or alloy whose failure mechanism is attributed to slip
localization in the form of PSBs; thus this model can pre-
dict fatigue crack initiation for wide range of materials.

5. Conclusions

This study represents a substantial effort in the field of
physically based fatigue modeling. The major contributions
are as follows:

� Through optical microscopy and TEM imaging, the fati-
gue crack initiation mechanism in U720 is experimen-
tally observed to be transgranular facets formed from
PSBs.
� The contributing elements to the energy of the PSB were

identified. In order for plastic deformation to occur
within the PSB, a dislocation must glide within a stress
field established by the dislocation pile-up, work-hard-
ening of the material and applied stress. Additionally,
the energy barriers for dislocations to nucleate from
and penetrate a GB were determined from MD
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simulations. These MD contributions serviced our
model as the c matrix/c0 precipitates were sheared, dislo-
cations nucleated/collected within the PSB, and extru-
sions formed at the intersection of the PSB and GB.
� The aforementioned terms were expressed in an energy

balance for the total energy of the PSB, which evolved
with increasing fatigue cycles. The stability of the PSB
corresponded to a minimum value of the energy balance,
which was computed as the derivative of the total PSB
energy with respect to plastic deformation (i.e. an incre-
ment of slip) reaching zero, which is consistent with
other historical energy balance approaches.
� This methodology is attractive since it is physically

based and inherently accounts for the microstructure
of the material. This result produces the correct trends
for predicting fatigue crack initiation based on total
applied strain range, grain size, grain orientation, GB
character (CSL R value) and volume fraction of c0 pre-
cipitates—all of which have a significant impact on the
fatigue life of the material.
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Appendix A

MD simulations were created to reconstruct CSL R GBs
from distinct orientations of crystal lattices consisting of
fcc Ni using the Foiles–Hoyt potential [71]. The simulation
box was deformed using an NPT ensemble with periodic
boundary conditions. A void was introduced into the sys-
tem to facilitate dislocation nucleation leading to slip–GB
interaction. To grasp the role of the GBs on the energetics
of each system, the potential energy of each atom was mea-
sured during the simulation. A control box was placed at
the intersection of the dislocation and GB along the atoms
which play a role in the interaction (selected via the centro-
symmetry parameter [77]); hence it is not a simple cubic
box. Extreme care was taken to select the positions of only
the relevant defect atoms to determine the energy upon
loading of that atom, which was reduced by the energy
of that atom in its static relaxed position and normalized
by the volume of the control box. In order to verify these
MD calculations for determining the energy barrier, a sys-
tem was constructed without a GB to mimic slip in an fcc
lattice. The result of our MD control box method was com-
pared to the generalized stacking fault energy and pro-
duced a modest 6% difference, thus validating this
procedure.

This procedure was repeated for various CSL R GBs, in
order to measure the energy barrier for slip transmission:
h1 1 0i tilt – R3, 9, 11, 17, 19; h1 1 1i twist – R3, 7, 13,
21; and h0 0 1i tilt – R5. Similarly, the void was removed
from our MD system and the simulation box was deformed
to measure the energy barriers associated with slip nucle-
ation from the GB. The R3 and R11 GBs have a stable con-
figuration; hence nucleation from the GB was not observed
in the simulation. We rationalized the energy barriers for
various types of GB with their static GB energy. The
results of this process are shown in Fig. 6 as the energy bar-
rier for slip nucleating from a GB and slip transmission
across a GB is plotted against the static GB energy for each
GB. There is an inverse relationship between the energy
barrier against slip and static energy for each type of GB.
A power-law function was fitted to the data, resulting in
Eqs. (15) and (17), respectively. Details concerning the
methodology of these MD simulations and a discussion
of the results can be found in Ref. [70].

In this section, we offer a simulation-based approach for
obtaining the energy barriers associated with slip transmis-
sion/nucleation from a GB: this information is extremely
hard to obtain experimentally and no such analytical model
can be developed (due to the complexity of certain GB
types). We have calculated these energy barriers for multiple
cases using atomistic simulations and generalized this
approach by applying a fit to the results. This methodology
offers substantial progress compared to other types of mod-
els, which approximate or back-fit (from experiments) these
energy barrier values without distinguishing different GB
types. Hence in doing so, we can locally/spatially evaluate
the energy barriers for individual GBs, which are of partic-
ular interest for fatigue crack initiation modeling.
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