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This work focuses on a new hardening formulation accounting for precipitate-induced anisotropy in
a binary aluminum-copper precipitation-hardened alloy. Different precipitates were developed upon
aging at 190 °C and 260 °C, and corresponding work hardening characteristics were predicted for sin-
gle and polycrystals. The use of single crystals facilitated the demonstration of the effect of precip-
itates on the flow anisotropy behavior. Pure aluminum was also studied to highlight the change in
deformation mechanisms due to the introduction of precipitates in the matrix. The influence of pre-
cipitate-induced anisotropy on single-crystal flow behavior was clearly established, again relating to
the precipitate character. Simulations are presented for several single-crystal orientations and poly-
crystals, and they display good agreement with experiments. The work demonstrates that precipitate-
induced anisotropy can dominate over the crystal anisotropy effects in some cases.

I. INTRODUCTION

IN the first part of this series of articles, the deformation
behavior of pure aluminum and an aluminum-4 wt. pct cop-
per alloy as a function of crystal orientation and precipitate
morphology was described. Since there are three different
precipitates that can form, the yield strength and the work
hardening coefficients change depending on the aging treat-
ment. To develop a physically based model that has better
capabilities than conventional plasticity models, it is neces-
sary to understand how the microstructural picture changes
with the deformation. Incorporating microstructural theory
into the model provides a sound basis for predicting the
mechanical response of a material.

Visco-plastic continuum models[1] for aluminum copper
alloys have been investigated in a previous study with some
success. These models do not explicitly incorporate texture
effects and precipitate effects in polycrystalline and single
crystalline materials.[2] The crystal plasticity models[3,4,5] have
the versatility to account for the role of crystal orientation,
or preferred texture, and can incorporate the dislocation evo-
lution terms directly into the constitutive description. For
example, as the mean free path of dislocation motion is gov-
erned by precipitate spacing, the crystal plasticity models
take into account this lengthscale effect. Previous work on
aluminum alloys has focused on single aging treatments. The
current effort has focused on several aging treatments to cre-
ate all possible precipitate types in aluminum-copper
alloys.[6–9] The current motivation is to develop a compre-
hensive hardening law for different aging treatments.

This work attempts to develop a physically sound and
comprehensive hardening law and uses a modified visco-
plastic self-consistent (VPSC) polycrystal model that can
be applied to precipitation-hardened alloys.[10] The materi-

als to be studied in this work are pure aluminum and an
aluminum-copper alloy in both single and polycrystalline
forms. The pure aluminum represents a baseline for com-
parison. The choice of single-crystal specimens eliminates
the complicating effects of grain boundaries and constraints
imposed on one grain by neighboring grains. Single crystals
have no contribution from grain boundary effects, and thus,
work hardening only has components due to dislocation-
dislocation interactions in the solutionized case; and in the
aged samples, there are additional dislocation-precipitation
interactions. In this manner, the various model parameters
can be extracted from the single-crystal results. Studying
the pure aluminum will highlight the dislocation-dislocation
interactions in the matrix, as these will be the only obsta-
cles to dislocation motion and will provide a comparison
to the change in deformation mechanisms when precipitates
are introduced into the matrix. The added complexity of
precipitates will be incorporated into the model based on
the mechanical response of the aluminum-copper alloy
exposed to various aging treatments, as described in Part I.
In these cases, the material’s behavior becomes more com-
plicated as there now exist not only dislocation-dislocation
interactions in the matrix but also the additional disloca-
tion-particle interactions due to the precipitates.

Microstructural lengthscales are not inherent in poly-
crystal models and must be added through a microscopic
hardening law. Incorporating lengthscales into polycrystal
models is an important modification, as the mechanical
behavior of a material is dependent upon the slip length of
dislocations. Any obstacle or interaction that impedes the
motion of a dislocation or acts as a barrier to further dis-
location motion changes the effective slip path of a dislo-
cation. As a result, it is imperative that microstructural
lengthscales be incorporated into material models to more
accurately represent and predict the resulting mechanical
behavior. Some common size effects and microstructural
lengthscales important in determining mechanical behavior
were reviewed in Reference 11 and described in Part I of
this article.

Another issue to consider is the strength of the obstacle
or barrier. For example, when precipitates are introduced
into the matrix, their level of coherency with the matrix
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dictates how the dislocations will interact with the precipitate.
If the lattice planes of the precipitate are coherent with those
of the matrix, then a dislocation will be able to shear the
precipitate. However, this does not occur until a certain crit-
ical stress is obtained at the interface due to the coherency
strains and the elastic mismatch at the precipitate/matrix
interface since the precipitate is constrained within the matrix.
On the other hand, if the precipitates are incoherent with the
matrix, i.e. they share no common lattice planes, they will
present an impenetrable obstacle and the dislocation will no
longer be able to continue on its path by shearing the pre-
cipitate. As a result, the dislocation will have to bypass the
obstacle by bowing between the precipitates, avoiding the
obstacle through cross-slip, or climbing onto an alternative
slip system.

II. POLYCRYSTAL MODELING OF
PRECIPITATION-HARDENED MATERIALS

In the present work, the VPSC polycrystal model of
Lebensohn and Tomé[11–13] was modified to account for work
hardening due to geometric dislocation storage and precipitate-
induced anisotropy. Unlike the fully constrained models that
require a very rigid interaction between grains, the interac-
tion in the VPSC models can be altered by changing the lin-
earization method that is used to relate the stress and strain
state within the grain.[11–13] The relaxed constraints models
are not the most appropriate for the materials and deforma-
tion conditions of the present investigation, as they best rep-
resent the elongated grains of heavily deformed materials.
The VPSC model has accurately predicted the mechanical
responses of both single-crystal and polycrystalline forms
of different materials.[11–14] Its success lies on predicting tex-
ture during rolling of face-centered-cubic (FCC) aggregates
and deformation of hexagonal close-packed materials. This
model was modified to account for the Al-Cu alloy behav-
ior at various stages of aging. The precipitate spacing and
grain size were the microstructural length parameters used
in the hardening formulation in addition to the weighting
term for precipitate-induced anisotropy associated with the
formation of semicoherent �� precipitates.

A. VPSC Model

The VPSC model is based on the inclusion formalism of
Eshelby and the crystallographic slip concepts of Taylor.
Each grain is treated as an ellipsoidal visco-plastic inclusion
embedded in, and interacting with, a homogeneous effec-
tive medium with the surrounding grains as the polycrystal
aggregate. The polycrystalline aggregate is treated as many
grains with random or crystallographic orientations of dif-
ferent volume fractions. The interaction between the grains
can be treated as “hard” or “soft” depending on the coupling
between the stress and associated strain rate deviations.

The first step in developing a material model is to define
the constitutive equations that will relate the stress and strain
rate. Due to the nature of polycrystal models, constitutive
equations must be formulated for the stress and strain rate
relationship at both the single-crystal and polycrystal level.

In general, a six-component vector can describe the stress
and strain rate tensors as the tensors are second-order sym-
metric with six independent components. However, this model

considers only plasticity so the stress and strain rate tensors
can be described by five independent components. Because
plastic deformation occurs by shear, it can be considered
independent of the hydrostatic stress component; thus, only
five independent components comprise each vector.

Plastic deformation takes place via shear on active slip
systems. The resolved shear stress onto a slip system
(s) is given by

[1]

where is the vector form of the Schmid tensor and ��i is
the deviatoric stress component. In a similar form, the plas-
tic strain rate can be related to the shear strain rate on a
slip system as follows:

[2]

where is the plastic strain rate and is the shear rate
in a given system.

The shear rate generated on a given slip system can be
expressed by a nonlinear rate-sensitive formulation:

[3]

in which n is the inverse of the rate-sensitivity coefficient
(usually denoted m), is a reference shear rate, and is
a threshold stress corresponding to the reference shear rate.
The threshold stress can be considered as the critical resolved
shear stress CRSS. Substituting gives

[4]

The plastic strain rate, given in Eq. [2], can now be rewrit-
ten by substituting Eq. [4] into Eq. [2], resulting in the fol-
lowing expression:

[5]

This formulation gives a constitutive equation for each grain
in the polycrystal and is summed over all slip systems in the
grain (S � 12 for a fcc crystal). Equation [5] is a system of
five nonlinear equations that contains ten unknowns in the
form of five strain rate components and five deviatoric stress
components. Consequently, another set of five equations is
required to solve for all of the unknowns. These equations
are obtained by relating the strain rate and stress in each grain
with the average strain rate and the average stress in the poly-
crystal via an interaction equation. This requires that a con-
stitutive equation must first be formulated at the polycrystal
level and then coupled with the constitutive law at the grain
level, as established earlier. The two systems of equations
must then be solved simultaneously using the self-consistent
formulation that will be described later.

The development of the polycrystal constitutive law begins
by first rewriting the grain level constitutive law, Eq. [5],
as shown subsequently.
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Equation [6] can now be written in a pseudo-linear form
by replacing the expression in brackets with the secant visco-
plastic compliance moduli of the grain.

[7]

Mc(sec) depends upon the deviatoric stress and the super-
script c denotes the crystal. Similarly, Eq. [7] can be lin-
earized using the tangent visco-plastic compliance moduli
of the grain.

[8]

The grain’s secant and tangent moduli are related by the
simple proportionality shown in Eq. [9]:

[9]

The same relationship holds for the moduli at the aggre-
gate level. The polycrystal constitutive law can now be for-
mulated by assuming that the overall polycrystal response
can be described by constitutive equations similar to those
established for the grain level behavior. Following this
assumption, we can write the secant relationship as

[10]

where and are the polycrystal strain rate and devia-
toric stress, respectively, and the values are the poly-
crystal secant moduli. The constitutive relationship, using
the tangent moduli, can be written in a similar manner as
Eq. [10].

[11]

At this point, two constitutive laws have been generated,
one at the grain level and the second to describe the poly-
crystal response. However, the two laws are currently inde-
pendent of one another, and the system of ten unknowns
still cannot be solved. Consequently, a relationship is required
that will couple the two constitutive laws. Section B details
the derivation of an interaction equation, using Eshelby’s
equivalent inclusion method,[15,16] which relates the consti-
tutive laws and provides a means for simultaneously solv-
ing the two systems of equations.

B. Strain-Hardening Formulation

One of the goals of this modeling work was to deter-
mine a hardening law that could incorporate the different
deformation mechanisms observed in the pure aluminum
and aluminum-copper alloy materials. To model the stress-
strain behavior of the Al-Cu alloy over a range of aging
treatments, it was necessary to work with a strain harden-
ing formulation that could account for the changing effec-
tiveness of the different phases of precipitates as barriers to
dislocation motion. Microstructural lengthscales, such as
grain boundaries and precipitate spacing, are not intrinsi-
cally described by polycrystal models but instead need to
be introduced artificially through hardening laws that are
physically based on dislocation theory. For these reasons,
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the hybrid model of Estrin and Mecking[17,18] was chosen as
the foundation for the strain hardening formulation used in
this work.

The hybrid model is based on the earlier phenomeno-
logical model of Mecking and Kocks,[19] who proposed a
structure evolution equation for the total dislocation den-
sity. The main assumption of this model was that the dis-
location structure can be represented by a single structure
parameter, the dislocation density, which describes the aver-
age dislocation distribution based on athermal storage and
dynamic recovery. Estrin and Mecking added a geometri-
cal storage contribution to the structure evolution equation
to represent the effect of obstacles on the dislocation slip
path. This hybrid model, so termed for the combination
of statistical and geometric storage terms, is applicable to
materials when the slip path length of dislocations is deter-
mined by both dislocation-dislocation interactions and by
dislocation-barrier interactions. The model has been used
successfully in past work.[20] The Mecking–Kocks model
is applicable to situations in which dislocation storage is
due to not only dislocation-dislocation interactions but also
to dislocations that are impeded by precipitates, grain
boundaries, etc. This model will be adapted to incorpo-
rate the effect of precipitate spacing on the hardening behav-
ior of the material. The resulting evolution equation has
the form

[12]

where d is obstacle spacing, b is the magnitude of the Burgers
vector, Ko is an effective strength parameter, k1 and k2 are
constants, and is the shear rate on slip system i. The first
two terms represent dislocation storage. The third term rep-
resents dislocation annihilation by dynamic recovery. The
first storage term results from the accumulation and reduc-
tion in the slip length of dislocations due to geometric
sources, such as precipitates and grain boundaries. The
second term results from the athermal or statistical storage
of dislocations resulting from the interaction of mobile
dislocations with forest dislocations and is proportional
to �1/2.[17] The d�1 dependence of the geometric storage
term also corresponds with the treatment of Estrin and
Mecking.[17]

The flow stress at a given temperature and strain rate
can be expressed by the Bailey–Hirsch relationship:

[13]

where �0 is the initial yield stress, 	 is a constant on the order
of unity, and 
 is the shear modulus. Combining Eqs. [12]
and [13] and differentiating with respect to time results in
the following expression for the flow stress, where the hard-
ening expression is multiplied by the sum of the operative
shear strain rates in a given grain. This results in an isotro-
pic hardening law for which the flow stress on each oper-
ative slip system is updated by an equivalent hardening
increment.
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The constants k1 and k2 can be defined as

where �o is the initial rate of hardening and �s is the satura-
tion stress when geometric effects are not considered. The sat-
uration stress is a function of temperature and strain rate.
However, for the room-temperature conditions modeled in this
work, the materials were rate insensitive so the saturation stress
will be considered constant for a given material condition.
Inserting the expressions for the constants given previously
into and rearranging Eq. [14] results in the general formula-
tion to describe the single-crystal strain hardening.

[15]

The first expression has been expanded to include multiple con-
tributions from geometric obstacles, such as precipitates and
grain boundaries. The precipitate spacing is defined by d1 and
the grain size is given by d2. Their relative strengths are repre-
sented by K01 and K02. The second term is the well-known Voce
term.[21] If more than one type of precipitate is present in the
matrix, such as �� and �, the first term can be expanded fur-
ther to include a similar third component that includes the pre-
cipitate spacing of the second precipitate. To portray the physical
picture more accurately, it would also be feasible to include the
relative volume fractions of the two precipitates. However, accu-
rately quantifying these volume fractions experimentally could
be quite difficult, and as a first approximation, it would be rea-
sonable to replace the volume fractions by weighting the con-
tributions of the two precipitate hardening components relative
to one another. This procedure was not used in this research
because the transmission electron microscopy (TEM) images
did not show a significant amount of secondary precipitate
that would contribute to the hardening.

An important phenomenon observed in Al-Cu alloys aged
to include �� precipitates is precipitate-induced anisotropy.
The addition of preferentially oriented precipitates imparts
an anisotropic effect on the flow behavior that works in an
opposite manner to the flow anisotropy dependent upon crys-
tallographic orientation. As a result, normally soft orienta-
tions are hardened considerably more by precipitates than the
hard orientations in both single crystals and textured poly-
crystals. The hardening formulation in combination with the
VPSC polycrystal model will not be able to predict this pre-
cipitate-induced anisotropy, because the hardening contri-
bution from precipitates is currently described independently
of crystallographic orientation. A modification to the above
strain hardening formulation is proposed that incorporates a
weighting function that is dependent on the orientation of the
grain, the orientation of the precipitates, and the precipitate
morphology. The modified equation is shown as

[16]
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where W is the weighting function. Because the precipitates
create the added anisotropy, only the precipitate hardening
contribution is weighted.

The next step is to determine the weighting function that
will be used in the hardening formulation. Two functions
were chosen that arise from the elastic inclusion[7] and plas-
tic inclusion[6] models. The forms of their hardening laws
are shown as

[17]

The terms and in the two models describe anisotropy
introduced by the precipitates. The is the effective flow
strength of the precipitate, M (a scalar) is the Taylor fac-
tor, f is the volume fraction of precipitates, �m is the crit-
ical shear stress required for slip in the matrix, and �p is
the plastic strain discontinuity at the particle/matrix inter-
face that is associated with an elastic inclusion. Both mod-
els consider the effect of the same externally applied strain
on the resulting strain state of the inclusion. However, the
two models differ in their calculation of the resulting inclu-
sion strain state because they assume different deforma-
tion modes of the inclusion. The plastic inclusion model
assumes that the precipitates both deform and rotate to
accommodate some of the shear strains. The elastic inclu-
sion model uses a different approach by treating the pre-
cipitates as elastic inclusions that generate a long-range
back stress within the matrix. Explicit forms for these two
functions for plate-shaped precipitates were determined by
Lyttle and Wert[22] for an axisymmetric test, where � is the
angle between the stress axis and the normal to the pre-
cipitate plane.

[18]

The preceding expressions are for a single variant of the pre-
cipitate and must be evaluated for all three precipitate vari-
ants in a grain. The term describing the anisotropy in a grain,
due to a set of inclusions on crystallographically equivalent
habit planes, can be defined as a weighted average of the
individual variant contributions:

[19]

where fi is the volume fraction of total precipitates on a given
variant. This formulation is most useful for stress-aged mate-
rials in which the precipitates exhibit preferential nucleation
on one or two of the three habit planes. No loads were
applied to the materials during aging in this work and the
volume fractions of precipitates on the three habit planes
were considered equal. The weighting functions will thus
simply be expressed as
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The individual weighting factors, 
i
’s, are obtained by

substituting the angle between the stress axis and normal to
the precipitate habit plane for variant i in Eq. [18]. Then,
Eq. [20] is used to obtain the weighting function by
considering all three variants. The weighting factor, W, is
the same as if elastic anisotropy is used, which is the
case in this article. Physically, the elastic inclusion theory
better represents the precipitate behavior in the strain regimes
of this work. No evidence was found to support the plastic
inclusion theory, such as deformation or rotation of precip-
itates in accommodating plastic deformation, implying that
the precipitates acted as elastic inclusions. However, both
anisotropy theories will be used as the weighting function
in the strain hardening formulation to determine which best
represents the experimental results. These weighting func-
tions are illustrated in Table I as a function of orientation
and for the polycrystalline case. Similar trends were noted
using both factors, preferentially enhancing the strength of
soft orientations relative to hard orientations, as will be
shown upon comparison of prediction of deformation in
the [117] and [111] orientations.

C. VPSC Polycrystal Model Simulations

The parameters for the hardening expressions were deter-
mined from the [111] single-crystal experimental results for
each aging condition and material. This orientation is the
most appropriate for comparison, as it deforms on multiple
slip systems similar to the polycrystal samples.[14] These
parameters remained unchanged for the predictions of other
single-crystal orientations and polycrystal experiments for a
given heat treatment.

Texture measurements were performed on the polycrys-
talline samples that displayed a random texture after recrys-
tallization. Therefore, the polycrystalline grain input file was
comprised of 1000 randomly oriented and equiaxed grains.
These results were verified by processing the initial texture
measurements into a discrete grain file that was used as the
input to the VPSC model. The results were very similar to
those of the randomly generated grain input file. Orienting
the grains in the same direction simulated the single crys-
tals. We note that the reorientation of the grains (due to slip)
is also accounted for in the simulations.

D. Model Constants and Work Hardening Parameters

For the pure aluminum experiments, the strain hardening
results purely from dislocation-dislocation interactions, as

‘g ‘

‘g ‘

‘ g ‘ evidenced by cell formation in the TEM images in Part I of
this series of articles. The strengthening due to dislocation
interactions follows the dislocation storage of the statistical
term in the flow equations. The average grain size of the
aluminum was 95 
m. However, the grain boundary term
was not included in the simulations, as the flow stress has
been determined to be primarily dependent upon the cell
size,[23,24] which is included in the second term of the hard-
ening law. The hardening parameters were determined from
the [111] stress-strain curve and then held constant during
the simulations. The values of �o, �s, and �o were determined
as 3.5, 27, and 35 MPa, respectively. The magnitude of the
Burger’s vector, b, is 0.286 nm, and the constant 	 was set
to 1/3.[17]

For the aluminum-copper simulations, the initial harden-
ing rate of the matrix was higher than the value for pure
aluminum. The TEM images from the samples depicted dis-
location storage mainly due to the precipitates, and the pre-
cipitates are expected to control the work hardening of the
material. The value �o was assumed to remain constant
throughout the heat treatments as 150 MPa. The physical
properties of the matrix change with aging treatment as the
precipitates develop and coarsen, depleting the copper in
solution. This change was reflected through modifying the
�s term, as necessary, for different aging conditions. The
average grain size for the Al-Cu samples was 70 
m and
the average precipitate spacings ranged from 92 nm for the
material aged 10 hours at 190 °C to 320 nm for the mater-
ial aged 24 hours at 260 °C. The precipitate component of
the hardening formulation, K01/d1, was changed with heat
treatment. The variation of this ratio for the two aging treat-
ments as a function of time is shown in Figure 1. Note that
K01/d1 is not zero for the no-aging case, reflecting the pres-
ence of obstacles to dislocation motion. In the case of pure
aluminum, the K01/d1 is set to zero. For both temperatures,
the hardening value increases to a peak level with increas-
ing aging time and then saturates to a constant value. If the
aging time were increased to many hours, up to 1000 hours
at 260 °C, for example, it would be expected that this ratio
would decrease, reflecting the extreme overaging conditions.

Table I. Evaluation of the Two Weighting Functions for
Different Single-Crystal Orientations and a Randomly

Oriented Polycrystal

Compression W W 
Axis Direction (Plastic Inclusion) (Elastic Inclusion)

[111] 0.5774 0.333
[123] 0.6900 0.4583
[117] 0.9611 0.7762
[112] 0.7016 0.4583
[100] 1.00 0.833
Polycrystal 0.7711 0.4688 Fig. 1—Variation of precipitate hardening contribution with respect to aging

time and temperature.
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Fig. 3—Comparison of room-temperature compression experiments and
simulations for the Al-4 wt pct Cu single crystals with no artifical aging.

Fig. 4—Comparison of room-temperature compression experiments and
simulations for the Al-4 wt pct Cu single crystals aged at 190 °C for 3 h.

We use the precipitate spacing as a guide in establishing the
trends in the constants, but the exact values of the parameters
(such as K01/d1) come from the experimental stress-strain
curves for the [111] orientation.

The precipitate hardening ratio for the material aged at
190 °C was consistently greater than the material aged at
260 °C. The relationship follows a similar trend to that
observed when plotting aging curves of hardness vs time for
different aging temperatures. The aging curves established
by Hardy[25] showed that as the aging temperature increased
from 190 °C to 240 °C, the peak hardness decreased. The
lower temperature aging provided a more even distribution
of precipitates, effectively trapping and opposing disloca-
tion motion, resulting in higher work hardening rates.

E. Simulations for Aluminum and Aged Aluminum-Copper
Alloy

The results of the simulations for pure aluminum are given
in Figure 2. An accurate simulation was obtained for the
[111] orientation and the correct trends were obtained for
the polycrystal and the [117] experimental data. The simu-
lations exhibited increased hardening over the experimen-
tal stress-strain curves. The experiments were repeated several
times to ensure consistency of results. Because the [117]
orientation lays on the boundary of the stereographic trian-
gle, it has two favorably oriented systems from the onset of
plastic deformation. The polycrystal model required more
than two slip systems to be operative in order to maintain
compatibility and equilibrium so it would be expected to
generally overpredict stresses at those orientations that do
not deform via polyslip.

Comparisons between the experiments and aluminum-
copper alloy simulations for different aging treatments are
displayed in Figures 3 through 8. The hardening parameters
were determined from the [111] experimental results and
then held constant for the remainder of the simulations for
that aging treatment. The only additional parameter used for
the polycrystal simulations was to include a contribution
from the grain boundaries that was considered the same for

Fig. 2—Comparison of room-temperature compression experiments and
simulations for the pure aluminum single and polycrystals.

Fig. 5—Comparison of room-temperature compression experiments and simu-
lations for the Al-4 wt pct Cu single and polycrystals aged at 190 °C for 24 h.
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Fig. 6—Comparison of room-temperature compression experiments and simu-
lations for the Al-4 wt pct Cu single and polycrystals aged at 190 °C for 10 h.

Fig. 7—Comparison of room-temperature compression experiments and sim-
ulations for the Al-4 wt pct Cu single and polycrystals aged at 260 °C for 5 h.

Fig. 8—Comparison of room-temperature compression experiments and simu-
lations for the Al-4 wt pct Cu single and polycrystals aged at 260 °C for 24 h.

all aging treatments. A summary of all the constants used
in this work is given in Table II. In Table II, SC denotes
single crystal and PC denotes polycrystal.

In Figure 3, the results are displayed for the aluminum-
copper material with no artificial aging. The material with no
artificial aging contains Guinier–Preston zones that do not con-
tribute to precipitate-induced anisotropy, and crystallographic
effects dominate in this case. The work hardening parameters
�o, �s, and �o were taken as 54, 95, and 150 MPa, respectively.
The value of �o was maintained the same during the remain-
der of the simulations. The results for the alloy aged at 190 °C
for 3 hours are shown in Figure 4, and the microstructure indi-
cated the presence of nonequilibrium precipitates. The results
point to a decrease in crystallographic orientation dependence
for this case and the ability to accurately simulate the [123]
orientation using the parameters from [111]. The work hard-
ening parameters �o and �s were taken as 31.5 and 75 MPa,
respectively. The K01/d1 is given in Figure 1.

The results for the aluminum-copper alloy aged at 190 °C
for 10 and 24 hours are given in Figures 5 and 6, respectively.
In these cases, the precipitates became well developed and pre-
cipitate-induced anisotropy narrowed the difference between
[111] and other orientations. The TEM images, recorded after
deformation, showed no precipitates that rotated, plastically
deformed, or sheared during compression. It was concluded
from these observations that the precipitates contributing to the
anisotropy behaved as non-shearable, elastic inclusions. For
higher strain levels, the weighting factor derived from the plas-
tic inclusion theory would be more appropriate. The [111] and
the polycrystalline simulations were in good agreement with
the experiments. The presence of the precipitates in the matrix
also forced the single-crystal orientations that normally slip on
only one or two systems to now deform on multiple slip systems.
The simulations for the [112] orientation fall slightly short of
the experimental stress levels because the weighting function
alone was simply not adequate to describe the dramatic increase
in the work hardening rates for the [112] case. The work hard-
ening parameters �o and �s were taken as 38 and 95 MPa, respec-
tively, for the 190 °C, 10-hour treatment and 39 and 85 MPa,
respectively, for the 24-hour treatment. The K01/d1 levels are
given in Figure 1. For the polycrystalline simulations, the K02/d2

value was 3.06 � 10�4 (Table II).
Simulations for the aging treatment at 260 °C for 5 hours

are shown in Figure 7. Again, the work hardening formula-
tion accurately simulated the [111] orientation and provided
accurate predictions of the polycrystal experiments. The work
hardening parameters �o and �s were taken as 26.2 and 78 MPa,
respectively, and the K01/d1 value is given in Figure 1.

The simulations for the 260 °C, 24-hour aging case are
shown in Figure 8, displaying good agreement with the
experiments. The work hardening parameters �o and �s were
25.5 and 85 MPa, respectively. In all of the simulations,
the weighting factor from elastic inclusion theory was used;
however, when the plastic inclusion theory was used in the
hardening formulation, the results produced were very sim-
ilar, with the exception of the [117] orientation, in which
the plastic inclusion simulation stresses fell even lower than
those predicted by the elastic inclusion factor. Experimen-
tally, both assumptions can be considered valid depending
on the strain regime of the experiment, with elastic inclusion
treatment providing a more accurate physical representation
for the compression experiments in this study. Both elastic
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Table II. Hardening Parameters for Pure Aluminum and Al-4 wt pct Cu with Different Heat Treatments 
(SC � Single Crystal, PC � Polycrystal)

Sample Type Heat Treatment �o (MPa) �s (MPa) �o (MPa)

SC pure aluminum 3.5 27 35 — —
PC pure aluminum 3.5 27 35 — —
SC no aging 54 95 150 1.84 � 10�4 —
PC no aging 54 95 150 1.84 � 10�4 3.06E-4
SC 190 °C, 3 h 31.5 75 150 9.18 � 10�4 —
PC 190 °C, 3 h 31.5 75 150 9.18 � 10�4 3.06E-4
SC 190 °C, 10 h 38 95 150 1.18 � 10�3 —
PC 190 °C, 10 h 38 95 150 1.18 � 10�3 3.06E-4
SC 190 °C, 24 h 39 85 150 1.18 � 10�3 —
PC 190 °C, 24 h 39 85 150 1.18 � 10�3 3.06E-4
SC 260 °C, 5 h 26.2 78 150 4.59 � 10�4 —
PC 260 °C, 5 h 26.2 78 150 4.59 � 10�4 3.06E-4
SC 260 °C, 24 h 25.5 85 150 6.29 � 10�4 —
PC 260 °C, 24 h 25.5 85 150 6.29 � 10�4 3.06E-4

K02

d2
  (nm�1)

K01

d1
  (nm�1)

and plastic inclusion models deliver weighting factors that
show similar trends in terms of enhancing the strength of
crystallographically soft orientations relative to hard orien-
tations, but the magnitude of the corrections is different.

III. SUMMARY OF FINDINGS

The work demonstrated that the nature of the precipi-
tates in aluminum copper alloys have a profound effect on
the work hardening behavior. The geometrically necessary
dislocation evolution term incorporating K01/d1 is strongly
dependent on both the aging temperature and the aging time.
With the appropriate choice of K01/d1, all the precipitate
structures encountered in Al-Cu alloys can be described. The
precipitation-induced anisotropy term, W, modifies the geo-
metrically necessary dislocation evolution term and consid-
erably modifies the crystal anisotropy.

The preceding formulation is incorporated into a VPSC
polycrystal code. The parameters for the strain hardening for-
mulation were determined from the [111] single-crystal experi-
ments and held constant for the polycrystal and other
single-crystal simulations. The use of the constants obtained
from single-crystal experiments with multiple slip orientations
is favored over establishing the constants from polycrystalline
data. As such, it was remarkable that the constants described
the polycrystalline behavior very accurately for most cases.

The results point out that the materials artificially aged
to produce precipitates exhibit less anisotropy compared to
no aging cases. Therefore, the precipitation-hardened alu-
minum alloy behavior cannot be described simply by a
Taylor-type analysis nor can texture strengthening be used as
an effective means of directionally hardening the material.
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