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Crystallography of the B2→ R → B19′ phase transformations in NiTi
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Abstract

The crystallography of B2 to R-phase and the subsequent R-phase to B19′ martensite transitions was analysed in NiTi alloys. Using the
energy minimization theory of martensitic transformations, the habit plane and twin plane normals were established for the R-phase, B19′

martensite variants as a function of rhombohedral angle�. Two types of twins, classified as{1 0 0}〈0 1 1〉 and{1 1 0}〈0 0 1〉 compound twins
could form in the R-phase. There are 12 R-phase variants with{1 1 0}〈0 0 1〉 compound twins whenα < 90◦. Whenα > 90◦ there are
24 R-phase variants with{1 0 0}〈0 1 1〉 compound twins and 12 variants with{1 1 0}〈0 0 1〉 compound twins, respectively. In total, eight
possible twins can be formed in B19′ martensite. In the single step B2 to B19′ martensitic transformation, only four twin types are qualified
as lattice invariant shear (LIS); while all the eight twin types are qualified as LIS in R-phase to B19′ transition the{1 0 0}〈0 1 1〉 compound,
{1 1 0}〈0 0 1〉 compound and{11̄0}〈1 1 2.7008〉 Type I twins have been observed in the experiments. The results indicate that the premartensitic
R-phase transition plays an important role in understanding the phase transformations in NiTi shape memory alloys.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The martensitic transformation in NiTi alloys with
near-equiatomic compositions has been a focus of extensive
research for the last 30 years. The application of these alloys
to various fields of engineering and medicine has continued
to increase the scientific and technological interest in these
materials[1]. The high temperature parent phase of NiTi is
a cubic B2, and the lattice of the martensite is a monoclinic
B19′ [2–5] phase. The B19′ martensite can be obtained ei-
ther by a single step transformation of B2→ B19′, or by a
two-step transformation of B2→ R-phase→ B19′ [6–9].
In the two-step transformation, the R-phase is a rhombohe-
dral phase that is incommensurate with the cubic B2 phase.
The lattice parameters of B2 phase, R-phase and B19′ phase,
and the lattice correspondences between B2 to R-phase and
B2 to B19′ transitions, have been well established[2,3,5,9].
The microstructure of the R-phase was observed as inter-
nally twinned and the twin types are{1 1 0}C and{1 0 0}C
compound twins based on the experiments[9–11]. The
B19′ martensite was also internal twinned as observed by
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a number of investigators[3,5,12,13]. A complete analysis
of the two stage transformation has not been published in
early works.

The eight possible twins predicted by various crys-
tallographic theories of phase transformation are listed
in the first column inTable 1 [12,13]. They are desig-
nated as Compound-1, Compound-2, Type I-1, Type I-2,
Type I-3, Type II-1, Type II-2 and Type II-3 twins re-
spectively in this paper. The experimental observed inter-
nal twins of the B19′ martensite reported in early works
are {1 11̄}M Type I, {1 1 1}M Type I, {0 1 1}M Type I,
〈0 1 1〉M Type II, (0 0 1)M Compound and (1 0 0)M Com-
pound twins[2,3,5,14–17]. They are listed in the second
column of Table 1 for comparison with theoretical cal-
culations. The indices of twin elements from theory are
in parent B2 lattice and are indicated using the subscript
C, while those obtained via experimental measurements
are in martensite B19′ lattice and indicated by subscript
M. The two coordinate frames are related based on the
lattice correspondence relationship between the marten-
site and the parent phase. FromTable 1 we can see that
(1 0 0)M[0 0 1]M Compound, (0 0 1)M[1 0 0]M Compound
and (1 1 1)M[1.5117 0.5117 1]M Type I twins are experi-
mentally observed, but they are not lattice invariant shears
(LIS) required by the theories in B2→ B19′ transforma-
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Table 1
The twins in NiTi B19′ martensite displaying theoretical and experimental values

Possible twins by theory
(indexed in parent B2 lattice)

Observed twins in experiments
(indexed in martensite B19′ lattice)

Qualified as LIS
in B2→B19′ ?

{1 0 0}C〈0 11〉C Compound-1 (1 0 0)M[0 0 1]M Compound (ref.[16,17]) No
{0 1 1}C〈1 0 0〉C Compound-2 (0 0 1)M[1 0 0]M Compound (ref.[11,14,16,17]) No
{1 0 0}C〈00.78641̄〉C Type I-1 (0 1 1)M[1.57271̄1]]M Type I (ref. [3,14,17]) Yes
{11̄ 0}C〈1 1 0.3230〉C Type I-2 (1̄ 1̄ 1)M[0.5404 0.4596 1]M Type I (reference[3,16,17]) Yes
{11̄ 0}C〈1 1 2.7008〉C Type I-3 (1 1 1)M[1.5117 0.5117 1]M Type I (reference[5,15]) No
{0.720501̄}C〈0 1 0〉C Type II-1 (0.7205 11̄)M[0 1 1]M Type II (reference[3,15–17]) Yes
{1̄1 0.4953}C〈1 1 0〉C Type II-2 Not observed Yes
{1 1 3.0495}C〈1̄1010〉C Type II-3 Not observed No

Note that compound twins is not qualified as lattice invariant shear (LIS).

tion. Therefore, they were considered as deformation twins
in the literature[16,17].

The crystallographic calculation of B2→ B19′ transfor-
mation has been the subject of published works in the liter-
ature[3,5,12,13]. These calculation include all the possible
habit plane variants. In contrast to the B2→ B19′ trans-
formation, the solution for the habit plane normals and de-
formations for the B2→ R → B19′ transformations have
not been satisfactorily completed. A lattice deformation the-
ory calculation of the transformation strains associated with
B2 → R transition was provided by Miyazaki and Way-
man[9] Miyazaki et al.[10]. The temperature and orienta-
tion dependence of transformation strains were determined,
but the R-phase was treated as a single crystal in the lattice
deformation theory. Therefore deformation results present
the 4 lattice correspondence variants of the R-phase, but not
the twinned R-phase. A more detailed analysis of the B2
to R-phase transition was conducted recently by Hane and
Shield[18]. In this work the microstructure of R-phase and
all the possible solutions were obtained. The two studies
above have completed the B2→ R-phase transformation
only. The first study to undertake the subsequent R→ B19′
transformation was published by Krishnan and Singh[11].
In his calculation the R-phase was also treated as a sin-
gle variant, and the volume fraction ratio of the two lattice
correspondence variant in B19′ martensite was assumed as
1:1. This means the major variant within the correspondence
variant pair (CVP) and the minor variant have both equal
volume fraction. However, in this paper we solve for the
twin volume fraction without any assumptions.

A thorough crystallographic solution of B2→ R →
B19′ transformations is provided in this work, such as the
twin modes, multiple habit plane solutions, using the min-
imum energy theory of Martensitic transformation[19].
Secondly, we demonstrate that (1 0 0)M[0 0 1]M Compound,
(0 0 1)M[1 0 0]M Compound and (1 1 1)M[1.5117 0.5117 1]M
Type I twins could readily form in the B19′ martensite.

2. The theories of martensitic transformation

The theories of martensitic transformation include the
well-known phenomenological theory of Martensite crystal-

lography by Wechsler et al.[20] (known as WLR Theory,
1953) and by Bowles and Mackenzie[21] (known as BM
Theory, 1954) and the energy minimization theory by Ball
and James[19]. All of these theories are based on the hy-
pothesis that the interface between martensite variant and
parent phase is an invariant plane (undeformed and unro-
tated plane). These theories solve for the orientations of
these planes based on the lattice parameters of martensite
and parent phase and the lattice correspondence relationship
between martensite and parent phase. The phenomenolog-
ical theory (PT) is based on geometrical and deformation
compatibility and the energy minimization theory (EMT) is
based on continuum mechanics and free energy minimiza-
tion and both theories produce equivalent results. The lattice
invariant shears are used as input data in PT, while in EMT
they are output of the calculation. We use the Energy Mini-
mization Theory in this work and we briefly summarize our
calculations for a general case first and then specially for
B2 to R-phase and R-phase to B19′ transformations.

A sketch of twinned martensite and parent phase is shown
in Fig. 1. The lattice correspondence variants A and B (with
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Fig. 1. A sketch of twinned martensite and parent phase.
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deformations FA and FB, respectively) form the twin with
a twin plane n and twin shear a. The volume fractions of
these two variants in a twin are (1−f) and f, respectively.
The plane with normal m represents the habit plane between
martensite and parent phase, the vector b is the transfor-
mation shear and the identity matrix I represents the un-
deformed parent phase. All these parameters are presented
in the parent cubic basis. There are two kinds of invariant
planes during martensitic transformation: the interface be-
tween the two lattice correspondence variants in the twin
and the interface between the twinned martensite and the
parent phase. The kinematic compatibility between the two
variants across the twin plane requires [19],

FB = FA + a ⊗ n (1)

when the twin layers are fine enough, the average deforma-
tion of the twinned martensite is given as

FM = Rh[fFB + (1 − f)FA] (2)

where Rh is the relative rotation between twinned martensite
and parent phase. So the kinematic compatibility between
martensite and parent phase is [19],

FM = I + b ⊗ m (3)

This equation represents the habit plane strain, the same
as those in the phenomenological theories. According to
the frame indifference principle in continuum mechanics,
Eqs. (1) and (2) can be rewritten as

RABUB = UA + a ⊗ n (4)

FM = Rh[fRABUB + (1 − f)UA] (5)

where UA and UB are the symmetric part of FA and FA, re-
spectively, based on the polar decomposition F = RU (R is
a rotation satisfying RT R = RRT = I and det R = 1), RAB
the orthogonal tensor and represents the relative rotation be-
tween the two variants in the twin. There is no summation
for the index B in the equations. The symmetric deforma-
tion tensor U uniquely represents the deformation of lattice
correspondence variants during martensitic transformation.
There are three lattice correspondence variants in cubic to
tetragonal, four in cubic to rhombohedral (trigonal), six in
cubic to orthorhombic and 12 in cubic to monoclinic trans-
formations [24]. The input for this problem is a lattice cor-
respondence variant pair UA and UB and the solution is the
quantities of a, n, b, m, RAB, Rh and f. Details on solving
Eqs. (3)–(5) can be found in [12,13,19].

3. One step transformation—B2 to B19′

The B2–B19′ transformation in NiTi alloys have been well
investigated utilizing the phenomenological theory [3,5,14]
and the Energy Minimization Theory [12,13]. The results
are summarized in the following.

Table 2
The lattice correspondence variants (LCVs) for B2–B19′ transformation
in NiTi

LCVs Basis of martensite cell

[1 0 0]m [0 1 0]m [0 0 1]m

1 [1 0 0]p [0 1 1]p [0 1̄ 1]p

2 [1̄ 0 0]p [0 1 1]p [0 1̄ 1]p

3 [1 0 0]p [0 1̄ 1]p [0 1 1]p

4 [1̄ 0 0]p [0 1 1̄]p [0 1 1]p

5 [0 1 0]p [1 0 1]p [1 0 1̄]p

6 [0 1̄ 0]p [1̄ 0 1̄]p [1 0 1̄]p

7 [0 1 0]p [1 0 1̄]p [1̄ 0 1̄]p

8 [0 1̄ 0]p [1̄ 0 1]p [1̄ 0 1̄]p

9 [0 0 1]p [1 1 0]p [1̄ 1 0]p

10 [0 0 1̄]p [1̄ 1̄ 0]p [1̄ 1 0]p

11 [0 0 1]p [1̄ 1 0]p [1̄ 1̄ 0]p

12 [0 0 1̄]p [1 1̄ 0]p [1̄ 1̄ 0]p

There are 12 lattice correspondence variants in B2 to B19′
transformation as shown in Table 2. The subscript m refers
to martensite and p refers to the parent phase. The lattice pa-
rameters for the martensite and parent phases are [2,5] a0 =
3.15 Å and a = 2.889 Å, b = 4.120 Å, c = 4.622 Å and
β = 96.8◦, respectively. The results of the twin systems and
habit planes are listed in Table 3. From the table we can see
that the B19′ martensite with Type I-1, Type I-2, Type II-1
and Type II-2 twins can form an invariant plane with par-
ent phase. The dominantly observed twin in near-equiatomic
NiTi is the Type II-1 twin [12,13]. In previous work we have
presented the resolved shear stress factor (RSSFs) and the
transformation strains for Type II-1 twinning [13].

4. Two step transformation—B2 to R-phase and
R-phase to B19′

The two step transformations of B2 → R-phase and sub-
sequent R-phase → B19′ may occur upon cooling when Rs
(the start temperature of B2 → R-phase transition) is above
Ms (start temperature of martensite transformation) [6,25].
This phenomenon was also observed in stress-induced
transformations [7–10]. The differential scanning calorime-
ter (DSC) curve and the stress–strain curve [26] in Fig. 2a
and b show the temperature-induced and stress-induced
two-step transitions in an alloy of NiTi, respectively. Upon
cooling the parent phase B2 transfers to rhombohedral phase
(R-phase) at Rs, R-phase to martensitic phase at Ms, and
the martensitic transformation from R-phase is completed
at Mf . The reverse transformation occurs from martensitic
phase directly to the parent phase B2 at As and is completed
at Af .

Fig. 3 illustrates the two-step transformation schemati-
cally and the unit cells of each phase are also shown. The
austenite is denoted as B2 with cubic unit cell and the lattice
axes are a, b and c, respectively. The unit cell of rhombo-
hedral phase is created from the B2 cell by elongating the
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Table 3
Summary of crystallographic solutions of B2 to B19′ transformation in NiTi

Twin systems Correspondence variant pairs (CVPs) Volume fraction Habit planes

Compound-1 (1,2), (3,4), (5,6), (7,8), (9,10), (11,12) None None
Compound-2 None None
Type I-1 (1,3), (1,4), (2,3), (2,4), (5,7), (5,8), (6,7),

(6,8), (9,11), (9,12), (10,11), (10,12)
f = 0.292 (m, b) = ({0.9087,0.3333,0.2513}, 〈0.2527,0.0535,0.1060〉)

(m, b) = ({0.3464,0.4333,0.8320}, 〈0.1210,0.0397,0.0256〉)
Type II-1 f = 0.271 (m, b) = ({0.8138,0.0009,0.5811},〈0.0350,0.0934,0.0433〉)

(m, b) = ({0.2779,0.8589,0.4301},〈0.0901,0.0052,0.0606〉)
Type I-2 (1,5), (1,9), (2,7), (2,12), (3,6), (3,11),

(4,8), (4,10), (5,9), (6,11), (7,12), (8,10)
f = 0.320 (m, b) = ({0.8887,0.0418,0.4565},〈0.0278,0.1008,0.0375〉)

(m, b) = ({0.2012,0.9099,0.3628},〈0.0999,0.0010,0.0484〉)
Type II-2 f = 0.323 (m, b) = ({0.8889,0.4044,0.2152},〈0.0568,0.0637,0.0991〉)

(m, b) = ({0.3762,0.5136,0.7712},〈0.1195,0.0485,0.0216〉)
Type I-3 (1,8), (1,11), (2,6), (2,10), (3,7), (3,9),

(4,5), (4,12), (5,12), (6,10), (7,9), (8,11)
None None

Type II-3 None None

latter along any one of the 〈1 1 1〉 directions [10]. The lattice
axes of R-phase unit are a′, b′ and c′, respectively. The α is
known as rhombohedral angle which is temperature depen-
dent and changes during cooling [6,10,22]. The unit cell of
B19’ phase is not shown here and can be found in [16,17].
The R-phase is internally twinned with a twin plane normal
n1 and twin shear vector a1. The relative volume fractions
of the two lattice correspondence variants in the twin are f1
and 1− f1, respectively. The R-phase has a habit plane m1
with the parent phase. The transformation direction from B2
to R-phase is denoted as b1. Note that b1 is not a unit vector
and includes the transformation magnitude. The subsequent
B19′ martensite is also twinned with a twin plane normal
n2 and a twin shear vector a1, and the volume fractions of
the two variants in the twin are f2 and 1− f2, respectively.
The habit plane between R-phase and B19′ martensite is de-
noted as m2 and the corresponding transformation direction
is b2. The twin systems and habit planes associated with this

Fig. 2. Evidence of two-step transition in an aged NiTi alloy [26].

two-step transition are calculated in the following sections
by using the energy minimization theory.

4.1. B2 to R-phase transition

There are four lattice correspondence variants in B2 to
R-phase transition according to the lattice relationship as
shown in Fig. 3. Assuming that the length of the sides of
cubic and trigonal unit cells is same, the transition can be
solely described by the rhombohedral angle α and the de-
formation matrices in B2 coordinates are [9,10,23].
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Fig. 3. A schematic showing the transformation planes and directions associated with successive step transformation of B2 → R-phase and R-phase → B19′
and the unit cells of B2 phase and rhombohedral phase.

where η = (
√

1 + 2 cos α + 2
√

1 − cos α)/3 and δ =
(
√

1 + 2 cos α − √
1 − cos α)/3.There are six variants pairs

which can form twins in R-phase, e.g., (1,2), (1,3), (1,4),
(2,3), (2,4) and (3,4). Substituting any pair of variants into
Eq. (4), the twin planes a1 and twin shears n1 are obtained.
The {1 0 0}C〈0 1 1〉C and {1 1 0}C〈0 0 1〉C compound twins
are possible for any of the pairs no matter what the rhom-
bohedral angle α. These twins have also been observed in
the experiments [9]. Substituting a1 and n1 into Eqs. (3)
and (5), the habit plane orientations m1, the transformation
shears b1 and the volume fraction f1 can be calculated. The
results are shown in Table 4 for some selected rhombohedral

Table 4
Summary of the calculation of B2 to R-phase transition

Twin system {1 0 0}C〈0 1 1〉C Compound {1 1 0}C〈0 0 1〉C Compound

Range of α with solutions α > 90◦ Both α > 90◦ and <90◦
Number of solutions 24 24 (12 independent)

Examples of solution α = 87.0◦ No solution f1 = 0.5, m1 = {0, 0.0276, 0.9996}
b1 = 〈0, 0.0496, 0.0026〉

α = 88.5◦ No solution f1 = 0.5, m1={0, 0.0134, 0.9999}
b1 = 〈0, 0.0255, 0.0007〉

α = 91.5◦ f1 = 0.4191, m1={0.0, 0.1597, 0.9872} f1 = 0.5, m1={0, 0.0128, 0.9999}
b1 = 〈0.0265, 0.0043, 0.0004〉 b1 = 〈0, 0.0269, 0.0007〉

α = 93.0◦ f1 = 0.3856, m1 = {0.0, 0.2230, 0.9784} f1 = 0.5, m1={0, 0.0249, 0.9997}
b1 = 〈0.0537, 0.1263, 0.0015〉 b1 = 〈0, 0.0551, 0.0029〉

angles. The habit plane variants with the {1 0 0}C〈0 1 1〉C
compound twin only exist when α > 90◦; while the habit
plane variants with the {1 1 0}C〈0 0 1〉C compound twin
exist for both α > 90◦ and <90◦. There are 24 habit plane
variants with {1 1 0}C〈0 0 1〉C Compound twin and 24 with
{1 0 0}C〈0 1 1〉C compound twin. The two lattice correspon-
dence variants in {1 1 0}C〈0 0 1〉C compound twin have the
same volume fraction of 0.5, while the volume fraction of
the two variants in {1 0 0}C〈0 1 1〉C compound twin varies
with α.

Once the habit plane orientations and transformation
shears are determined, it is possible to establish the trans-
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formation strain as:

ε1 = 1
2 (FT

1 F1 − I)

= 1
2 [b1 ⊗ m1 + m1 ⊗ b1 + (b1 b1)m1 ⊗ m1] (6)

where

F1 = I + b1 ⊗ m1 (7)

Under a certain uniaxial loading with loading direction e,
the deformation along the loading direction is then given by

E1 = eε1e = (eb1)(m1e) + 1
2 (b1b1)(em1)

2 (8)

The orientation dependence of the transformation strain
can be calculated by using Eq. (8). The transformation
strains are also related to the rhombohedral angle α. As an

Fig. 4. Equivalent transformation strain contour associated with B2 to R-phase transition (from Eq. (8)) for the two different twin types when α = 91.5◦.

example, Fig. 4a and b shows the equivalent transformation
strain contours on a standard (0 0 1)C stereographic trian-
gle when α = 91.5◦. From Fig. 4a and b we note that for
{1 1 0}C〈0 0 1〉C compound twinned variants the minimum
value appears in the 〈0 0 1〉C orientation and maximum in
〈0 1 1〉C orientation; while for {1 0 0}C〈0 1 1〉C compound
twinned variants the minimum appears in 〈0 0 1〉C under
tension (Fig. 4a) and in 〈1 3 3〉C orientation under compres-
sion (Fig. 4b).

The transformation strains change continuously with
the variation of �. We present results of transformation
strains for some selected orientations (〈0 0 1〉C, 〈0 1 1〉C,
〈1 1 1〉C and 〈1 1 2〉C) and different angles α in Fig. 5a
and b. In Fig. 5a and b the dashed lines represent the re-
sults of {1 0 0}C〈0 1 1〉C compound twinned variants which
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Fig. 5. Calculated α-dependence of the transformation strains of B2 to R-phase transition for various orientations.

only exist in the range of α > 90◦ and the solid lines are
those of {1 1 0}C〈0 0 1〉C compound twinned variants. The
transformation strains in 〈0 1 1〉C and 〈0 0 1〉C orientation
under tension are same for both {1 0 0}C〈0 1 1〉C com-
pound twinned variants and the {1 1 0}C〈0 0 1〉C compound
twinned variants. The strains in 〈0 0 1〉C direction are zero
under tension for all variants.

4.2. R-phase to B19′

We now consider the second stage of transformation.
Since both the B19′ variants from one step transforma-
tion and from two-step transformation have the same lattice
structure, they have the same lattice correspondence with the
B2 phase. The possible twins in B19′ martensite are deter-
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mined by Eq. (4) and are the same as those listed in Table 2.
The habit plane orientations and the transformation shears
are determined by

F2 − F1 = b2 ⊗ m2 (9)

where F1 is the average deformation of R-phase calculated
by Eq. (7) when m1 and b1 are known, and F2 is the average
deformation of twinned B19′ determined as

F2 = Rh(Ui + f2a2 ⊗ n2) (10)

Using one twinned R-phase as matrix and substituting
Eq. (10) into Eq. (9), the solutions of Rh, f2, b2 and m2 are
obtained.

Two factors will influence the solutions for the ac-
tive habit plane variants and transformation strains. The
first factor hinged upon which R-phase variant is selected
as matrix. From the results of B2 to R-phase transi-
tion in Section 4.1, there are 12 R-phase variants with
{1 1 0}C〈0 0 1〉C compound twin when �〈90o and 12 variants
with {1 1 0}C〈0 0 1〉C and 24 variants with {1 0 0}C〈0 1 1〉C
compound twins when α > 90◦. Using different R-phase
variants will result in different B19′ martensite variants.
We use an algorithm in the calculation such that under
a particular direction of uniaxial loading, we select the
most favorable R-phase variant according to the maximum
RSSF, and then use this R-phase variant as the matrix in
Eq. (9) to calculate all the possible B19′ martensite vari-
ants. Similarly the most favorable B19′ variant under the
same direction of load is selected using the RSSF criterion.
Therefore, the orientation dependence of B19′ martensite
is established. In the calculation we treat {1 0 0}C〈0 1 1〉C
and {1 1 0}C〈0 0 1〉C compound twinned R-phase variants
separately. That is, the most favorable R-phase variant is
selected within the 24 R-phase variants with {1 0 0}〈0 1 1〉
compound twin or within the 12 variants with {1 1 0}〈0 0 1〉
compound twin separately.

The second factor that influences the active habit planes
and transformation strains is the rhombohedral angle, α, of
the R-phase. The results in Section 4.1 show that different
α produces different R-phase variants, and naturally this re-
sults in different B19′ martensite variants. As we have known
Type I-1, Type I-2, Type II-1 and Type II-2 twins serve as
LIS in the single step B2 to B19′ martensite transformation,
while Compound-1, Compound-2, Type I-3 and Type II-3
twins are not the LIS in single step phase transformation. In
the two-step transformation, Type I-1, Type I-2, Type II-1
and Type II-2 twins are still the LIS in B19′ martensite. Be-
sides these four types of twin, Compound-1, Compound-2,
Type I-3 and Type II-3 twins are found to be lattice invari-
ant shear when α has special values. Using R-phase variant
with {1 1 0}C〈0 0 1〉C compound twin as matrix, the solu-
tions of B19′ variants with Type I-3 and Type II-3 twins are
obtained when α < 86.0◦ or α > 93.7◦. Using R-phase vari-
ants with {1 0 0}C〈0 1 1〉C compound twin as matrix, B19′
variants with Type I-3 and Type II-3 twins are obtained
when α > 93.7◦, and B19′ variants with Compound-1 and

Compound-2 twins are obtained when 93.9◦ < α < 95.1◦.
Therefore, all the eight types of twin listed in the first column
in Table 1 could serve as lattice invariant shear in R-phase
to B19′ martensitic transformation.

The habit plane orientations and transformation shears of
the B19′ variants with Type I-1, Type I-2, Type II-1 and Type
II-2 twins are different depending on �. The orientation de-
pendence of the total transformation strains (the strains asso-
ciated with B2 → R-phase → B19′ martensite) are shown
in Fig. 6 for three different rhombohedral angle α = 88.5,
90.0 and 91.5◦. The result of α = 90.0◦ equals to that of
single step transformation. Fig. 7 shows the total transfor-
mation strains for several selected directions. The strains in
Figs. 6 and 7 are calculated from B2 to {1 1 0}C〈0 0 1〉C com-
pound twinned R-phase and further to B19′ martensite. The
B19′ martensite considered here is in Type II-1 twinned. The
strains associated with B2 → {1 0 0}C〈0 1 1〉C compound
twinned R-phase → B19′ martensite are similar, therefore
they are not shown here. The curves under compression
demonstrate that the single step and two-step transforma-
tions have similar deformation levels except in the [1 1 1]
orientation. The strains increase with the increase of |α−90◦|
for the two-step transformation under tension. Only in [0 0 1]
direction the strain is maintained the same since in this di-
rection the strain associated with B2 to R-phase transition is
zero (refer to Fig. 4a). In single step transformation, the habit
plane is the interface between B19′ martensite and parent
phase, and the habit plane orientations and transformation
shears are fixed. While in two-step transformation, the habit
plane is the interface between B19′ martensite and R-phase,
and both the habit plane orientations and transformation
shears vary with α, as well as the relative volume fraction
of the two lattice correspondence variants in the twin.

The new habit plane variants with Compound-1,
Compound-2, Type I-3 and Type II-3 twins are obtained in
the two-step transformations when α is in a certain range. As
we can see in the second column of Table 1, Compound-1,
Compound-2 and Type I-3 twins have been observed in
the experiments in NiTi alloys. These twins were classi-
fied as deformation twins (caused by elastic interactions
among martensitic plates) which differ than lattice invariant
shear since they cannot provide a habit plane solution to
the crystallographic theory of martensitic transformation
[16,17,27]. Our calculation shows that it is possible for the
compound twins to serve as lattice invariant shear in the
R-phase to B19′ transition.

A recent study by Krishnan and Singh [11] confirmed
the existence of B19′ martensite with Compound-2 twin
and gave explanations on how this twin forms and why the
Compound-2 twinned B19′ martensite variant is preferred.
The R-phase to B19′ transition was calculated in [11], but
the results are not the same as ours. The differences exist in
the following four aspects:

(1) The case that a single crystal of R-phase transfers to
B19′ martensite was considered in [11], while in our
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Fig. 6. Equivalent B2 → R-phase → Type II-1 B19′ martensitic transformation strain contour when α = 88.5, 90.0 and 91.5◦.

study the B19′ martensite is produced from a twinned
R-phase. The deformation of a single crystal R-phase is
one of the four matrices U1, U2, U3 and U4 as shown in
Section 4.1, and the deformation of a twinned R-phase
is one of 36 (24 with {1 0 0}〈0 1 1〉 Compound twin and

12 with {1 1 0}〈0 0 1〉 Compound twin) F1 calculated
by Eq. (7).

(2) Only the results of R-phase to Compound-2 twinned
B19′ martensitic transformation was calculated in [11],
while in our study all the possible twin types were con-
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Fig. 7. Calculated �-dependence of the total two-step transformation strains of Type II-1 B19′ variants for various orientations.

sidered and all of the possible habit plane variants were
presented.

(3) The volume fraction of the major variant and minor
variant in B19′ martensite was fixed as 1:1 in [11], while
in our study the data is the output of the calculation and
changes with the variation of rhombohedral angle α.

(4) The B19′ martensite with Compound-2 twin only exists
when the rhombohedral angle α equals to a critical value
86.2◦ in [11], in our study the rhombohedral α is in the
range 85–95.1◦. Preliminary results for the 94.1◦ were
given in [28].

5. Conclusions

The following conclusions are drawn in this study:

(1) A complete calculation of B2 to R-phase transition
is provided. There are 24 {1 1 0}C〈0 0 1〉C twinned
R-phase variants when α < 90◦ and 24 {1 1 0}C〈0 0 1〉C
and 24 {1 0 0}C〈0 1 1〉C twined R-phase variants when
α > 90◦. Within the 24 variants with {1 1 0}C〈0 0 1}C
twins, twelve of them are independent because the vol-
ume ratio of the two lattice correspondence variants in
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the twin is always in half. The transformation strains
associated with B2 to R-phase transition increase with
the increase of |α−90◦|. One exception is that the strain
remains zero under tension load in 〈0 0 1〉C direction.

(2) The subsequent transition of twinned R-phase to
twinned B19′ martensite is studied in detail. A variety of
possible B19′ martensite variants are obtained by using
different twinned R-phase as matrix and by changing
the rhombohedral angle �. The orientation dependence
of the total transformation strain is determined when
the maximum resolved shear stress is used as variant
selection criterion. The results show that the total trans-
formation strain associated with B2 to R-phase to B19′
transition is insensitive to α under compression, while
under tension it is sensitive to α. The total transforma-
tion strains increase with the increase of |α−90◦| under
tension, while under compression the transformation
strains of two-step transformation keep similar with
those of single step transformation. The exception is
again in 〈0 0 1〉C direction, the strain keeps zero under
tension and increases with increase of |α − 90◦| under
compression. The B19′ martensite variants with four
new types of twin, which do not exist in B2 to B19′ sin-
gle step transformation (i.e. α = 90◦), are found in the
two-step transitions. The B19′ variants with Type I-3
and Type II-3 twins are obtained when they are trans-
ferred from {1 1 0}C〈0 0 1〉C twinned R-phase and when
α < 86.0◦ or α > 93.7◦. These variants are also ob-
tained when they are transferred from {1 0 0}C〈0 1 1〉C
twinned R-phase and α > 93.7◦. The B19′ variants
with Compound-1 and Compound-2 twins are ob-
tained when they are transferred from {1 0 0}C〈0 0 1〉C
twinned R-phase and when 93.9◦ < α < 95.1◦.

(3) {1 1 0}C〈0 01〉C and {1 0 0}C〈0 1 1〉Ccompound twins
and {1 1̄ 0}C〈1 1 0.3230〉C Type I twin were experi-
mental observed in NiTi alloys, but they are not lattice
invariant shears in B2 to B19′ transformation. In this
study they are found to be LIS in R-phase to B19′
transformation.
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