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A Continuum Model for Void 
Nucleation by Inclusion Debonding 
A cohesive zone model, taking full account of finite geometry changes, is used to 
provide a unified framework for describing the process of void nucleation from in-
itial debonding through complete decohesion. A boundary value problem simulating 
a periodic array of rigid spherical inclusions in an isotropically hardening elastic-
viscoplastic matrix is analyzed. Dimensional considerations introduce a 
characteristic length into the formulation and, depending on the ratio of this 
characteristic length to the inclusion radius, decohesion occurs either in a "ductile" 
or "brittle" manner. The effect of the triaxiality of the imposed stress state on 
nucleation is studied and the numerical results are related to the description of void 
nucleation within a phenomenological constitutive framework for progressively 
cavitating solids. 

1 Introduction 
The nucleation of voids from inclusions and second phase 

particles plays a key role in limiting the ductility and toughness 
of plastically deforming solids, including structural metals and 
composites. The voids initiate either by inclusion cracking or 
by decohesion of the interface, but here attention is confined 
to consideration of void nucleation by interfacial decohesion. 

Theoretical descriptions of void nucleation from second 
phase particles have been developed based on both continuum 
and dislocation concepts, e.g., Brown and Stobbs (1971), 
Argon et al. (1975), Chang and Asaro (1978), Goods and 
Brown (1979), and Fisher and Gurland (1981). These models 
have focussed on critical conditions for separation and have 
not explicitly treated propagation of the debonded zone along 
the interface. Interface debonding problems have been treated 
within the context of continuum linear elasticity theory; for 
example, the problem of separation of a circular cylindrical in-
clusion from a matrix has been solved for an interface that 
supports neither shearing nor tensile normal tractions (Keer et 
al., 1973). The growth of a void at a rigid inclusion has been 
analyzed by Taya and Patterson (1982), for a nonlinear 
viscous solid subject to overall uniaxial straining and with the 
strength of the interface neglected. 

The model introduced in this investigation is aimed at 
describing the evolution from initial debonding through com-
plete separation and subsequent void growth within a unified 
framework. The formulation is a purely continuum one using 
a cohesive zone (Barenblatt, 1962; Dugdale, 1960) type model 
for the interface but with full account taken of finite geometry 
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changes. Constitutive relations are specified independently for 
the matrix, the inclusion, and the interface. The constitutive 
equation for the interface is such that, with increasing inter-
facial separation, the traction across the interface reaches a 
maximum, decreases, and eventually vanishes so that com-
plete decohesion occurs. Since the mechanical response of the 
interface is specified in terms of both a critical interfacial 
strength and the work of separation per unit area, dimensional 
considerations introduce a characteristic length. 

Arbitrary inclusion geometries and quite general matrix and 
inclusion constitutive relations can be incorporated into the 
formulation. The specific boundary value problem analyzed 
here is one simulating a periodic array of rigid spherical inclu-
sions in an isotropically hardening elastic-viscoplastic matrix. 
The aggregate is subject to both axial and radial stresses and a 
circular cylinder surrounding each inclusion is required to re-
main cylindrical throughout the deformation history in order 
to simulate the constraint of the surrounding material. By con-
sidering histories with different ratios of radial to axial stress, 
the effect of stress triaxiality on nucleation is studied. The 
numerical results are related to the description of void nuclea-
tion within the phenomenological constitutive framework of 
Gurson (1975, 1977). 

2 Interface Model 
Attention is directed toward an interface supporting a 

nominal traction field T (force/unit reference area) which, in 
general, has both normal and shearing components. Two 
material points, A and B, initially on opposite sides of the in-
terface, are considered and the interfacial traction is taken to 
depend only on the displacement difference across the inter-
face, £MAB. At each point of the interface, we define 

= n»Au,i = t-Au, 
and 

r„=n-T, 7;=t.T, 

H,=b'Au, 

b»T 

(2.1) 

(2.2) 
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Fig. 1 Normal traction across the interface as a function of u„ with ut 
s "6 = 0 

In equations (2.1) and (2.2), n, t, b form a right-hand coor-
dinate system chosen so that positive u„ corresponds to in-
creasing interfacial separation and negative u„ corresponds to 
decreasing interfacial separation. 

The mechanical response of the interface is described 
through a constitutive relation that gives the dependence of 
the tractions T„, T,, and Tb on u„, u„ and ub. Here, this 
response is specified in terms of a potential <l>(u„, u,, ub), 
where 

4>(u„,u„ub)= - JJ [T„du„ + Ttdu, + Tbdub] (2.3) 

As the interface separates, the magnitude of the tractions in-
creases, achieves a maximum, and ultimately falls to zero 
when complete separation occurs. The magnitude of the trac-
tions is taken to increase monotonically for negative un. 
Relative shearing across the interface leads to the development 
of shear tractions, but the dependence of the shear tractions 
on u, and ub is taken to be linear. The specific potential func-
tion used is 

4>(un,u„ub) 
27 

4«(*)aM*)+Gr)a] 

for un < 5, where ffmax is the maximum traction carried by the 
interface undergoing a purely normal separation (ut = ub = 
0), 8 is a characteristic length and a specifies the ratio of shear 
to normal stiffness of the interface. When u„ > 8, <l> = < ŝep, 
where 4>sep is the work of separation. 

The interfacial tractions are obtained by differentiating 
equation (2.4) to give 

T =-

+ a 

Th 

for u„ < 5 and T„ = T, = Tb = 0 when u„ > 8. 
The motivation for choosing a potential of the form (2.4) is 

to obtain a response of the type shown in Fig. 1 where the nor-
mal traction, T„, is plotted as a function of u„ with u, = ub = 
0. The particular functional form (2.4) was chosen for 
analytical convenience; other forms can readily be used in the 
present framework. As can be seen in Fig. 1, the maximum in-
terfacial stress is achieved at un = 5/3 and complete separa-
tion occurs when un = 5. The work of separation (in Fig. 1, 
the area under the curve between u„ = 0 and u„ = 8) is 

= 9amnx5/16 (2.8) 
With u, # ub & 0, T„, T,, and Tb all vanish when u„ = 8 so 

that, in general, 5 serves as a characteristic length. Further-
more, due to the existence of a potential, equation (2.8) gives 
the work of separation regardless of the path. Equation (2.8) 
is regarded as defining the characteristic interface length 8 by 5 
= 16 J 9 ''max' Although 8 has dimensions of length, it 
does not necessarily correspond to any physical distance. 

The interface description adopted here is a pheno-
menological one characterized by the three parameters <rmax, 8 
and a. In the numerical examples parameter values represen-
tative of iron carbide particles in spheroidized carbon steels 
will be used. Based on the results of Argon et al. (1975), 
Goods and Brown (1979), and Fisher and Gurland (1981), the 
order of magnitude of 5 can be estimated for this case; <jmax » 
103 MPa and 0sep is in the range of 1 to 10 Jm~2 so that 5 = 
10-9 to 10"8 m. 

There does not appear to be any similar basis for specifying 
a value of the shear stiffness parameter a. In the calculations 
carried out here, the value of a is arbitrarily set to 10, the 
presumption being that the interface exhibits a stiffer response 
for relative sliding than for the normal displacement leading to 
separation. However, as will be illustrated subsequently, the 
numerical results in the specific cases analyzed are not very 
sensitive to the choice of a. 

3 Finite Element Formulation 
The finite element analysis is based on a convected coor-

dinate Lagrangian formulation of the field equations with the 
initial unstressed state taken as reference. All field quantities 
are considered to be functions of convected coordinates, x', 
which serve as particle labels, and time t. This formulation has 
been employed extensively in previous finite element analyses, 
e.g., Needleman (1972) and Tvergaard (1976), and is reviewed 
by Needleman (1982). 

Attention is confined to quasi-static deformations and, with 
body forces neglected, the principal of virtual work is written 

f TiJ8EijdV+ \ S0c?S= ( r8u,dS (3.1) 
J V J Sjn t J S e x t 

Here, T'J are the contravariant components of Kirchhoff stress 
(T = Jo, with a the Cauchy stress) on the deformed convected 
coordinate net, V, Sext, and Sint are the total volume (inclusion 
plus matrix), external surface and interfacial surface, respec-
tively, of the body in the reference configuration, and 

Ti=(TiJ + TkJu[k)vj (3.2) 

T" ("'.v' + ui.i + uk,iuKj) ( 3 - 3 > E,r 

where v is the surface normal in the reference configuration, Uj 
are the components of the displacement vector on base vectors 
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Fig. 2 Axisymmetric model of a material containing an array of 
spherical voids. Due to the assumed symmetry, only the shaded 
quadrant is analyzed numerically. 

in the reference configuration and (),• denotes covariant dif-
ferentiation in the reference frame. 

For the specific boundary value problem considered here, 
we use a cylindrical coordinate system with radial coordinate 
x1, circumferential angle x2, and axial coordinate x3. As 
sketched in Fig. 2, we consider spherical particles of radius r0 
located along the axis of a circular cylinder with an initial 
spacing of 2b0 between particle centers. The cylinder has in-
itial radius R0 and attention is confined to axisymmetric 
deformations so that all field quantities are independent of x2. 
Furthermore, the circular cylindrical cell surrounding each 
particle is required to remain a circular cylinder throughout 
the deformation history and within each cell symmetry is 
assumed about the cell center line so that only the shaded 
region is analyzed numerically. As discussed by Tvergaard 
(1982), this axisymmetric configuration can be considered an 

approximation to a three dimensional array of hexagonal 
cylinders. 

The boundary conditions for the axisymmetric region 
analyzed numerically are 

= 0, f u 0, P = Q, o n x 3 = 0 (3.4) 
' - O , 7^ = 0, onxi = b0 (3.5) 

P=0, onxl=R0 (3.6) 
Here, ( ) = dQ/dt and e„ is a prescribed constant while Ul is 
determined by the analysis. With these boundary conditions, 
the deformed circular cylindrical cell has radius R = R0 + 
[/,, and height 2b = 2b0 + 2U3. 

The lateral displacement rate, C/j is determined from the 
condition that the average macroscopic true stresses acting on 
the cell follow the proportional history 

- = P 

with p a prescribed constant and 

=, = *!*' 1 Rb 
— [T[] i 
Rb lb0 Jo L '* -

dxH 

xxdxx 

(3.7) 

(3.8) 

(3.9) 

The matrix material is characterized as an elastic-viscoplastic 
isotropically hardening solid. The total rate of deformation, 
D, is written as the sum of an elastic part, De, and a plastic 
part D p , with 

1 + v v 
D* = — T - — (T: I ) I (M0) 

Dp 31 
~2~d~ 

(3.11) 

where f is the Jaumann rate of Kirchhoff stress, I is the identi-
ty tensor, f:I is the trace of f, e is the effective plastic strain 
rate, Eis Young's modulus, v is Poisson's ratio and 

T ' = T — ^ - ( T : I ) I , < T 2 = ^ - T ' : T ' (3.12) 

<! = e0[>/g(e)]1/m, 
g(e)=a0(e/e0 + l)N, e0 = a0/E (3.13) 

Here, e = \edt and the function g(i) represents the effective 
stress versus effective strain response in a tensile test carried 
out at a strain-rate such that I = e0. Also, o0 is a reference 
strength and N and m are the strain hardening exponent and 
strain rate hardening exponent, respectively. 

Expanding equation (3.1) about a state of approximate 
equilibrium gives 

At \ [jHhEij + T^ulfiu^ j]dV 

+ At \ [S""u„5u„ + S'" (u„Su, + utbu„) 

+ S"u,8u,]dS = At\ FSiijdS-W r^dEydV 

\ 5<t>dS- \ r8u,ds\ (3.14) 

where S'j = d24>/duiduj. In equation (3.14), the integral over 
Sint has been specialized to the case of axisymmetric deforma-
tions with the b direction identified with that of the cir-
cumferential angle so that ub =. 0. The term in square brackets 
on the right-hand side of equation (3.14) is an equilibrium cor-
rection term that vanishes when the known state is an exact 
equilibrium state. 
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Fig. 3 The 16 x 24 finite element mesh used in the calculations. Each 
quadrilateral consists of four linear displacement "crossed" triangular 
elements. 

The set of equations for the unknown displacement rates is 
obtained by combining equations (3.10) and (3.11) and then 
using the relation between the Jaumann and convected stress 
rates in equation (3.14). The finite element mesh used in the 
numerical calculations is shown in Fig. 3. The mesh has 16 
quadrilaterals around the inclusion and 24 quadrilaterals in 
the radial direction. Each quadrilateral consists of four 
"crossed" triangles. The circular inclusion is approximated by 
a polygon consisting of linear segments that are the sides of 
the elements along the interface. The method for evaluating 
the integrals along Sint in equation (3.14) is similar to an ap-
proach used in surface diffusion calculations by Needleman 
and Rice (1980). The integration scheme uses four Gauss 
points within each linear segment and the interfacial tractions 
are evaluated at the Gauss integration points rather than at the 
finite element nodes. This permits partial debonding within a 
linear segment. 

The deformation history is calculated in a linear incremental 
manner and, in order to increase the stable time step, the rate 
tangent modulus method of Peirce et al. (1984) is used. This is 
a forward gradient method based on an estimate of the plastic 
strain rate in the interval between t and t + At. The incremen-
tal boundary value problem is solved using a combined finite 
element Rayleigh-Ritz method (Tvergaard, 1976). 

In most cases, the prescribed overall strain rate, em is taken 
constant and equal to the reference strain rate e0. However, 
equilibrium solutions do not necessarily exist to the boundary 
value problem so posed. For a certain range of interface 
characterizations, equilibrium solutions only exist if [/3 
decreases during decohesion. In such cases, the boundary 
value problem is modified so that equilibrium solutions are 
sought for increasing interfacial separation and the prescribed 
velocity condition in equation (3.5) is replaced by «3 = con-
stant along x3 = b0; em then becomes an unknown determined 
by the solution procedure. 

4 Numerical Results 
In the numerical calculations carried out here, the inclusion 

volume fraction and geometry, as well as the matrix material 
properties, remain fixed; only the interface characteristics are 

(a) (b) 

Fig. 4 Contours of constant plastic strain, l, in the deformed con-
figuration of the quadrant analyzed numerically. The rigid inclusion is 
shaded. The volume fraction of inclusions is 1.04 percent. The interface 
is characterized by amax = 3<r0, 5/r0 = 0.01, a = 10.0 and the stress 
triaxiality parameter, p, in equation (3.7) is 0.5. (a) ea = 0.040; (b) <a = 
0.121; (c)ta = 0.169; (d) £a = 0.240. 

varied. The inclusion geometry is specified by b0/R0 = 1 and 
r0/R0 = 0.25, giving an inclusion volume fraction of 1.04 per-
cent. The matrix material properties arei? = 500 o0, v = 0.3, 
N = 0.1, and m = 0.01. In most calculations, the value amax 
= 3 <r0 is employed which is a plausible value for iron carbide 
particles in a spheroidized steel, e.g., with a yield strength of 
350 to 450 MPa and an interfacial cohesive strength in the 
range 1000 to 1400 MPa (Argon et al., 1975; Goods and 
Brown, 1979; Cialone and Asaro, 1979; and Brownrigg et al., 
1983). 

Figure 4 shows contours of constant plastic strain, e, at 
various stages of the nucleation process. While the matrix and 
inclusion remain bonded, the main strain concentration occurs 
along the inclusion surface at about 45 deg from the tensile 
axis. Debonding does not begin at the axis of symmetry; it 
begins at the end of the strain concentration nearest the sym-
metry axis. The crack rather rapidly propagates to the axis of 
symmetry and then a spherical cap void opens. Already, at the 
stage of deformation shown in Fig. 4(a), the maximum normal 
displacement is on the symmetry axis and there are "dead" 
zones at 0 deg and 90 deg. As the decohering region pro-
pagates toward the midsection, the deformation pattern 
changes to one where the maximum straining is near the 
midsection. 

Curves of effective stress, Ec, versus axial strain, ea = /«(1 
+ U3/b0), are plotted in Fig. 5 for three values of <5/r0, where, 
for the axisymmetric configuration analyzed, we define 

Ei l , 
1 

(E3+2E,) (4.1) 
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Fig. 5 Curves of aggregate effective stress, Ee, versus axial strain, ia, 
for a 1.04 percent volume fraction of inclusions with /> = 0.5 in equation 
(3.7) and using three interface characterizations. In all three cases <rmax 
= 3ff0anda = 10.0; (A) 51r0 = 0.01; (B) Slr0 = 0.006; (C) 5/r0 = 0.002. For 
comparison purposes, corresponding curves for a 1.04 percent volume 
fraction of perfectly bonded inclusions and for a 1.04 percent volume 
fraction of initial voids are also shown. 
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Fig. 6 Curves of normalized logarithmic plastic volume change, 
ln(VpIV), versus axial strain, t a , for a 1.04 percent volume fraction of in-
clusions with p = 0.5 in equation (3.7) and am a x = 3 o0, a = 10.0 and 
t>lr0 = 0.04. Numerical results are shown obtained from a coarse 8 x 12 
mesh as well as results obtained using the 16 x 24 mesh shown in Fig. 
3. The normalized logarithmic plastic volume change, ln(VpIV), versus 
axial strain, ea, curve for a 1.04 percent volume fraction of initial voids is 
shown shifted by an amount <M along the strain axis. 

With regard to iron carbide particles in spheroidized carbon 
steels, these values of 5/r0 correspond to particle sizes of the 
order of 1 micron (10 "6 m). 

The variation of S/r0 can be regarded either in terms of a 
variation in </>sep at fixed particle size or as a variation in parti-
cle size at fixed work of separation. A sufficiently small value 
of 8/r0 gives rise to "brittle" interface behavior, while larger 
values lead to a more ductile mode of separation. For com-
parison purposes, the corresponding curves for a rigidly bond-
ed inclusion and for an initial void are shown. 

As debonding progresses, the overall stress-strain behavior 
changes from that characteristic of a matrix reinforced by 
rigid inclusions to one weakened by an equal volume fraction 
of voids. For the larger two values of 5/r0, this transition takes 
place gradually and with increasing extension. As 5/rQ 
decreases, the stress drop becomes more abrupt and, for the 
case with 5/r0 = 0.002, the stress drop cannot be affected with 
continued plastic loading. Even though explicit elastic 
unloading is not incorporated into the material description, 
the material response is essentially linear elastic during this 
abrupt stress drop and, as can be seen in Fig. 5, the stress drop 
occurs with the initial elastic slope. Initial debonding occurs in 
the element nearest the axis of symmetry, in contrast to the 
situation for a more ductile interface, where debonding in-
itiates off the axis. The stress drop occurs before initial de-
bonding, when the traction across this interface segment is on 
the descending branch of the traction versus displacement 
curve in Fig. 1. After initial debonding, the stress increases, 
although, as can be seen in Fig. 5, there are slight oscillations 
(which may be an artifact of the numerics) in the overall stress-
strain curve as debonding propagates along the interface. 

As illustrated in Fig. 4, void nucleation is a process that oc-
curs over a range of strain. A void nucleation strain, eN, can 
be defined in various ways, with the appropriate definition 
depending on the context in which it is to be used. For exam-
ple, the void nucleation strain can be identified with the strain 
at which initial debonding takes place or with the strain at 
which complete separation occurs. In the phenomenological 
constitutive framework of Gurson (1975, 1977), a void created 
by inclusion debonding has been regarded as equivalent to a 
void occupying the same fraction as the inclusion being 

abruptly introduced into the material at eN. To define a 
nucleation strain in this context, the normalized logarithmic 
plastic volume change, In ( V/V), is calculated via 

O-KiWi)-1 (4.2) 
Jo' x « o ' -

The expression (4.2) is approximate because the effect of the 
inclusions is not accounted for in the elastic volume change 
term, but this is not of significance for the present purpose. 

In Fig. 6, plastic volume change versus axial strain curves 
are plotted using two different finite element meshes; one is a 
coarse 8 x 12 mesh, while the other is the 16 X 24 mesh 
shown in Fig. 3 and used in all the remaining calculations 
reported on here. The results in Fig. 6 are for a rather "duc-
tile" interface; d/r0 = 0.04. Initial debonding takes place at ea 
= 0.068 with the 16 x 24 mesh and at e„ = 0.08 with the 
coarse mesh. On the other hand, complete separation occurs 
somewhat earlier for the coarse mesh; at ea = 0.29 as com-
pared with e„ = 0.34 with the finer mesh. The more rapid 
separation with the coarse mesh is expected since the last 
points to debond are in the low strain region near the x' axis 
and the strain depression is resolved better in the fine mesh 
calculation. In the 16 x 24 mesh calculation complete de-
bonding has occurred in all elements except the last one at ea 
= 0.31. The strain interval over which debonding occurs 
depends on the value of 8/r0. With <5/r0 = 0.01, but all other 
parameters as in Fig. 6, initial debonding takes place at ea = 
0.034 and complete separation at ea = 0.18. 

A plastic volume change versus axial strain curve is also 
shown in Fig. 6 (using the 16 X 24 mesh) for an initial void of 
the same size as the inclusion. The curve of ln( V/V) versus 
axial strain for the void is shifted an amount eN. The value of 
eN for which the In ( V/V) versus ea curves nearly coincide at 
the larger volume changes shown (i.e., volume changes of the 
order of 1 percent) is taken as the nucleation strain. The fine 
mesh calculation gives a nucleation strain of 0.19, as shown, 
while the coarse mesh calculation implies eN = 0.17. 

This definition of nucleation strain is inherently imprecise. 
The sensitivity to the particular volume fraction at which the 
values of In ( V/V) are matched depends on the "ductility" of 
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the interface, with more ductile interfaces being more sensitive 
to the value of ln(Vp /V) chosen. In Fig. 6 where S/r0 = 0.04, 
the above values of eN were based on matching the response at 
ln(V"/V) = 0.015. Using ln(P»/V) = 0.01 gives nucleation 
strains of 0.172 and 0.176 for the 8 X 12 and 16 x 24 meshes, 
respectively. With 8/r0 = 0.01, but all other parameters as in 
Fig. 6, defining eN based on ln{V"/V) = 0.015, 0.01, and 
0.005 leads to eN = 0.084, 0.082, and 0.079. 

Some calculations were carried out to explore the 
dependence of the nucleation strain, as defined above, on in-
terface properties. A series of calculations were carried out us-
ing three values of 5/r0, i.e., for three sizes of inclusion. The 
model predicts a definite size effect and the results will be 
discussed in connection with void nucleation criteria in the 
context of Gurson's (1975, 1977) constitutive framework. 
There is a stronger dependence of nucleation strain on inter-
facial strength than on size. To illustrate this, two sets of inter-
face parameters were chosen that have values of 4>sep in (2.8) 
60 percent of that for the case with <xmax = 3 a0 and S/r0 = 
0.01; in one case <xmax = 3a0 and 8/r0 = 0.006, while in the 
other case amax = 1.8 a0 and 8/r0 = 0.01. These give rise to 
nucleation strains of 0.060 and 0.024, respectively, while in the 
reference case eN = 0.084. 

The role of the shear stiffness parameter, a, was in-
vestigated for the casep = 0.4, <7max = 3cr0, 8/r0 = 0.02. With 
a = 10.0, the nucleation strain is 0.23. Increasing a to 50 in-
creases the nucleation strain to 0.25, while with a = 1, eN = 
0.20. In fact, taking a = 0 in this case gives a nucleation strain 
of 0.18. Hence, for the geometry and loading conditions here, 
the interface shear stiffness plays a relatively minor role. This 
may not be the case for other inclusion geometries and for im-
posed stress states with a large shear component. 

5 Void Nucleation Criterion 
Within the constitutive framework for progressively 

cavitating solids introduced by Gurson (1975, 1977), the voids 
are represented in terms of a single parameter, the void 
volume fraction, / . The evolution equation for the void 
volume fraction includes contributions from both void growth 
and void nucleation, 

/ /growth '/nucleation W-IJ 
The void growth contribution is determined from the plastic 
flow rule using the condition that the matrix material is 
plastically incompressible whereas the void nucleation con-
tribution is specified separately. Although various void 
nucleation criteria can be formulated within this framework, 
two have been used in practice (Gurson, 1975, 1977; 
Needleman and Rice, 1978). One is a plastic strain criterion 
for which 

/nucleation = *-*£ (5 .2 ) 

while the other is the stress-based criterion 
/nucleation =B(^e + S/, ) (5 .3) 

In equation (5.3), Le is identified with the matrix effective 
stress appearing in the Gurson (1975, 1977) flow potential. As 
long as the void volume fraction is zero, as it is prior to nuclea-
tion, the matrix effective stress and the macroscopic effective 
stress are equal. In (5.2), D is considered a function of e, while 
analogously in equation (5.3), B is taken to be a function of 
(Ee + Eh) so that the quantity (Ee + Lh) plays the role of a 
nucleation stress. 

Analyses of localization, carried out within the Gurson 
(1975, 1977) framework, indicate that equations (5.2) and 
(5.3) can lead to quite different predictions of macroscopic 
ductility (Needleman and Rice, 1978; Saje et al. 1982). What is 
of particular significance in this regard is that the hydrostatic 
stress dependence of void nucleation in equation (5.3) leads to 

Table 1 Nucleation strain and stress for various values of stress tri-
axiality. The interface is characterized by ffmax'ffn = 3, a = 10 and &lr0 
= 0.02. 

I> 

0.250 

0.333 

0.400 

0.500 

0.625 

S i / E , 

0.667 

0.833 

1.00 

1.33 

2.00 

(N 

0.56 

0.33 

0.23 

0.12 

0.048 

(£„W"0 

1.732 

1.627 

1.555 

1.443 

1.268 

Ave. 

( E c + cSj , ) w / f7 0 

c = 0.35 

2.137 

2.102 

2.099 

2.117 

2.156 

2.122 

Table 2 Nucleation strain and stress for various values of stress tri-
axiality. The interface is characterized by i»max'"o = 3, a = 10 and l>lr0 
= 0.01. 

I> 

0.250 

0.333 

0.400 

0.500 

0.625 

S,,/E, 

0.667 

0.833 
1.00 

1.33 

2.00 

CN 

0.50 

0.27 

0.17 

0.084 

0.024 

(EeV/tro 

1.723 

1.594 

1.509 

1.388 

1.192 

Ave. 

(E, + C E ^ N / ^ O 

c = 0.35 

2.125 

2.058 

2.038 

2.036 

2.027 

2.057 

c = 0.39 

2.171 

2.111 

2.098 

2.110 

2.122 

2.122 

Table 3 Nucleation strain and stress for various values of stress tri-
axiality. The interface is characterized by ammha = 3, a = 10 and &lr0 
= 0.04. 

I> 

0.250 

0.333 

0.400 

0.500 

0.625 

E/./E, 

0.667 

0.833 

1.00 

1.33 

2.00 

IN 

0.61 

0.40 

0.31 

0.19 

0.070 

(EeWtfo , 

1.752 

1.664 

1.605 

1.501 

1.322 

Ave. 

(S£ + cEyJyv/ao 
c = 0.35 

2.161 

2.149 

2.167 

2.201 

2.248 

2.185 

c = 0.314 

2.119 

2.099 

2.109 

2.129 

2.152 

2.122 

a strong nonnormality in the plastic flow rule which promotes 
early flow localization. 

In order to explore the predicted hydrostatic stress 
dependence of the void nucleation strain, eN, calculations 
were carried out for various values of the stress ratio p in equa-
tion (3.7). In each case eN is defined in the manner sketched in 
Fig. 6. Tables 1 to 3 illustrate the hydrostatic stress 
dependence of e^ for interfaces characterized by three values 
of S/r0. The other interface parameters are kept fixed at <rmax 
= 3<r0 and a = 10. 

For low stress triaxiality, £;,/£„ = 0.667, the nucleation 
strain varies between 0.50 and 0.61 as &/r0 is increased by a 
factor of four, from 0.01 to 0.04. At higher values of the stress 
triaxiality, the absolute magnitude of the variation in eN is 
smaller, but the relative variation is greater; for example, 
when S/,/Ee = 2.00, the nucleation strain increases from 0.024 
to 0.070 as 8/r0 is varied over the same range. With 5 regarded 
as fixed, this corresponds to a decrease in nucleation strain 
with increasing particle size at fixed volume fraction. 

Also shown in Tables 1 to 3 is the outcome of correlating the 
results in terms of an effective nucleation stress, written as 

LN = Le + cLh (5.4) 
where Le and EA are obtained from equation (4.1) at ea = eN. 

For the case 8/r0 = 0.02, c = 0.35 leads to a mean nuclea-
tion stress, £N, of 2.122 a0. If equation (5.4) held precisely, 
the value of LN would be independent of p in Table 1. The 
maximum deviation from the mean is 1.5 percent and this oc-
curs for the lowest nucleation strain where the work hardening 
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is highest; more significant is the deviation from the mean for 
£/,/£e = 0.667 since this occurs at large strains where the 
work hardening rate is low. 

Tables 2 and 3 show the results of calculating nucleation 
stresses for 8/r0 = 0.01 and 8/r0 = 0.04 in two ways; one 
calculation uses a constant c, while in the other calculation c is 
chosen so that the average value of LN is the same for all three 
cases. A somewhat better correlation is obtained by varying c 
suggesting that more "brittle" interfaces (larger particles) may 
be characterized by a more strongly hydrostatic stress depend-
ent nucleation stress. 

With c = 1 in equation (5.4), the nucleation stress appear-
ing in equation (5.3) is recovered, and with c = 1 and ^h/Le = 
0.667 a nucleation stress of 2.887 is obtained; at EA/EC = 
1.00, EN (c= 1) = 3.109 and at Lh/Le = 2.00, LN (c= 1) = 
3.806. Although it is interesting to note that these values, par-
ticularly for the cases with lower stress triaxiality, are 
reasonably close to <rmax, use of c = 1 in equation (5.4) gives 
rise to a strongly hydrostatic stress dependent nucleation 
stress. Values of c less than unity in equation (5.4) can be 
thought of as due to part of the remote hydrostatic stress being 
"converted" to local shearing stresses around the inclusion, 
the magnitude of which are limited by the work hardening 
capacity of the material. 

6 Concluding Remarks 
The cohesive zone interface model developed here provides 

a unified description of void initiation from initial debonding 
through complete separation and subsequent void growth. 
This cohesive zone model is particularly attractive when, as is 
often the case, interfacial strengths are relatively weak, say of 
the order of several times the yield strength of the matrix 
material. Then the very high stress gradients associated with 
cracks in homogeneous bodies do not develop and standard 
finite-strain finite-element methods can be extended to incor-
porate the interface integrals. The model is a purely con-
tinuum one, so that discrete dislocation effects are not ac-
counted for, but the formulation provides a framework for 
analyzing the effects of matrix and inclusion material proper-
ties, inclusion size and shape, and imposed stress state and 
loading rate on the nucleation process. 

Dimensional considerations introduce a characteristic inter-
face length into the model and numerical results exhibit a duc-
tile to brittle transition in the mode of separation. For suffi-
ciently large inclusions (relative to the characteristic length) 
equilibrium solutions do not exist for increasing extension 
during debonding. The interface debonds in a "brittle" man-
ner, with an abrupt stress drop. One can speculate that if this 
were to occur at a particular weak inclusion, the stress drop 
could lead to load shedding to nearby inclusions. The in-
creased stress could then precipitate further nucleation, 
leading to another stress redistribution and so on, so that a 
profusion of voids are nucleated over a rather narrow strain 
interval. In actuality, in such a case, debonding would occur 
dynamically and dynamic effects may well play a significant 
role in the mechanics of the stress redistribution. By way of 
contrast, the smooth load drop associated with a more "duc-
tile" interface (smaller inclusions) suppresses this mechanism 
of void profusion. In this regard it is important to note that 
the range of strain over which voids nucleate can affect stabili-
ty against flow localization; void profusion over a narrow 
range of strain is potentially destabilizing (Needleman and 
Rice, 1978; Saje et al., 1980). 

The onset of nucleation at various levels of triaxiality of the 
imposed stress state has been correlated, within the framework 
of Gurson's (1975, 1977) constitutive relation for progress-
ively cavitating solids, in terms of a critical nucleation stress. 
This critical nucleation stress depends linearly on the 
hydrostatic tension, but with a coefficient that is less than 
unity. 
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Abstract – Hydrogen enhanced localized plasticity (HELP) is a viable mechanism for hydrogen embrittlement supported by experimental observations.
According to the HELP mechanism, hydrogen induced premature failures result from hydrogen induced plastic instability which leads to hydrogen
assisted localized ductile processes. The objective of this work is to reveal the role of hydrogen in possibly localizing the macroscopic deformation
into bands of intense shear using solid mechanics methodology. The hydrogen effect on material deformation is modeled through the hydrogen induced
volume dilatation and the reduction in the local flow stress upon hydrogen dissolution into the lattice. Hydrogen in assumed to reside in both normal
interstitial lattice sites (NILS) and reversible traps associated with the plastic deformation. The analysis of the plastic deformation and the conditions for
plastic flow localization are carried out in plane strain uniaxial tension. For a given initial hydrogen concentration in the unstressed specimen, a critical
macroscopic strain is identified at which shear localization commences.  2001 Éditions scientifiques et médicales Elsevier SAS
hydrogen / embrittlement / plasticity / localization

1. Introduction

Hydrogen embrittlement, or hydrogen-induced fracture, is a severe environmental type of failure (Birnbaum,
1979, 1983, 1984, 1994; Birnbaum and Sofronis, 1994; Birnbaum et al., 1997; Hirth, 1980, 1984; Johnson,
1984). When hydrogen is present, materials fail at load levels that are very low compared with those that a
hydrogen-free material can sustain. Of the many suggestions for an explanation of the hydrogen related failures,
the mechanism of hydrogen enhanced localized plasticity (HELP) appears to be a viable one (Beachem, 1972;
Meyers et al., 1992; Sirois et al., 1992; Birnbaum, 1988, 1994; Shih et al., 1988; Birnbaum and Sofronis, 1994).
Arguments in support of the HELP mechanism are based on experimental observations ( Sirois et al., 1992 and
Sirois and Birnbaum, 1992) and theoretical calculations ( Sofronis and Birnbaum, 1995 and Sofronis, 1995)
that in a range of temperatures and strain rates, the presence of hydrogen in solid solution decreases the barriers
to dislocation motion, thereby increasing the amount of deformation that occurs in a localized region adjacent
to the fracture surface ( Tabata and Birnbaum, 1983, 1984; Robertson and Birnbaum, 1986; Bond et al., 1987,
1988; Rozenak et al., 1990; Eastman et al., 1981). The fracture process is a highly localized ductile rupture
process rather than an embrittlement (Lee et al., 1977, 1979-a, 1979-b and Onyewenyi and Hirth, 1983). This
counterintuitive argument says that the macroscopic ductility is limited by the onset of extensive localized
plasticity and is supported by microscopic observations. High-resolution fractography of hydrogen embrittled
metals, such as Ni and Fe, show extensive plastic deformation localized along the fracture surfaces (Eastman
et al., 1981 and Matsumoto et al., 1981). The technique of in-situ environmental cell deformation and fracture

∗ Correspondence and reprints.
E-mail address: sofronis@uiuc.edu (P. Sofronis).
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carried out for bcc, fcc, and hcp metals having various solute contents, precipitation strengthened alloys, and
intermetallics (Tabata and Birnbaum, 1983, 1984; Robertson and Birnbaum, 1984, 1986; Bond et al., 1987,
1988; Rozenak et al., 1990; Xiao, 1993) demonstrates the same localized plasticity character of hydrogen
embrittlement despite some differing details among the various cases.
The underlying principle in the HELP mechanism is the shielding of the elastic interactions between

dislocations and obstacles by the hydrogen solutes (Sirois and Birnbaum, 1992; Birnbaum and Sofronis,
1994; Sofronis and Birnbaum, 1995; Sofronis, 1995). Reduction of the interaction energies between elastic
stress centers results in enhanced dislocation mobility. This phenomenon is supported by strong experimental
evidence and has been observed in fcc (Robertson and Birnbaum, 1986), bbc (Tabata and Birnbaum, 1984),
and hcp (Shih et al., 1988) systems and in relatively pure materials, in solid solutions alloys, in precipitation
strengthened alloys (Bond et al., 1987), and in γ ′ strengthened alloys (Robertson and Birnbaum (unpublished
work on gamma prime strengthened alloys, 1987); Robertson et al., 1984). As a consequence, the intrinsic
material flow stress varies with position in an inhomogeneous distribution of hydrogen and is lower where the
hydrogen concentration is greater.
The critical question though that still remains unanswered is how this hydrogen induced material softening

at the microscale can cause shear localization at the macroscale. As Birnbaum et al. (1997) discuss, it is clear
that the flow stress in the region of localization is reduced relative to the flow stress in the homogeneously
deforming volume, but the mechanism by which hydrogen causes shear localization has not been established
as of yet.
The purpose of this work is to provide a theoretical explanation for the onset of the shear localization

in the presence of hydrogen from a solid mechanics point of view. First, the amount of hydrogen in the
specimen is calculated by considering the extent of plastic straining (trapped hydrogen) and hydrostatic stress
(normal interstitial interstitial hydrogen). In view of the very high mobility of the hydrogen solute, hydrogen
concentration in trapping sites is assumed always to be in equilibrium with hydrogen in interstitial sites, which
is also assumed to be in equilibrium with local hydrostatic stress. The calculated hydrogen concentration is then
used to estimate the amount of material softening along the lines of the experimental observations by Tabata and
Birnbaum (1983). The underlying idea is that by accounting for the hydrogen effect on the material constitutive
law one can predict the onset of plastic instability in a homogeneously deforming specimen stressed in uniaxial
tension. The criterion for the inception of such deformation instability is based on the analytical framework
established by the work of Rice (1976) and Rudnicki and Rice (1975).
It should be pointed out that the numerical predictions of shear localization in our chosen model system,

e.g. niobium, turn out to be independent of the amount of trapped hydrogen. However, this result is an
exception rather than the rule and only a consequence of the trapping model assumed, as discussed in Section
6. To preserve the generality of the present model, as it could apply to other systems with different trapping
mechanisms and characteristics, the trapping effect is included in the analysis.

2. Equilibrium hydrogen populations in normal interstitial lattice sites (NILS) and trapping sites

Hydrogen is assumed to reside either at normal interstitial lattice sites or reversible trapping sites at
microstructural defects generated by plastic deformation. The two populations are always in equilibrium
according to Oriani’s theory (1970), such that:

θT

1− θT

= θL

1− θL

KT , (1)
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where θL denotes the occupancy of the interstitial sites, θT denotes the occupancy of the trapping sites,

KT = exp(WB/RT ) (2)

represents the equilibrium constant, WB is the trap binding energy, R is the gas constant equal to 8.31 J mole−1
K−1 and T is the absolute temperature. The hydrogen concentration CT , measured in atoms per unit volume,
in trapping sites can be phrased as:

CT = θT αNT , (3)
where α denotes the number of sites per trap and NT denotes the trap density measured in number of traps per
unit volume. The hydrogen concentration CL, measured in hydrogen atoms per unit volume, in interstitial sites
can be stated as:

CL = θLβNL, (4)
where β denotes the number of NILS per solvent atom and NL denotes the number of solvent atoms per unit
lattice volume given by:

NL = NA/VM, (5)
where NA = 6.0232 × 1023 atoms per mole is Avogadro’s number and VM is the molar volume of the host
lattice measured in units of volume per lattice mole.
Hydrogen concentrations in the NILS are studied under equilibrium conditions with local Cauchy stress σij .

The Fermi–Dirac form (Hirth and Carnahan, 1978) is used to calculate the equilibrium hydrogen concentration
CL in terms of the unstressed lattice concentration C0 (initial NILS concentration in the absence of any stress,
measured in hydrogen atoms per unit volume) as:

θL

1− θL

= θ0L
1− θ0L

KL, (6)

where θ0L = C0/βNL denotes the initial NILS occupancy,

KL = exp(σkkVH/3RT ) (7)

is the equilibrium constant dominated by the first-order interaction of hydrogen with stress, VH is the partial
molar volume of hydrogen in solution, and the standard summation convention is used over repeated indices
throughout. Transient effects of the type calculated by Fuentes-Samaniego et al. (1984) are not accounted for.
If cL is the hydrogen concentration in NILS denoting hydrogen atoms per solvent atom:

cL = CL/NL = βθL (8)

by equation (4). Then, the relationship between the corresponding measures for the initial NILS concentration
in the unstressed lattice is c0 = C0/NL. Similarly, introducing a trapping site concentration cT measured in
trapped hydrogen atoms per solvent atom such that:

cT = CT /NL = βθT L, (9)

one calculates θT L = αNT θT /βNL by equation (3). In order for the maximum concentration in both NILS and
trapping sites not to exceed that for the MH structure, that is, for the metal hydride, the side condition:

c = cT + cL ! 1 (10)
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is imposed, where c is the total hydrogen concentration in both NILS and trapping sites and is measured in
hydrogen atoms per solvent atom.
In this paper the hydrogen trap sites are associated with dislocations in the deforming metal (Thomas, 1980

and Angelo et al., 1996). Assuming one trap site per atomic plane threaded by a dislocation (Thomas, 1980;
Tien et al., 1976; McLellan, 1979), one finds that the trap site density in traps per cubic meter is given by:

NT =
√
2ρ/a, (11)

where ρ is the dislocation density and a is the lattice parameter. Lufrano et al. (1998) maintain that this
assumption is consistent with the experimental work of Thomas (1980) in which the best fit to the experimental
data was obtained with a trapping radius of only 1 to 2 atomic spacings. The dislocation density ρ measured
in dislocation line length per cubic meter was considered to vary linearly with logarithmic strain εp (Gilman,
1969):

ρ =
!

ρ0 + γ εp for εp < 0.5,
1016 for εp ! 0.5, (12)

where ρ0 = 1010 line length/m3 denotes the dislocation density for the annealed material and γ = 2.0× 1016
line length/m3.
Combination of equations (1)–(3), (6)–(12) yields the total hydrogen concentration as a function of both the

hydrostatic stress and the equivalent plastic strain, that is:

c = β
"

θL(σkk) + θT L

#

σkk, ε
p
$%

, (13)

where

θL(σkk) = θ0LKL

&"#

1− θ0L
$ + θ0LKL

%

(14)
and

θT L

#

σkk, ε
p
$ = α

β

NT (εp)

NL

KT θL(σkk)

1− θL(σkk) + KT θL(σkk)
. (15)

3. Continuum description of the hydrogen induced softening effect

Birnbaum and Sofronis (1994) have argued that at temperatures and strain rates in which hydrogen
embrittlement is experimentally observed, hydrogen induces material softening at the microscale by enhancing
the dislocation mobility. In a continuum sense, softening can be described through a local flow stress that
decreases with increasing hydrogen concentration. It is important to emphasize here that the term ‘local flow
stress’ denotes the intrinsic flow characteristics of a small volume of material in the microscale, most likely in
the neighborhood of a stress raiser, where hydrogen has concentrated by deformation. ‘Local flow stress’ should
not be confused with the flow stress measured ‘macroscopically,’ say, in a tensile test. The reason is that while
the intrinsic material flow stress decreases with hydrogen (Meyers et al., 1992), the macroscopically measured
flow stress may either decrease (Beachem, 1972; Matsui et al., 1979-a, 1979-b; Moriya et al., 1979; Eastman
et al., 1982) or increase with hydrogen (Asano and Otsuka, 1976; Abraham and Altstetter, 1995) depending on
the degree of hydrogen induced shear localization and the magnitude of the local softening due to the removal
of dislocation barriers (Birnbaum, 1994; Birnbaum and Sofronis, 1994).
Indeed, Birnbaum (1994) and Birnbaum and Sofronis (1994) demonstrated that when softening induced

shear localization takes place, the number of moving dislocations within the specimen reduces since the bulk of
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the material outside the shear band(s) ceases to deform. As a result, the dislocation velocity increases in order
for the macroscopically imposed machine strain rate to be maintained. Since stress is a response function, this
increased dislocation velocity results in an increase of the macroscopic stress (macroscopic hardening). On
the other hand, in the absence of shear localization, the macroscopic stress decreases because the dislocations
throughout the specimen can keep moving with the same velocity at a lower stress due to shielding of their
interactions by hydrogen (macroscopic softening). For example, in the case of stainless steels severe slip
localization on a limited number of slip planes is accompanied by significant increases in the macroscopic flow
stress (Ulmer and Altstetter, 1991; Abraham and Altstetter, 1995). On the other hand, macroscopic flow stress
reduction is observed in the aluminum–hydrogen system (Zeides, 1986) because initial hydrogen clusters which
act as barriers to dislocation motion are removed (cut through) by hydrogen enhanced dislocation mobility set
by the initial deformation.
It is notable that the experimental procedures used to demonstrate hydrogen-induced hardening have been

subject to criticism. Near surface damage by the severe concentration gradients on the surface due to hydrogen
charging, phase transformations, and stress induced hydrides at dislocation cores have often been suggested to
be the true mechanisms in the observed hydrogen induced hardening (Kimura and Birnbaum, 1987; Birnbaum
and Sofronis, 1994). A detailed presentation and discussion of experimental studies of hydrogen induced
macroscopic hardening and softening can be found in the work by Abraham and Altstetter (1995).
Based on microscopic studies of the effect of hydrogen on dislocation behavior in iron, Tabata and

Birnbaum (1983) determined the local flow stress of the material as a decreasing function of the hydrogen
pressure in the environmental cell. Such an experimental observation warrants a continuum description of the
hydrogen effect on the local flow stress σY in the form of:

σY = σH
0

!

1+ εp

ε0

"1/n

, (16)

where σH
0 is the initial yield stress in the presence of hydrogen that decreases with increasing hydrogen

concentration, ε0 is the initial yield strain in the absence of hydrogen, εp is the logarithmic strain in uniaxial
tension, and n is the hardening exponent that is assumed unaffected by hydrogen. Equation (16) suggests that
the hydrogen effect on the local continuum flow characteristics is modeled through the initial yield stress,
assumed to be given by:

σH
0 = φ(c)σ0, (17)

where φ(c) is a monotonically decreasing function of the local hydrogen concentration c measured in atoms
per solvent lattice atom, and σ0 is the initial yield stress in the absence of hydrogen. It is assumed that local
hydrogen concentrations are such that c ! 1, which is typical in bcc systems in which the MH (Metal hydride)
structure is allowed to be formed. A possible suggestion for φ(c) is a linear form:

φ(c) = (ξ − 1)c + 1, (18)

where ξ < 1 is a parameter. Note that if c = 1, then φ = ξ and σH
0 = ξσ0 denote the ratio of the yield stress in

the presence of hydrogen, σH
0 , to that in the absence of hydrogen, σ0, at the maximum hydrogen concentration

of 1.
The proposed model of equations (16)–(18) for the hydrogen induced material softening should be

understood not as a precise and exhaustive description of the experimental findings. Rather, the model should
be viewed as an attempt to quantify the experimental understanding of the hydrogen effect on dislocation
mobility in a continuum sense. By requiring that ξ is finite and positive, the model does not allow for the
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material yield stress to vanish as the hydrogen content c approaches unity. This is indeed an expected realistic
feature of the model if one considers that dislocation motion has not been observed to increase indefinitely
with hydrogen. In fact, in the present investigation and for low or moderate initial concentrations, that is, for
c0 ! 0.3 H/M (H/M denotes hydrogen atoms per metal atom), the function φ never assumes values less than
0.69. Therefore, hydrogen never causes the yield stress to reduce by more than 31% in this concentration
range. Since the work hardening exponent in equation (1) is treated as independent of hydrogen, the model
does not suggest a hydrogen induced change in the deformation mechanism at the microscale. This is also
in accordance to the emerging understanding in recent years (Birnbaum et al., 1997) that hydrogen induces
material degradation not by altering the local material deformation mechanism, but rather by intensifying it.

4. Constitutive law and conditions for shear localization

4.1. Elastoplastic constitutive law

The total deformation rate tensor Dij (which equals the symmetric part of the velocity gradient in spatial
coordinates) is written as the sum of an elastic part, a part due to the presence of hydrogen, and a plastic part:

Dij = De
ij + Dh

ij + D
p
ij . (19)

The elastic behavior of the material is modeled as hypo-elastic, linear and isotropic:

De
ij = 1

2G
∇
σ ′

ij + 1
9K

∇
σ kkδij , (20)

where the superposed ∇ denotes the Jaumann or co-rotational stress rate (which exhibits proper material
invariance for rigid spin), σ ′

ij = σij − σkkδij /3 is the deviatoric stress, δij is the Kronecker delta, and G and K
are the elastic shear and bulk moduli respectively.
The stress-free solid at initial solute concentration c0 is taken as the reference state for measuring strain

due to hydrogen induced lattice distortion. The mechanical effect of the hydrogen solute atoms is purely
dilatational (Peisl, 1978) and is phrased in terms of the deformation rate as:

Dh
ij = ε̇hδij , where εh = ln

!

1+ λ(c − c0)

3

"

, (21)

a superposed dot denotes material time differentiation, λ = &v/',&v is the volume change per atom of
hydrogen introduced into solution that is directly related to the partial molar volume of hydrogen VH = &vNA

in solution, and ' is the mean atomic volume of the host metal atom. In view of the definition of εh, the
expression for Dh

ij can be written as

Dh
ij = 1

3
((c)ċδij , (22)

where ((c) = λ/[1+ λ(c − c0)/3]. Note that for small changes of concentration, ((c) ≈ λ and equation (22)
reduces to the usual infinitesimal strain rate ε̇h

ij = (ċ&ν/3')δij (Sofronis, 1995).
The material is assumed to be rate independent, to yield according to the von-Mises criterion, and to harden

isotropically under plastic straining. The yield criterion is of the form:

f = σe − σY

#

εp, c
$ = 0, (23)
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where σe = (3σ ′
ijσ

′
ij /2)1/2 is the von-Mises equivalent stress, the equivalent plastic strain εp is defined as

εp = !

"

2Dp
ij D

p
ij/3dt , and the flow stress σY (εp, c) is defined by equations (16) and (17). The plastic part of

the deformation rate is defined by the so-called ‘normality condition’:

D
p
ij = ε̇p ∂f

∂σij

= ε̇p
3σ ′

ij

2σe

. (24)

Using the ‘consistency condition’

ḟ = ∂f

∂σij

σ̇ij + ∂f

∂εp
ε̇p + ∂f

∂c
ċ = 0, (25)

and taking into account the fact that c is a function of σkk and εp (see equations (13–15)), one concludes that:

D
p
ij = 1

∂σY

∂εp + ∂σY

∂c
∂c
∂εp

#3σ ′
kl

2σe

− ∂σY

∂c

∂c

∂σpp

δkmδlm

$3σ ′
ij

∇
σ kl

2σe

. (26)

Substitution of equations (20), (22), and (26) into equation (19) yields the full description of the material
constitutive law as follows:

2D′
ij =

∇
σ ′

ij

G
+ 1

1
3
%

∂σY

∂εp + ∂σY

∂c
∂c
∂εp

&

3σ ′
ij

σe

#

σ ′
kl

∇
σ kl

2σe

− 1
3

∂σY

∂c

∂c

∂σkk

∇
σmm

$

,

Dkk =
∇
σ kk

3K̄
+

∂c
∂εp %(c)

1
3
%

∂σY

∂εp + ∂σY

∂c
∂c
∂εp

&

#

σ ′
kl

∇
σ kl

2σe

− 1
3

∂σY

∂c

∂c

∂σkk

∇
σmm

$

,

(27)

where K̄ = K/[1+ 3(∂c/∂σkk)K%(c)].
Comparing the constitutive equations (27) to equations (10) of Rudnicki and Rice (1975), one finds direct

analogy between material behavior in the presence of hydrogen and the behavior of pressure sensitive dilatant
materials considered by Rudnicki and Rice. In order for the respective equations to be identical, the parameter
correspondence is as follows:

Present work Rudnicki and Rice (1975)

1
3

#

∂σY

∂εp
+ ∂σY

∂c

∂c

∂εp

$

→ h

%(c)√
3

∂c

∂εp
→ β

−
√
3
∂σY

∂c

∂c

∂σkk

→ µ

K̄ → K

(28)

where the parameters h,β,µ, and K in the work of Rudnicki and Rice denote correspondingly the slope of the
effective stress–effective plastic strain curve in shear, the dilatancy factor, the pressure sensitivity of yield, and
the material bulk modulus. Clearly, hydrogen affects both the material dilatancy and the sensitivity of yield. In
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addition, because ∂c/∂εp > 0 and ∂σY /∂c < 0, hydrogen reduces the slope of the equivalent stress–equivalent
strain curve, thus favoring localization.

4.2. Conditions for localization

LetOxIxIIxIII be a Cartesian coordinate system aligned with the principal stress directions, and σ ′
I ! σ ′

II ! σ ′
III

be the principal deviatoric stresses. According to Rudnicki and Rice (1975) and Perrin and Leblond (1993)
localization of the plastic flow is possible when the hardening modulus:

h = 1
3

!

∂σY

∂εp
+ ∂σY

∂c

∂c

∂εp

"

(29)

reduces upon loading to the critical value:

hcr

G
= 1+ ν̄

9(1− ν̄)
(β − µ)2 − 1+ ν̄

2

!

NII +
β + µ

3

"2

+ (4− 3N2
II)(1+ ν̄)

24
√
3(1− ν̄)

(β − µ)(sin 2θ0)2
σe

G
+O

!

σe

G

"2

,

(30)

where ν̄ = (3K̄ − 2G)/(6K̄ + 2G), tan θ0 = √
(ξ − NIII)/(NI − ξ ),Ni =

√
3σ ′

i /σe, i = I, II, III,
ξ = [(1+ ν̄)(β + µ)/3] − NII(1− ν̄), and the loading is such that NIII < ξ < NI. Rudnicki and Rice also show
that the unit normal n to the plane of the shear band is perpendicular to the direction xII, and that the angle θ
between n and direction xIII is:

θ = θ0 + 1√
3

#1+ ν̄

6
(µ − β) cot 2θ0 − 1

4

!

1− 3
4
N2
II

"1/2

sin 2θ0
$

+O
!

σe

G

"2

. (31)

5. Hydrogen-induced shear localization in plane strain uniaxial tension

The conditions for shear localization are studied in the case of a specimen loaded in homogeneous
uniaxial tension under plane strain deformation (see figure 1). Loading is effected incrementally by applying
displacement increments along the x2-axis. Before the application of the external load, the specimen was
assumed to be stress free and at a uniform initial hydrogen concentration c0. Upon loading, uniform
redistribution of the H solutes occurs within the solid so that hydrogen is always under quasi-static ‘local
equilibrium’ conditions with local stress and plastic strain as discussed in Section 2 (cf. equation (13)). Since
hydrogen is assumed to be provided by a chemical reservoir, an arrangement corresponding to ‘far field
concentration’ kept constant at c0, the calculation corresponds to a constant chemical potential for the hydrogen
solute. The first increment of the displacement was such that the specimen was brought to yield as determined
by equation (17). Subsequently, the loading was continued with the specimen deforming in the elastoplastic
regime. Localization of plastic flow is possible when the hardening modulus h, defined by equation (29),
reduces upon loading to the critical value hcr , determined by equation (30).
The solution to the problem of plane strain tension was obtained numerically; details of the calculation are

reported in the Appendix.
The numerical computations were carried out with regard to the niobium system, as material data are

available for this system. The initial trapping site concentration was calculated from equations (1)–(4), with
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Figure 1. A specimen strained homogeneously in plane strain by displacement increments in the x2 direction. In the absence of deformation, the
specimen is at an initial concentration c0 measured in hydrogen atoms per solvent atom (H/M).

the parameter α taken to be equal to 1. The parameter β was set equal to 1 and this corresponds to a
maximum NILS concentration of 1 hydrogen atom per solvent lattice atom. Hydrogen was assumed to
expand the lattice isotropically and its partial molar volume in solution was VH = 1.88 cm3/mole which
corresponds to λ = 0.174. The molar volume of niobium was 10.852× 10−6 m3/mole which implies that the
number of the available NILS was NL = 5.55× 1028 solvent lattice atoms per m3. The lattice parameter was
a = 3.3× 10−10 m, the Poisson’s ratio ν = 0.34, and Young’s modulus E = 115 GPa. The trap binding energy
was taken to be equal to WB = 29.2 kJ/mole (Baker and Birnbaum, 1972) and the temperature was 300 K.
Figure 2 shows the normalized stress σ22/σ0 plotted against the equivalent plastic strain during straining up

to the localization event for given initial concentrations c0, material yield stress in the absence of hydrogen σ0 =
400 MPa, and hardening exponent n = 10. It is evident that as the initial concentration increases, the material
becomes increasingly softer with decreasing tangent modulus, in accordance with the softening behavior
described by equations (17) and (18). Notice that while for the hydrogen free material initial yielding is attained
at σ22/σ0 = 1.14, when c0 = 0.8 H/M the corresponding stress is σ22/σ0 = 0.28. This behavior is strongly
dependent on the value of the parameter ξ which defines the reduction of the yield stress at the maximum
hydrogen concentration of 1 (see equations (17) and (18)); the value ξ = 0.1 is used in the calculations.
Figure 3 shows the normalized concentration c/c0 plotted against the equivalent plastic strain as a function
of c0. The relative elevation of the concentration c above the initial concentration c0 reduces with increasing
c0. This is a direct consequence of the softening-induced decrease in the stress triaxiality σkk = σ22 + σ33 with
increasing initial concentration. Figure 4 shows the macroscopic normalized true (logarithmic) strain ε22/ε0 at
localization plotted against the initial hydrogen concentration c0, for work hardening exponents n = 5 and 10
and yield stress σ0 = 400 MPa. The macroscopic strain for localization reduces with initial concentration c0
provided c0 ! 0.64 H/M and c0 ! 0.66 H/M for n = 5 and n = 10 respectively. On the other hand, for initial
concentrations greater than 0.64 H/M and 0.66 H/M respectively for n = 5 and n = 10, the dependence of
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Figure 2. Plot of the normalized stress σ22/σ0 versus the effective plastic strain εp for various initial concentrations c0. The parameter σ0 = 400 MPa
is the initial yield stress in the absence of hydrogen. The work hardening exponent was n = 10 and the softening parameter ξ was 0.1.

Figure 3. Plot of the normalized hydrogen concentration c/c0 versus the effective plastic strain εp for various initial concentrations c0. The parameter
σ0 = 400 MPa is the initial yield stress in the absence of hydrogen. The work hardening exponent was n = 10 and the softening parameter ξ was 0.1.
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Figure 4. Plot of the normalized macroscopic strain ε22/ε0 at localization, bifurcation versus the initial concentrations c0 for hardening exponents
n = 5, 10. The parameter ε0 is the initial yield strain corresponding to the yield stress σ0 = 400 MPa. The softening parameter ξ was 0.1.

the slope on the initial concentration reverses and the critical strain for localization ε22 exhibits only a weak
dependence on c0.
Figure 4 indicates that for initial concentrations c0 less than 0.29 H/M, the applied strain for localization

increases with reducing hardening, i.e. with increasing n. This result is physically plausible because the stress
triaxiality necessary to elevate the local concentration c to the levels required for the onset of the localization
is achieved at higher strains for the softer material. On the other hand, for initial concentrations greater than
0.29 H/M, the more severe material softening at higher values of n is essentially the factor that governs the
condition for localization, and therefore the elevation of triaxiality (i.e. local concentration) required when
n = 10 is less than that at n = 5. This is in accordance with the mild elevations of the hydrogen concentration at
high initial concentrations (e.g. c0 = 0.8 H/M) compared to the marked elevations at low initial concentrations
(e.g. c0 = 0.1 H/M), as shown in figure 3.

6. Discussion

It was demonstrated theoretically that hydrogen can promote localization of the homogeneous macroscopic
plastic deformation into bands of intense shear. The model is based on hydrogen induced intrinsic material
softening and lattice dilatation both of which have been experimentally verified. The effect of hydrogen is
demonstrated in causing the critical modulus for localization to be positive.
The macroscopic strain at which localization takes place depends strongly on the initial hydrogen

concentration c0. At high initial concentrations (c0 > 0.3 H/M), localization has been found in the niobium
system (with n = 10) to take place at a macroscopic strain of less than 336ε0 and greater than 230ε0. This
range corresponds to strains of 80÷ 117%. At the initial concentration of c0 = 0.3 H/M, which is moderately
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high, localization takes place while the local hydrogen concentration is c = 0.348 H/M. At this concentration,
the model’s prediction is based on the assumption that the local initial yield stress has been reduced to 69% of
the yield stress in the absence of hydrogen according to equations (17) and (18). This is not an unrealistic
underlying model assumption in view of the experimental evidence on the strong effect of hydrogen on
dislocation mobility. Using dislocation velocity measurements, Tabata and Birnbaum (1983) calculated that
a reduction of the yield stress by 31% can be achieved at low hydrogen pressures.
Although precise experimental measurements on the strain at localization do not exist, it is generally believed

that localization takes place at macroscopic strains, which are close to those just after the material begins to
yield. Abraham and Altstetter (1995) observed notable slip localization during tensile tests with 310s stainless
steel foils containing as little as 8 at % of hydrogen at macroscopic strain of about 2%. The localization
was always accompanied by a negative slope (yield point discontinuity: upper and lower yield point) in the
macroscopic stress–strain curve. Of course in an inhomogeneous deformation field, in particular close to stress
raisers such as internal defects, grain boundary incompatibilities, and microcracks, the local strain may be many
times the initial yield strain ε0, while the macroscopic strain is just above yield.
Therefore, it can be said that the present model predicts that straining up to fairly high values of macroscopic

strain (two orders of magnitude in excess of the material yield strain) is required for the onset of localization
in the presence of hydrogen. It is well known that the von Mises flow theory dramatically overestimates
the bifurcation strain. Perhaps predictions based on a modified flow model, e.g. one that is based on corner
theory, can be one or two orders of magnitude less than those of the present model. However, to adopt
such a constitutive model, experimental evidence is required to support that hydrogen can change the flow
characteristics of a material in such a way (e.g. yield surface with vertices).
Also the high strains for the onset of localization in the present plane strain study should be viewed in relation

to the minimal elevation of the equilibrium hydrogen concentration relatively to the initial concentration. In
fact, in the numerical results, equilibrium concentrations c were never larger than the initial concentration c0
by more than 31%. This is due to the low stress triaxiality attained in plane strain uniaxial tension (figure 3) and
to the absence of strong hydrogen trapping as discussed below. As a result, both the dilatancy factor (∼∂c/∂εp)
and the pressure sensitivity of yield (∼∂c/∂σkk) were not so dramatically affected (Rudnicki and Rice, 1975)
as to allow for shear localization at strains lower than those shown in figure 4. It is expected that ahead of a
crack tip where the stress triaxiality is higher and the elevation of the hydrogen concentration is much greater
(Sofronis and McMeeking, 1989; Taha and Sofronis, 2001), the pressure sensitivity of yield will be higher. It
is notable that in the case of high strength steels in which the trapping energy is twice as large as in niobium
(Kumnick and Johnson, 1980), the trapped hydrogen concentrations at a crack tip can get as high as 80 times
the initial concentration c0 (Sofronis and McMeeking, 1989; Taha and Sofronis, 2001). Similarly a model of
trapping in the form of hydrogen atmospheres around dislocations will also result in higher-pressure sensitivity.
Evidently, further studies are required in order to address the sensitivity of the localization condition on the
applied macroscopic strain.
In order to quantify the percentage of trapped hydrogen relatively to the total hydrogen in the specimen,

one sees that the maximum trap density predicted by equations (11) and (12) is 4.3 × 1025 traps/m3. Since
there are 5.55× 1028 solvent lattice metal atoms per m3, one concludes that the trap density is 8× 10−4 trap
sites per solvent metal atom. At this level of trap site density, even with trap saturation, the amount of trapped
hydrogen is very small relative to the interstitial hydrogen. As a result, the effect of the trap binding energy on
the localization, bifurcation condition is negligible. Parametric studies with defect binding energies equal to 20
and 40 kJ/mole yielded results identical to those shown in figure 4.
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7. Closure

The present model simulations predict that hydrogen induced localization of plastic deformation in the form
of bands of intense shear is indeed a mechanism of deformation possibly occurring at the macroscale. The
model is based on realistic material parameters and experimental studies of the hydrogen effect on dislocation
mobility. The numerical results seem to overestimate the macroscopic strain required for localization as
predicted by experiments. The calculated hydrogen effect can be intensified quantitatively by considering more
effective trapping modes of hydrogen in the presence of higher stress triaxialities such as those ahead of a crack
tip. The dependence of the hydrogen-induced localization on the nature of the material yield model will be
considered in a subsequent publication.
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Appendix

For the plane strain uniaxial tension problem described in Section 5, the only non-zero stress and deformation
rate components are σ22,σ33,D11 = ε̇11, and D22 = ε̇22, where ε11 and ε22 are the logarithmic strains
respectively in directions 1 and 2. The corresponding constitutive equations are:

ε̇11 = − ν

E
(σ̇22 + σ̇33) + ε̇h + ε̇pn11, (A1)

ε̇22 = 1
E

σ̇22 − ν

E
σ̇33 + ε̇h + ε̇pn22, (A2)

ε̇33 = − ν

E
σ̇22 + 1

E
σ̇33 + ε̇h + ε̇pn33 = 0, (A3)

where

nij = 3σ ′
ij /2σe. (A4)

The yield condition is given by equation (23) as:

σe − σY

!

εp, c
" = 0, (A5)

and the hydrogen concentration c is given by equation (13) in the form of:

c = c
!

σkk, ε
p
"

. (A6)

Initial yielding

The specimen yields upon loading when the following conditions are satisfied:

ε11 = − ν

E
(σ22 + σ33) + ln

#

1+ λ(c − c0)

3

$

, (A7)
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ε22 = 1
E

σ22 − ν

E
σ33 + ln

!

1+ λ(c − c0)

3

"

, (A8)

0= − ν

E
σ22 + 1

E
σ33 + ln

!

1+ λ(c − c0)

3

"

, (A9)

c = c(σkk,0), (A10)

σ 222 + σ 233 − σ22σ33 − σ 2Y (0, c) = 0. (A11)

The above set of five non-linear equations is solved for σ22,σ33, ε11, ε22, and c by using the Newton iteration
method.

Plasticity solution

Equations (A1) to (A3) are integrated by using a backward Euler scheme and the solution is determined by
the following set of equations:

%ε11 = − ν

E
(%σ22 + %σ33) + 1

3
&(cn+1)%c + %εp(n11)n+1, (A12)

%ε22 = 1
E

%σ22 − ν

E
%σ33 + 1

3
&(cn+1)%c + %εp(n22)n+1, (A13)

0= − ν

E
%σ22 + 1

E
%σ33 + 1

3
&(cn+1)%c + %εp(n33)n+1, (A14)

cn+1 = c
#

(σkk)n+1, ε
p
n+1

$

, (A15)
#

σ 222
$

n+1 + #

σ 233
$

n+1 − (σ22σ33)n+1 − σ 2Y
#

ε
p
n+1, cn+1

$ = 0, (A16)

where the notation An+1 = An + %A denotes the value of A at the end of the increment under consideration.
For every increment, the value of %ε22 is prescribed and the quantities %ε11,%σ22,%σ33,%c, and %εp are
determined from the solution of (A12)–(A16) by using the Newton iteration method.
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