
TAM 554- Lecture #3  Elastic and Plastic Deformation of Materials:  Stress and  
Strain Tensors 
 

Plasticity deals with calculation of stresses in a body, (ductile material) permanently deformed 

by a set of applied forces. Unlike elastic solids in which the state of strain depends only on the 

final state of stress, the deformation that occurs in a plastic solid in determined by the complete 

history of loading. The plasticity is therefore incremental (the final distortion is the sum of 

incremental distortion following the loading path).  

 

An  annealed metal may be regarded homogenous (no holes etc.) and isotropic (same properties 

in different directions) if the crystal grains are distributed with random orientations. Upon plastic 

deformation crystallographic directions rotate to a common axis, producing preferred orientation. 

 

In many cases, it is customary to assume that material remains isotropic. In ductile metals, plastic 

deformation can continue to large strains without failure. Large strains occur in metal working 

processes, in the vicinity of cracks and voids during ductile fracture. Very little considerations 

has been given to elasto-plastic problems in which plastic strains are of the same order of 

magnitude as elastic strains. Furthermore, in many problems perfect plasticity is assumed. In real 

materials strain hardening occurs and needs to be accounted for. 
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True Stress-Strain Curve 
 
Stress - Strain curve in tension and compression coincide if true stress  σ  is plotted against time 
(or natural) strain  ε . 
 

 σ =
P
A
= current load / current crossectional area  

 
  
dε =

dℓ
ℓ
= change in length / current length.  

 

  

ε = ℓn
ℓ
ℓo

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ ; ℓo = original length, ℓ = current length.

= logarithmic strain
 

 
  
e = engineering strain = Δℓ

ℓo
 

   ε = ℓn l + e( )  
 
  

 
 
 
B = location yield (an arbitrary

definition needed) generally
defined as a small plastic strain offset

σy = yield stress

 

 
 
For theoretical considerations, it is generally assumed that a sharp yield point exists, ie.  elastic 
strain = total strain up to B. 
 
If the specimen is stressed to some point C in the plastic range and unloaded elastic recovery 
occurs along path CD. 
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Include a constant term in Ludwik’s equation rigid/plastic material. 
 
σ = Y 1 +mε n( )  
  

 
 
Y = initial yieldstress
mandn areconstants

 

 
 
 
 

 
 n= 1 ; linear hardening. 
 
 Generalized power law (Swift).  J. Mech. Pys. Solids 1, 1, (1952) 
 
  σ = C m + ε( )n  
 
 C, m, n constants. 
 
 m = amount of pre-strain for a material whose stress-strain curve corresponds to m = 0 in 
annealed case. 
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Voce’s equation (J. Inst., Metals, 74, 537 (1948) Vocé) 
 

 
σ = C 1 −me−nε( )
e = exponential

 

 
 
 
 
 
 
 
 
 
 
 
 
as ε → ∞ σ = C.  
 
n  = rapidity at which the asymptotic value is reached. 
 
m = state of hardening 
 
    = 0 (fully hardened) 
 
Slope of σ  vs ε  curve = n(C − σ )  which varies linearly with stress. 
 
At ε = 0;σ = C(1 −m)  
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Overview	  
Stacking	  faults	   Deforma3on	  twins	   Martensi3c	  transforma3ons	  

fcc	  

fcc	  

twin	  

B2	  NiTi	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  shape	  
memory	  alloy	  

Whelan	  et	  al.,	  	  Proc.	  Roy.	  Soc.	  London	  
(1957).	  

Karaman-‐Sehitoglu	  et	  al.,	  Acta	  Mater	  
(2000).	  

Sehitolgu	  et	  al.,	  unpublished	  research.	  

face	  centered	  cubic	  (fcc)	  
metals	  and	  alloys	  

face	  centered	  cubic	  (fcc)	  
metals	  and	  alloys	  
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Plas6c	  flow	  in	  fcc	  materials:	  slip	  and	  cross-‐slip	  

Polycrystalline	  
material	  

Single	  crystal/grain	  

twinning	  

slip	  
low	  SFE	  metal	  
e.g.:	  pure	  Ag	  

stacking	  fault	  ribbons	  

TEM	  image	  from:	  	  Whelan,	  Hirsch,	  Horne	  and	  Bollmann,	  Proc.	  Roy.	  
Soc.	  London	  (1957).	   Karaman	  et	  al.,	  Acta	  Mater	  (2001).	  

disloca3on	  arrays	  
Fuji	  et	  al.,	  Mater.	  Sci.	  Engg.	  A	  319	  (2001)	  415-‐461.	  

Disloca3on	  cells	  

low	  SFE	  alloys	  e.g.:	  
nitrogen	  steels	  	  

strain	  

st
re
ss
	  

Stage	  I 

Stage	  I 

twinning	  starts	  

Stage	  III 

medium/high	  SFE	  metal	  
e.g.:	  pure	  Al	  

cross-‐slip	  
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Hadfield	  Steel	  (fcc	  Fe-‐Mn-‐C	  steel)-‐	  [111]	  Orienta6on	  

800

600

400

200

0

Ax
ia
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s,

 M
Pa

0.50.40.30.20.10.0
Axial Strain

Hadfield Manganese Steel
[111] Orientation
Deformed under Tension at RT
Experiment and Simulation

 Experiment
 Simulation

Experiment, 12%

Experiment, 27%

Simulation, 12%

Simulation, 27%

I.	  Karaman,	  H.	  Sehitoglu,A.	  Beaudoin,	  Y.Chumlyakov,	  H.J.Maier,	  C.	  Tome,	  Acta	  Mat.	  48	  (2000)	  2031-‐2047	  
I.Karaman,	  H.	  Sehitoglu,K.Gall,	  Y.	  Chumlyakov,	  H.J.	  Maier,	  Acta	  Mat.	  48	  (2000)	  1345-‐1359	  

twinning	  	  
stress	  
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Plas6c	  deforma6on	  due	  to	  slip	  

Slip	  due	  to	  a	  
perfect	  

disloca3on	  

Callister	  (2000)	  

slipped	  state	  Intrinsic	  stacking	  fault	  

t2 

t1 
l 

b1 

b2 

extended	  disloca3on	  
A	  perfect	  disloca3on	  may	  split	  into	  par3al	  disloca3ons…	  

Lee	  et	  al.,	  Acta	  Mater	  (2001)	  

Intrinsic	  stacking	  fault	  
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Plas6c	  flow	  in	  fcc	  materials:	  twinning	  

Polycrystalline	  
alloy	  

Single	  crystal/grain	  

twinning	  

slip	  

low	  SFE	  alloys	  e.g.:	  
nitrogen	  steels	  	  

low	  SFE	  metal	  
e.g.:	  pure	  Ag	  

strain	  

st
re
ss
	  

Stage	  I 

Stage	  I 

twinning	  starts	  

Stage	  III 

medium/high	  SFE	  metal	  
e.g.:	  pure	  Al	  

cross-‐slip	  

fcc	  

fcc	  

twin	  

cross-‐slip	  and	  twinning	  are	  compe3ng	  mechanisms. 
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Deforma6on	  twinning	  

Deforma3on	  twin	  
in	  Fe-‐Mn-‐C	  steel	  
[001]	  orienta3on	  	  
3%	  strain	  	  

	  TEM	  image	  from:	  I.	  Karaman,	  H.	  Sehitoglu,	  K.	  Gall,	  Y.	  I.	  Chumlyakov	  and	  H.	  J.	  Maier,	  Acta	  Mater.(2000).	  

fcc	  

fcc	  

twin	  

B	  

C	  

C

A

B

A

C

<112>	  

<111>	  

fcc	  

fcc	  

twin	  

Mirror	  symmetry	  is	  
seen	  across	  the	  twin	  
boundary.	  	  

Twin	  
boundary	  

Twinning	  :	  mechanism	  of	  plas3c	  
deforma3on	  at	  crystal	  level.	  	  	  

twin	  boundary	  

twinning	  shear	  

a 
a 
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Experimental	  determina6on	  of	  twinning	  stress	  

M.	  S.	  Szczerba,	  T.	  Bajor,	  T.	  Tokarski	  	  Phil.	  Mag.	  84	  (2004)	  481-‐502.	  

Twinning	  (nuclea3on)	  stress	  can	  be	  obtained	  from	  experiments.	  	  
A	  model	  to	  obtain	  this	  quan3ty	  from	  first	  principles	  (for	  metals	  and	  alloys)	  is	  
needed.	  

Sudden	  load	  drop	  accompanies	  
twinning	  

normal	  

twin	  
plane	  

twinning	  
direc6on	  

F 

 m = cosθ cosφ
Schmid	  factor	  

Cu-‐8.0at.%Al	  
φ

θ
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Power	  law	  –Crystal	  Plas6city	  
The slip rate is taken as a power law on a reference strain rate, the resolved 

shear stress and a slip system strength. In the considered model the slip 

system hardening is isotropic, all slip systems have the same strength. The 

relation is: 

γ s( ) =
γ 0

τ
τ s( )

τ

n−1

τ s( )           

with γ 0  as the reference slip rate, τ  as the slip system strength, τ s( )as the 

resolved shear stress on the slip system s. 
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Voce	  Law-‐Crystal	  Plas6city	  
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Mechanical	  Threshold	  Stress	  (MTS)	  
Model	  
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Essen6ally	  the	  stress	  is	  decomposed	  into	  mul6ple	  parts.	  



23	  

( )
1exp −⎟⎟⎠

⎞
⎜⎜⎝

⎛
−=

o

o
o

T
T
DT µµ

Shear	  Modulus	  Varia6on	  

The	  first	  term	  is	  the	  athermal	  component	  of	  stress	  
	  
The	  next	  two	  terms	  	  represent	  the	  ini6al	  hardening	  (yielding)	  	  
	  
	  
	  
	  
	  
The	  	  third	  term	  represents	  the	  	  hardening	  behavior	  (disloca6on	  	  
Interac6ons)	  and	  satura6on	  stress.	  	  
	  

   

σ a

µ
+ si

!ε,T( ) σ̂ i

µo

   
sε
!ε,T( )σ̂ ε

µo
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Analyzing Data (first we ignore the last 
term)



The kinetic equation becomes: 
 
 
 
 
suggests that yield stress data should be plotted as 
 
 

       versus  

Analyzing Data (first we ignore the last term)
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The slope in this plot can 
be easily related to go. 



Analyzing Data - Niobium
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Incorporating the temperature 
dependent shear modulus and 
the more descriptive obstacle 
profile has enabled a more 
linear correlation. 
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Next	  we	  consider	  the	  last	  term	  
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Constitutive Equations for Elastic-
Viscoplastic Strain-Hardening 
Materials1 

A set of constitutive equations has been formulated to represent elastic-uiscoplastic 
strain-hardening material behavior for large deformations and arbitrary loading histo
ries. An essential feature of the formulation is that the total deformation rate is consid
ered to be separable into elastic and inelastic components which are functions of state 
variables at all stages of loading and unloading. The theory, therefore, is independent of 
a yield criterion or loading and unloading conditions. The deformation rate .components 
are determinable from the current state which permits an incremental formulation of 
problems. Strain hardening is considered in the equations by introducing plastic work as 
the representative state variable. The problem of tensile straining has been examined for 
a number of histories that included straining at various rates, rapid changes of strain 
rate, unloading and reloading, and stress relaxation. The calculations were based on ma
terial constants chosen to represent commercially pure titanium. The results are in good 
agreement with corresponding experiments on titanium specimens. 

Introduction 

In an earlier paper [l],2 the authors proposed an elastic-visco-
plastic representation that is suitable for large deformations and 
general straining histories. The basis of the formulation is the sep
aration of the total deformation rate into elastic (geometrically re
versible) and inelastic (geometrically irreversible) components 
that are functions of state variables and the deformation at all 
stages of loading and unloading. The theory, therefore, does not re
quire a yield criterion or loading and unloading conditions. The re
sponse of the system is calculated on a step-by-step basis and does 
not depend on reference integration from the "zero" state or the 
introduction of "memory" functions. Strain hardening was not 
considered in [1] so the resulting equations are applicable for cou
pled elastic-perfectly plastic behavior that is strain-rate depen
dent. 

1 The research reported in this paper has been sponsored in part by the 
Air Force Office of Scientific Research (AFSC) through the European Office 
of Aerospace Research, EOAR, United States Air Force under Grant 
AFOSR 74-2607. 

2 Numbers in brackets designate References at end of paper. 
Contributed by the Applied Mechanics Division for publication in the 

JOURNAL OF APPLIED MECHANICS. 
Discussion on this paper should be addressed to the Editorial Depart

ment, ASME, United Engineering Center, 345 East 47th Street, New York, 
N.Y. 10017, and will be accepted until August 15, 1975. Discussion received 
after this date will be returned. Manuscript received by ASME Applied Me
chanics Division, March, 1974; final revision, June, 1974. Paper No. 75-
APM-A. 

The present paper extends the constitutive equations developed 
in [1] to include strain hardening by introducing plastic work as 
the measure of the hardened state. The equation between the in
elastic component of the deformation rate and the stress is modi
fied so that the inelastic deformation rate component decreases 
with increasing plastic work. The assumptions of isotropy and iso
thermal conditions are maintained in this formulation although 
strain hardening is known to induce anisotropy. 

Problems of variable straining histories of uniaxial tension were 
analyzed in detail to demonstrate the theory. In general, the con
stitutive equations are combined with the equilibrium equations 
(quasi-static and isothermal), and the equations are then solved 
for the particular boundary conditions. The solution of the rela
tively simple problem of a cylindrical rod or flat strip subjected to 
an imposed velocity at one end leads to the force-elongation rela
tion as obtained on a standard testing machine. An essential fea
ture of this formulation is that the uniaxial stress-strain curve at a 
constant extension rate is obtained as the solution of a boundary-
value problem and is not a basic material property. 

The basic material properties are the constants appearing in the 
constitutive equations. These can be chosen for a particular mate
rial to best fit test results at two constant rates of extension. It was 
decided to work with commercially pure titanium because of its 
relatively high strain-rate sensitivity [2] and its engineering inter
est, even though it does not experience extensive strain hardening. 
The strain rate and strain-hardening properties of titanium are 
fairly well exhibited in the ranges covered by a standard testing 
machine. Once the material constants are determined, computer 
calculations can be performed for arbitrary straining histories. In 

Journal of Applied Mechanics JUNE 1975 / 385 Copyright © 1975 by ASME

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.org/ on 08/26/2013 Terms of Use: http://asme.org/terms



the present paper, computed results are given for various constant 
and changing extension rates and for histories that include loading 
and unloading. The case of stress relaxation is also examined. In 
all these cases, the computed predictions are compared to results 
obtained for titanium specimens on an Instron testing machine for 
the corresponding circumstances. 

The calculations and experiments reported in this paper are lim
ited to the case where the stress does not change the sign although 
the formulation and procedure are generally applicable. Prelimi
nary experiments on cyclic loading in the inelastic range show cer
tain characteristics which are not deducible from the present form 
of the constitutive equations. Certain modifications of the equa
tions are required to adequately represent cyclic loading behavior. 

A n a l y t i c a l F o r m u l a t i o n 
The general formulation is based upon separation of the total 

deformation rate d;; into elastic (reversible) and plastic (irrevers
ible) components at all stages of deformation: 

du = di}° + du> (1) 

where dy is the symmetric part of the velocity gradient, 

du = (V2)(vitj + vhi) (2) 

The elastic deformation rate can be related to the stress rate 
through a strain energy function. In the present formulation, ane-
lastic stresses required to overcome internal viscous mechanisms 
are not considered and the total stress is taken to be fully elastic. 

The plastic deformation rate is assumed to be related to the 
stress through the flow rule of classical plasticity. This satisfies 
positive work dissipation requirements and is an assumption with
in the present framework which is independent of a yield condi
tion. The flow rule can be expressed as 

V = du" = *£u (3) 

where the bar symbol indicates the deviator. Squaring (3) gives 

X2 = D2"/J2 (4) 

where D^ is the second invariant of the plastic deformation rate 
deviator, 

Df = W2)dtJ>d,t> (5a) 

and J2 is the second invariant of the stress deviator 

J2 = (l/2)ai&i ( 5 6 ) 

A principal feature of the present viscoplastic theory is the con
sideration that D^P is a function oft/2- This hypothesis is partially 

, motivated by the extensive work in the field of "dislocation dy
namics" which has shown that the dislocation velocity and there
fore the uniaxial plastic strain rate is a function of the stress. Since 
£*2P is the measure of the "effective" inelastic shear deformation 
rate and J 2 is the effective shear stress, the statement 

o2
p = M ) (6) 

can be considered to be a multidimensional generalization of the 
uniaxial result. The particular forms of equation (6) that seem ap
plicable are those used to relate dislocation velocity with stress. In 
those equations, the dislocation velocity is represented as a power 
function or as an exponential function of the stress [3]. Similar 
forms for equation (6) have been proposed and discussed in [1, 4] 
for the case of no strain hardening. Equation (6) could then be 
combined with equations (3) and (4) to determine the plastic de
formation rate for any given stress. 

A form for equation (6) that allows for flexibility in modeling ac
tual material response and has a physical basis is 

Df = D0
2exp[-(A2/J2)"] (7) 

w h e r e 

A* = ( 1 / 3 ) ^ ( ^ ) 1 / " m 

This equation was proposed and discussed in a preliminary report 
of the present theory [5]. A recent paper [6] suggests the use of a 
similar expression for the plastic strain rate in a more classical 
context and discusses some of the metallurgical and mechanical 
implications. 

The material constants for equation (7) are Do2, n, and Z. The 
constant Do2 is the bound on Dj1 for large Ji and influences the 
rate sensitivity, n is related to the steepness of the curve and 
therefore to the sharpness of yielding and also to the rate-sensitivi
ty, and Z corresponds in a general way to the yield stress since the 
maximum slope occurs at J 2 = Z 2 / 3 . There is, however, no direct 
correspondence between Z and the usual definitions of yield stress. 
The preferred functional form of equation (6) for a particular ma
terial would be essentially empirically based and any monotonical-
ly increasing function of D^ with J 2 is admissible. 

Work hardening corresponds to increased resistance to plastic 
flow which means that D%p should vary inversely with the measure 
of strain hardening. The most significant and simplest state vari
able to represent this property for straining histories having a con
stant sign of the stress is the plastic work, Wp, e.g., [7]. An alter
nate proposal, the integrated plastic strain, is not suitable for 
viscoplastic materials as it does not reflect the influence of the 
stress dependence on strain rate. 

For 23 2P given by equation (7) to be a decreasing function of Wp, 
it is possible to set Do = Do(Wp) or Z = Z(WP). The latter seems 
to have a sounder physical basis and Z was taken to have the form 

Z = Z, + (Z0 - Z , ) e x p (-mWp/Z0) (8) 

where Zo and Zi and m are new material constants. A finite upper 
limit for Z is required since otherwise D%p would approach zero for 
large Wp. This would correspond to fully elastic behavior and an 
upward turning stress-strain curve at large strains which is unreal
istic. A nonzero value of DJ3 for large Wp leads to the slope of the 
stress-strain curve approaching zero as the strains become large. 

The proposed strain-hardening law corresponds to isotropic 
hardening and therefore would not characterize the Bauschinger 
effect. To do this requires that the equation for D2

P alters upon a 
change of sign of the characteristic stress. This problem will be 
treated in detail in subsequent work. Other modifications to the 
constitutive equations could be made to account for special metal
lurgical effects such as strain ageing and age hardening. These 
would involve introducing the time as an explicit parameter in the 
equation for T>2P. 

U n i a x i a l S t r e s s Condi t ion 
The general procedure for incorporating the proposed constitu

tive equations into boundary-value problems is given in [1]. The 
present discussion is limited to the case of uniaxial straining of a 
simple rod. In order to compare the calculated predictions directly 
with experimental results, it is necessary to use the same degree of 
approximation inherent in the experimental measurements. The 
axial strain in the specimen rod was measured by an Instron exten-
someter which was limited to 10 percent strain and was calibrated 
based on a fixed gauge length. For consistency, the simple linear 
strain measure was used for the present calculations although the 
method can be based on any nonlinear strain measure. Since the 
total strains considered are not large, the standard form of Hooke's 
law is adequate for the elastic stress-strain relation, 

la = 2 G 1 » (?) 

o-*» = 3/<eftft (10) 
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In this example the axial stress ax = a is the only nonzero com
ponent so that equation (7) becomes 

Df = Z>0
2 exp H3yl 2 /o- 2)"] (11) 

and the deviatoric inelastic deformation rates, from equations (4), 
(5), and (11) are 

d/ = Xar 

•&* = dj 

2D, f-o. 
VT |a | 

-WW 

exp[ - ( l /2 ) (3A 2 / f f 2 ) " ] (12) 

(13) 

For an imposed longitudinal velocity Vc(t) on the specimen rod, 
the axial deformation rate is 

d, = 
dVx 

dx L (14) 

where L is the reference gauge length. The transverse deformation 
rates, dy = dz, are determined from the constitutive equations for 
a given stress level. As shown by equation (1), the deformation 
rates have both elastic and inelastic components where the elastic 
components are obtained from the time derivatives of equation (9) 
and (10) and the inelastic components are given by equations (12) 
and (13). Although the deformation rate is not, in general, equal to 
the strain rate, [1], the identity holds for the case of small strains 
considered for the present examples. 

Another simplification due to the limitation to small strains is 
the direct correspondence of the applied force measured by the 
load cell and the stress. Since the deformations are fully deter
mined at each stage, the actual force-stress relation could be calcu
lated if necessary. 

The rate of plastic work for this case is given by 

W„ oM (15) 

The preceding equations are adequate to determine the response 
of the rod to any general imposed velocity Vc(t) such as could be 
programmed on a testing machine. 

N u m e r i c a l S c h e m e 
A numerical scheme was devised to determine the stress at each 

stage of the deformation process for given material constants and 
imposed velocity Vc(t). An incremental procedure was used to de
termine the changes from the preceding known state over a time 
interval At. This procedure corresponds, in principle, to history 
and memory effects being essentially incorporated into the state 
variables and deformation of the current reference state. 

The computational method consists of determining at each time 
increment the stress consistent with the imposed axial deforma
tion rate, equation (14), and the constitutive equations. Starting 
from a reference state, a value for a is assumed for the next time 
increment. The elastic strains and the inelastic strain rates are 
then calculated from the constitutive equations. The elastic strain 
rates would be the difference between the new calculated strains 
and the preceding values divided by the time increment. The elas
tic and inelastic strain rates are then combined to determine dx 

which should agree with equation (14). If not, the value of a is al
tered and the calculations repeated in an iterative manner until 
agreement is established. The procedure is then repeated for the 
next time increment. The computational method can also be in
verted with the transverse deformation rate becoming the iterated 
quantity. The preferred numerical method would depend on 
whether the deformation or the stress were prescribed. 

The numerical scheme can be readily programmed on a comput
er and the imposed velocity Vc can be any arbitrary function of 
time. Changing the strain rate during the course of a test would 
correspond to changing Vc at a particular time. Unloading would 
correspond to changing the sign of Vc until the stress reached zero. 
Stress relaxation results from setting and holding Vc = 0, and the 
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Fig. 1 Experimental and calculated (fitted) stress-strain curves for titani
um at constant strain rates 

creep condition could be realized by varying Vc with time so as to 
lead to a constant stress. Since the results of the calculations can 
be programmed for graphical display, there is a direct correspon
dence of the instructions and results between the computer and 
the mechanical testing machine. In both cases either the axial ve
locity or the applied force history is prescribed and the consequent 
relations of stress-strain, stress-time, or strain-time are obtained. 

C a l c u l a t e d a n d E x p e r i m e n t a l R e s u l t s 
An experimental program was conducted in which specimens of 

commercially pure titanium were subjected to various straining 
histories in a 10 ton capacity Instron machine. The machine and 
measuring system could be considered to be completely rigid for 
the present experiments. The specimens were all cut from the 
same 1 mm thick plate in the rolling direction and were 8 mm 
wide. The plate material was RMI-40 (Reactive Metals Corp.) and 
was received in the annealed state. No subsequent heat-treatment 
was performed. The chemical composition as given by the supplier 
is as follows: 

C N H Fe O Mn Ti 
wt percent: 0.1-0.2 0.07 0.015 0.3 0.15 0.2 remainder 

The average grain size was relatively large and was about 50 nm. 
This material is similar to Ti-50A whose properties are listed in 
handbooks. 

An Instron extensometer was used for the strain measurement 
and the load was recorded as a function of the strain. The basic 
crosshead velocities employed were 0.005, 0.05,0.5, and 1.0 cm/min 
which, for an effective overall gauge length of 5.2 cm, correspond, 
respectively, to strain rates of 1.6 X 10"6, 1.6 X lO"4, 1.6 X 10~3, 
and 3.2 X 1 0 - 3 sec - 1 . The material constants for the viscoplastic 
law were determined by fitting computed stress-strain curves to 
the experimental ones at the slowest and fastest rates. This led to 
the following values: 

Z0 = 11.5 .Khars (1150 N/mm 2 ) 
Zi = 14.0 Kbars (1400 N/mm 2 ) 

Do2 = 10 8sec- 2 

n = 1 
m = 100 

The elastic constants for titanium are 

K = 1.23 x 103 .Khars (1.23 x 105 N/mm 2 ) 
G = 0.44 X 103 Kbars (0.44 X 105 N/mm 2 ) 

The resulting fits for the computed and experimental stress-strain 
curves at the slowest and fastest rates are shown in Fig. 1. It is 
noted that the inclusion of strain hardening in the analysis is im
portant even for this material since otherwise the calculated curves 
would be flat after the initial yield region, i.e., after about 1 per
cent strain. 
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Fig. 2 Experimental and calculated (derived) stress-strain curves for tita
nium at constant strain rates 
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Fig. 3 Experimental and calculated stress-strain curves for titanium 
subjected to a rapid change (Increase) In strain rate 

The importance and value of the constitutive equations are, of 
course, the extent to which they can predict the consequences of 
complex straining histories that are different from the ones used to 
obtain the material constants. A series of experiments and corre
sponding calculations were performed to examine the overall va
lidity of the representation. The experiments were based on the 
capabilities of the Instron machine and were quasi static uniaxial 
tension tests of titanium sheet specimens. A series of cyclic ten
sion-compression tests were also conducted but will be reported 
separately. 

Test and Calculation Program 
1 Constant rate tests were conducted to strains of 10 percent 

at the intermediate strain rates of 1.6 X 10~4 and 1.6 X 10~3 sec - 1 . 
2 Loading, unloading, and reloading tests were performed at 

various constant strain rates. 
3 Specimens were subjected to rapid changes of strain rate 

without unloading. One test was to pull the specimen at the fastest 
rate to 4 percent strain and then to rapidly change to the slowest 
rate. Alternatively, specimens were pulled at the slowest rate to 4 
percent strain and then the rate was changed to the fastest value. 
The relatively sudden change of strain rate was accomplished by 
simply pressing the crosshead velocity control button on the In
stron which activates a magnetic clutch on the speed regulator. 
The response times and actions of the clutch and recorder and suf
ficiently fast and smooth to obtain accurate results without extra
neous dynamic effects. 

4 Tests with changes of strain rate were also conducted after 
first unloading the specimens at the 4 percent strain level. These 
were similar to the previous tests but the specimens were first 
completely unloaded before the strain rate was changed. 

5 Stress relaxation tests were performed in which the speci
mens were pulled at a constant rate to 10 percent strain after 
which the crosshead was stopped. The subsequent decrease of load 
was then observed. 

A basic problem in testing commercially pure titanium is the in
herent scatter of results even with specimens prepared from the 
same plate. This is due to the strong influence of small differences 
in impurities and heat treatment on the initial yield region. Gener
ally, the same kind of test was repeated 4 or 5 times and the aver
age used as the experimental result. 

To provide a more complete basis for evaluating the general ap
plicability of the proposed equations, it would be desirable to per
form multiaxial stress state experiments on the same material 
since the material constants should apply for all conditions. Such 
experiments have not yet been performed and are a necessary ex
tension of this work. 

Discussion 
The calculated and experimental stress-strain curves for the in

termediate rates are shown in Fig. 2. Since the experimental curves 
of Fig. 1 are in good agreement with the calculated fitted curves, 
the correspondence indicated in Fig. 2 could be expected. 
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Fig. 4 Experimental and calculated stress-strain curves for titanium 
subjected to a rapid change (decrease) in strain rate 

The cases of rapid changes of strain rate at 4 percent strain are 
shown in Figs. 3 and 4. For increasing strain rate, Fig. 3, the imme
diate response of both the experimental and calculated curves is 
close to elastic after which the curves approach from the low side 
the value they would have had for a constant strain rate. Similar 
results for more extreme changes of strain rate have been obtained 
in shear for titanium [2] and aluminum [8]. The experimental 
curve shows an upper yield point while the calculated curve is 
smooth. The upper yield point effect is probably due to detailed 
material effects, e.g., changes in mobile dislocation density, that 
are not represented by the constitutive equations. These effects 
are discussed in the metallurgical literature, e.g., [9, 10]. The sub
sequent lower stress level at large strains for the calculated curve 
with the rate change compared to the constant rate case is due to 
Wp being less prior to the change. This effect would not have re
sulted had the integrated plastic strain been used as the strain-
hardening parameter. 

The initial close to elastic response upon change of strain rate is 
due to the large increase in the elastic deformation rate compo
nent. Since the stress level remains the same at the instant of 
change, the plastic deformation rate remains constant and the 
overall increased rate is supplied by the elastic component. Prior 
to the rate change, the plastic deformation rate at 4 percent strain 
is 99.7 percent of the total while the ratio drops to 56.6 percent im
mediately upon the change. If the change had been sufficiently 
rapid for inertia effects to occur, the elastic component would re
sult in an elastic wave being generated while the effect of the in
elastic component would rapidly attenuate. This corresponds to 
the well-known result that a small amplitude pulse applied to a 
plastically strained medium travels at the elastic wave velocity. 

The inverse procedure of rapidly reducing the imposed strain 
rate leads for both the experimental and calculated curves to un
loading that is almost completely elastic and then to a transition to 
the uniform rate case, Fig. 4. The curves remain above the corre
sponding uniform rate curves which for the calculated case is due 
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Fig. 5 Experimental and calculated stress-strain curves for titanium 
subjected to unloading, and subsequent reloading at a faster rate 
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Experimental and calculated stress relaxation curves for titanium 

to the larger initial value of Wp. The experimental curves show a 
dip and rise analogous to an inverse yield point effect. 

Various unloading and reloading tests were performed at both 
constant and changing strain rates. The case of changing to a high
er strain rate upon reloading is shown in Fig. 5. The inelastic con
tribution to the unloading and most of the reloading sections is 
small (but nonzero) and therefore those portions of the curves are 
essentially elastic. The experimental curve shows an upper yield 
point effect that is less pronounced than in Pig. 3. The calculated 
curve again follows the experimental one closely but without the 
upper yield point effect. Similar experimental results, but without 
the yield point effect, have been obtained for aluminum in shear 
[11]. 

An experimental procedure that is basically different from the 
preceding ones is stress relaxation after extension to 9.6 percent 
strain. The experimental and calculated results for an initial 
straining rate of 1.6 X 10~4 sec - 1 are shown in Fig. 6. The overall 
correspondence of the results appears to be good although there is 
some discrepancy in the early time region. An interesting aspect of 
uniaxial stress relaxation is the relative importance of the multidi
mensional strain state in the calculations. Imposing the condition 
that the overall axial strain rate is zero means that the axial elastic 
strain rate is equal to and opposite the axial plastic strain rate. 
The elastic strain rate is therefore a negative function of stress 
through the flow law in the form of equation (12). According to the 
present formulation, the stress would approach zero asymptotical
ly with time, i.e., the stress would fully relax, although the relaxa
tion rate becomes very small after a short time. 

To complete the uniaxial stress cases, it would have been desir
able to include some creep experiments. The Instron machine, 
however, can only approximate constant load by stepwise adjust
ment of the crosshead, but this is not suitable for accurate results 
in the viscoplastic range. Since a proper creep machine for the re
quired loads was not available, such tests were riot conducted. 

. Using the analytical formulation to compute the time-dependent 
strain for constant stress would be straightforward. 

Uniaxial tension-compression cyclic loading tests were conduct
ed with results similar to those appearing in the literature. The 
present theoretical formulation could not adequately represent 
these results as it does not account for the softening observed upon 

change of the sign of the applied stress. This requires further de
velopment of the analysis. 

Conclusions 
The proposed elastic-viscoplastic theory can adequately repre

sent the actual behavior of a typical rate-sensitive metal for a vari
ety of tensile straining histories. The case of cyclic loading which is 
important for fatigue studies requires further development of the 
analysis. The applicability of the theory for multidimensional 
stress states also requires further investigation. 
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