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a b s t r a c t

Martensitic transformation is an important deformation mechanism in titanium alloys. Using density
functional theory calculations, we establish the lattice constants and the associated energetics of the
bcc–hcp transformation in Ti–6.25at.%Ta and Ti–6.25at.%Nb alloys. We present a bcc–hcp nucleation
model based on the Peierls Nabarro formalism, incorporating the elastic strain energy of the dislocations
participating in the transformation process, and subsequently obtain the theoretical stress required to
nucleate an hcp martensite from a perfect bcc crystal. The stress levels for hcp nucleation calculated in
the present analysis for Ti–6.25at.%Ta and Ti–6.25at.%Nb alloys are 114 MPa and 95 MPa respectively.

� 2015 Elsevier B.V. All rights reserved.
1. Introduction

Martensitic transformation is an important class of solid to solid
transformation observed in metals [1], ceramics [2], and biological
systems [3]. In the present paper, we investigate the bcc–hcp
martensitic transformation in two important alloys, Ti–6.25at.%
Nb and Ti–6.25at.%Ta. The commonly used Ti alloys, for example
Ti–6Al–4V, Co–Cr alloys and stainless steels for biomedical
implants contain toxic elements such as vanadium and nickel.
Ti–Ta and Ti–Nb alloys are excellent biomaterials possessing high
biocompatibility in addition to high corrosion resistance, high
strength, and low elastic modulus. [4,5]. Depending on the alloy
composition, Ti-alloys exhibit martensitic transformation from a
disordered body centered cubic (b) to hexagonal (a0) or orthorhom-
bic (a00) crystal structures [6–8]. Experimentally, it is observed that
Ta (Nb) concentration below critical 6.9 (7.2) at.% results in the b to
a0 transformation while Ta/Nb concentration above these composi-
tions results in the b to a00 transformation. To date, no studies have
been reported on the bcc–hcp transformation paths in these alloys,
and the methodology to determine the hcp nucleation stress is still
unresolved. In the present work, we establish the complete ener-
getics of the bcc–hcp nucleation in Ti–6.25at.%Ta and Ti–6.25at.%
Nb using first principles energy calculations (Density Functional
Theory, DFT). We establish a methodology to obtain the hcp
nucleation stress from the parent bcc crystal employing dislocation
based martensitic transformation mechanism. We obtain the
energy barriers associated with the nucleation process at an atomic
scale and combine it with the Peierls Nabarro (PN) formalism to
develop a theoretical model. The advantage of such a model is that
it is free from any empirical constants.

The bcc–hcp transformation in bcc metals and alloys is
described by the well-established Burgers mechanism [9]. The
Burgers lattice correspondence of the bcc and hcp phases can be
written as follows:
ð110Þbcckð0001Þhcp and �111
� �

bcck½�2110�hcp
Accordingly, the hcp lattice can be formed from the bcc lattice

via two transformation modes as shown in Fig. 1 [10]-(i) Alternate
collinear shuffle displacements of every second (110)bcc planes in
the ½�110�bcc bcc direction by an amount 2d (or equivalently alter-
nate and opposite displacements of consecutive (110)bcc planes
by an amount d) and (ii) compression (dilation) of the (110)bcc
planes in h 001i (h110i) directions. The transformation mode (i)
produces the ACAC hcp type stacking sequence. Similarly, the
transformation mode (ii) can be described by the change in angle
(h) between the two body diagonals of (110)bcc plane with the
application of deformation strains g1 and g2. The body diagonals
on the (110)bcc plane are shown as broken lines in Fig. 1(b to d).
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Fig. 1. (a) A bcc unit cell showing the {110} plane (b) collinear shuffle displacements of {110} plane in h110i direction forming an hcp nucleus (c) the hcp nucleus subjected
to compression (dilation) in h001ibcc (h110ibcc) directions to form (d) an hcp structure.
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The complete transformation pathway from bcc–hcp structure can
be obtained by simultaneously varying the d� h parameters. We
note that d ¼ 0 and h ¼ 70:53� correspond to the bcc structure,
while d ¼

ffiffiffi
2

p
abcc=12 and h ¼ 60� correspond to the fully formed

hcp structure.
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Fig. 2. Energy minimization with respect to lattice parameters variation in Ti–
6.25at.%Ta and Ti–6.25at.%Nb alloys.
2. Methodology

We utilized the Density Functional Theory (DFT) calculations to
investigate the energy barriers for the bcc–hcp nucleus transfor-
mation. The simulation box consisted of 64 atoms with Ti to
Ta/Nb ratio of 15:1. The first-principles total-energy calculations
were carried out using the Vienna ab initio Simulations Package
(VASP) with the projector augmented wave (PAW) method and
the generalized gradient approximation (GGA) [11,12]. PAW is an
efficient all electron method which achieves high accuracy when
transition elements such as Ti are considered. For lattice constants
calculations, a 64 atom supercell with size 4 � 2 � 4 is used. In our
simulation, Monkhorst–Pack 5 � 10 � 5 k-point meshes are used
for the Brillouin-zone integration. Ionic relaxation was performed
by a conjugate gradient algorithm and stopped when absolute val-
ues of internal forces were smaller than 5 � 10�3 eV/Å. The energy
cut-off of 300 eV was used for the plane-wave basis set. The total
energy was converged to less than 10�5 eV/atom. In order to
generate an alloy model for Ti–6.25at%Ta and Ti–6.25at.%Nb, a
simulator code was written to create 64 atoms consisting of two
atom types (nTi = 60, nTa/Nb = 4, where n is the number of atoms).
It is important to note that the simulation box with 64 atoms is
large enough to obtain the converged minimum structural energy
value. This was verified with independent simulations with num-
ber of atoms ranging from 16 to 96. The atom types were assigned
randomly in the periodic supercell, but following the bcc crystal
coordinates so that the two atomic positions do not overlap. For
lattice constant calculation, the box edges were oriented along
the x = [100], y = [010] and z = [001] directions. The effect of ran-
dom positions of Ta/Nb atoms on lattice constant and minimum
structural energies was studied for three independent cases repre-
senting three different random solid solution alloys. The results on
the structural energies and the lattice constant for these cases were
within 2% agreement. The lattice constants and structural energies
in Fig. 2 for both Ti–6.25at.%Ta and Ti–6.25at.%Nb are the average
of these independent results. The lattice constant of Ti–6.25at.%Ta
is 3.246 Å and that of Ti–6.25at.%Nb is 3.239 Å from our
calculations, which are within 1% of the experimental values. The
experimentally measured lattice constants for both Ti–6.25at.%
Ta and Ti–6.25at.% Nb are approximately 3.275 Å [13].



Table 1
Structural energy difference of bcc and hcp structures for Ti–6.25at.%Ta and Ti–6.25at.
%Nb.

Materials Transformation Ebcc (eV/atom) Ehcp
(eV/atom)

Ebcc–Ehcp
(eV/atom)

Ti–6.25at.%Ta bcc ! hcp �7.924 �7.868 �0.056
Ti–6.25at.%Nb bcc ! hcp �7.811 �7.729 �0.082
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3. Modeling

As shown previously in Fig. 1, the complete bcc–hcp transfor-
mation pathway consists of pure collinear shuffle displacements
of the alternate {110} planes in h110i directions followed by the
compression (and/or dilation) of the {110} planes. However, as
will be discussed later, the repeated shuffle sequence of group of
atoms on every second {110} bcc plane by the same shuffling mag-
nitude (d) forms the hcp nucleus, and is accounted for while calcu-
lating the transformation stress in the present analysis. As shown
in Fig. 3(a), the pure shuffling of the atoms is an early stage for dis-
location based hcp nucleation, as validated by MD simulations in
other bcc metals and alloys [14–16]. In Table 1, we report the
corresponding structural energies of the bcc and hcp phases for
Ti alloys considered in the present analysis.

We describe the parameter d representing the collinear shuffle
displacements of the bcc atoms on alternate {110} planes during
hcp nucleation based on the heterogeneous dislocation nucleation
mechanism. Consider Fig. 3(b) where a pre-existing a/2[111]
dislocation in a bcc crystal dissociates as follows:

a
2
½1 �11� ! a

8
½0 �11� þ a

8
½0 �11� þ a

4
½2 �11� ð1Þ

In fact, the critical stage of martensite nucleation is when the partial
dislocations with Burgers vector b = a

8 ½0 �11� moves on alternate
{110} bcc plane by an amount d, leading to the hcp lattice sequence.
We undertake first principles energy calculations to establish the
energy per unit area required to shuffle the atoms on alternate
{110} planes in terms of a fault energy (c) curve. It should be noted
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Fig. 3. (A) The formation of an hcp stacking sequence from a perfect bcc crystal. Note
mechanism where an a

2 ½1 �11� dislocation in a bcc crystal dissociates into a
8 ½0 �11� partial d
that the c -curve we obtain in the present case is associated with
the collinear shuffling of the atoms, and is different from the gener-
alized stacking/planar fault energy (GSFE/GPFE) surfaces obtained
for slip and twinning in bcc and fcc metals [17–20]. The mechanism
where an a/2 h111i dislocation split into the partial ones in the
{110} bcc plane and translate to form an hcp nucleus is depicted
in Fig. 3(b). The methodology to obtain the nucleation stress based
on this heterogeneous mechanism is discussed next.

At the nucleation stage, the applied external stress aids the
motion of a/8 h110i dislocations. We are interested in obtaining
the critical stress required for hcp nucleation using the modified
Peierls Nabarro formalism [21,22]. Consider the single a

2 ½1 �11� dis-
location in Fig. 3(b) which splits into a

8 ½0 �11� dislocations as repre-
sented by Eq. (1). We write the total energy of the dislocations as
the sum of (i) the elastic energy due to interaction of the disloca-
tions, Eint (ii) the self energy of the dislocations, Eself (iii) the misfit
energy (Es

c) which represents the periodic energy that should be
overcome by the dislocation, and (iv) the applied work, W, to move
the dislocations. Therefore, the total energy of the dislocation
configuration in Fig. 3 can be written as follows:
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Table 2
Energy terms (in mJ m�2) corresponding to the c� curve for Ti–6.25at.%Ta and
Ti–6.25at.%Nb.

Alloys cusd1 cssd1 cusd2 cssd2

Ti–6.25at.%Ta 252 19 280 25
Ti–6.25at.%Nb 261 13 294 41
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Etotal ¼ Eint þ Eself þ Es
c �W

¼ �Gb2

2p
ln

2d
ro

� �
þ N

Gb2

2ð1� tÞ ð1� t cos2 hÞ

þ
Z þ1

�1
c½f ðxÞ�dx� 2Nsbd ð2Þ

where Eself + Eint (=Eelastic) is the elastic strain energy stored in the
two half crystals, Es

c is the misfit energy representing the periodic
non-linear interatomic interactions in the dislocation core
[18,23,24], G is the {110}h110 i shear modulus, and N is the num-
ber of dislocations participating in the transformation process.
The term Es

c is periodic and depends on the position of the disloca-
tion line within the lattice, and the parameter c is the fault energy
landscape associated with the shuffle. By considering the lattice dis-
creteness, the misfit energy Es

c can be defined as the sum of all the
misfit energies between the pairs of atomic rows as a function of u
[25,26]:

Es
c ¼

Xm¼þ1

m¼�1
cðf ðma0 � uÞÞa0 ð3Þ

where a’ is the periodicity of Es
c and is defined as the shortest dis-

tance between two equivalent atomic rows in the direction of the
dislocation displacement. The solution to the disregistry function f
(x) in the dislocation core is [19,23,27]:

f ðxÞ ¼ b
p

tan�1 x
f

� �
þ tan�1 x� 2d

f

� �� �
þ b
2

ð4Þ

where f ¼ h=½2ð1� tÞ� [24] is the half-core width of the dislocation
for an isotropic solid, h is the {110} interplanar distance and t is the
Poisson’s ratio.

We obtained the fault energy curve (c� curve) for Ti–6.25at.%
Ta and Ti–6.25at.%Nb, as shown in Fig. 4(a and b). For c� curve
calculation, a 2 � 6 � 2 supercell consisting of 96 atoms is used.
The crystal axes are oriented along the x ¼ ½�110�, y ¼ ½110� and
z ¼ ½00 �1� directions. The supercell consists of 13 {110} layers so
that the periodic interfaces do not interact. The was verified by
conducting sensitivity tests of number of layers (10–13 layers)
on stacking fault energies for which no change in stacking fault
energy was observed beyond 10 layered supercell. The Monkhorst
k-point resolution used is 12 � 4 � 12. Four energy terms-
cusd1; c

s
sd1; c

u
sd2 and cssd2 are indicated in Fig. 4(a and b), and the cor-

responding crystal structures are also shown. The term cusd1 in Fig. 4
(a) is the unstable fault energy required to shuffle the Nth layer of
the crystal by a displacement of d. If Es is the energy of the shuffled
lattice corresponding to a normalized shuffle displacement of d=jbj,
and Eo that of the perfect lattice, the fault energy corresponding to
any displacement can be calculated from DFT as follows [14]:

c ¼ Es � Eo

Af1 1 0g

where A{110} is the area of the {110} plane (or y-plane) of the sim-
ulation box.

Similarly, cssd1 is the stable fault energy per unit area corre-
sponding to the shuffling of the same Nth layer by an additional
displacement of d. It is now important to note that the Nth layer
is displaced by a total amount of 2d. Next, in Fig. 4(b), the already
shuffled crystal (on Nth layer) is shown to be shuffled further on the
(N + 2)th layer. The energy term cusd2 represents the unstable energy
required to shuffle the (N + 2)th layer by a displacement of d. The
same (N + 2)th layer is shuffled further with a displacement of d
such that the total displacement of the (N + 2)th layer is 2d. The cor-
responding energy is cssd2 which represents the stable fault energy.
The energy values associated with the c -curve corresponding to
the shuffling of two layers are given in Table 2. In the present anal-
ysis, we undertake the vertical relaxation, which involves the
relaxation of atoms perpendicular to the shuffling plane. The verti-
cal relaxation method is employed in the present case compared to
full relaxation because the applied shuffling magnitude is small,
and during full relaxation, the atoms close to the fault tend to
move back to their original positions creating no hcp stacking
sequence. In addition, the effect of random positions of solute
atoms were also considered for four independent cases. The results
showed no significant change in fault energy (within 5%) regard-
less of the positions of the solutes. The unstable fault energy
(cusd2) for Ti–6.25at.%Ta is 280 mJ m�2 which is lower than
Ti–6.25at.%Nb by 14 mJ m�2. With the c profile known in the pre-
sent case, we can subsequently find the misfit energy variation
with the dislocation position using Eq. (3), and hence solve for
the Peierls stress.
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In order to calculate the misfit energy term, Es
c, we fit the c

profile using the sine analytical functions. As an example, the
fitting function for Ti–6.25at.%Ta in Fig. 4 is:

c½f ðxÞ� ¼ cusd1 sin 0:82p f ðxÞ
b

	 

for 0 6 f ðxÞ 6 1:2b ð5Þ

c½f ðxÞ� ¼ cusd2 sin 0:79p f ðxÞ
b

þ 0:061
	 


for 0 6 f ðxÞ 6 1:2b ð6Þ

Eq. (5) represents the fitting function corresponding to Fig. 4(a) and
Eq. (6) represents that of Fig. 4(b). Upon substituting the expres-
sions ((5), (6)) into Eq. (3), we can numerically solve for the misfit
energy, and the result is shown in Fig. 5. We also calculated the
nucleation stress based on the Peierls theory, which depends only
on the misfit energy. Because the elastic strain energy, Eelastic is
independent of u, the Peierls stress sp is then given by the
maximum stress required to overcome the periodic barrier in Es

cðuÞ:

sp ¼ max
1
b

@Es
c

@u

 !( )
ð7Þ

The stresses calculated based on the Peierls theory for Ti–6.25at.%Ta
and Ti–6.25at.%Nb are 348 and 297 MPa respectively. Similarly,
upon minimizing Eq. (2) with respect to d, we numerically evaluate
the critical hcp nucleation stress levels, and are presented in Table 3.
In the present study, the critical hcp nucleation stress is determined
as follows:

@Etotal

@d
¼ 0 ð8Þ

The parameters ðEs
cÞp and ðEs

cÞa0=2 shown in Fig. 5 are also

reported in Table 3. The term ðEs
cÞa0=2 is the minimum of the Es

c

function and provides an estimate of the core energy of the dislo-
cation. The term ðEs

cÞp is the Peierls energy which is the amplitude
Table 3
Critical bcc–hcp nucleation stress for Ti–6.25at.%Ta and Ti–6.25at.%Nb.

Materials Burgers vector (Å) ðEscÞp � 10�10 mJ m�1

Ti–6.25at.%Ta 0.574 3.41
Ti–6.25at.%Nb 0.573 2.90
of the variation of the energy barrier required to move the disloca-
tion [24]. It is seen from the present calculations (Table 3) that
both the terms ðEs

cÞp and ðEs
cÞa0=2 are lower for the case of

Ti–6.25at.%Nb compared to Ti–6.25at.%Ta.
4. Results and discussion

In the present case, the hcp nucleation stress obtained by
minimizing Eq. (2) for Ti–6.25at.%Ta is 114 MPa while that for
Ti–6.25at.%Nb is 95 MPa. It is interesting to note that the nucleation
stressmagnitudes of Ti–6.25at.%Ta and Ti–6.25at.%Nb differ only by
19 MPa, and is much lower than the stress levels predicted by the
Peierls theory. Experimentally, the flow stress magnitude in the
case of Ti–Ta alloy is observed to be 350–360 MPa [28]. However,
this value does not correspond to the critical resolved shear stress
for hcp nucleation. Nonetheless, if we consider that the Schmid fac-
tor on {110}h110 i bcc system is maximum, i.e. 0.5, we obtain the
nucleation stress of 175 MPa experimentally compared to the the-
oretical value of 114 MPa. Another source of difference is that the
experiments report 0.2% offset value and smaller offsets would
lower the 175 MPa value. Interestingly, additional experiments
have shown that the flow stress for bcc-orthorhombic (a00) transfor-
mation in the case of Ti–22at.%Nb is approximately 300–400 MPa
[29]. It is worth pointing out that the theoretical stress value for
the bcc–hcp transformation in the case of Ti–6.25at.%Nb is compa-
rable to the one for bcc- a00 transformation.

We note that the stresses reported in Table 3 are based on the
modified Peierls Nabarro formalism of dislocation motion. In the
present calculation, the assumption that the hcp nucleus is formed
by the motion of split a/2 h111i dislocation is based on the hetero-
geneous martensite nucleation theory supported by molecular
dynamics simulations [14–16]. Such observations have highlighted
the role of dislocations in bcc–hcp transformation. The atomistic
simulation of the bcc–hcp transformation in Zr [15] has been car-
ried out in the presence of two types of dislocations, h100i and
h111i, and in the absence of dislocations, no bcc–hcp transforma-
tion occurred even after a long period of simulation time. The total
dynamics of such observations can be considered as a nucleation
event where the hcp stacking sequence is first formed from
pre-existing dislocations following the compression/dilation of
the basal plane requiring no dislocation activities.

It is should be noted that the present analysis is based on the
notion that the presence of the lattice defects such as free surfaces,
dislocations, inclusions promotes the martensitic transformation
[30,31]. Note that the dislocations considered in the present
analysis are straight, and only have edge component. The faulting
due to the presence of dislocations makes the initial bcc phase
much closer to the hcp structure of a martensite, thus reducing
the transformation barrier as observed in other Ti-alloys [16].
5. Conclusion

To conclude, we established the energy barrier of the bcc–hcp
martensitic nucleation in Ti–6.25at.% and Ti–6.25at.%Nb using first
principles energy calculations in the form of a c -curve.
ðEscÞa0=2 � 10�10 mJ m�1 Critical nucleation stress (MPa)

Peierls Theory, sp Present study, scrit

1.78 348 114
1.55 297 95
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We obtained theoretically the hcp nucleation stress from a perfect
bcc crystal using modified Peierls Nabarro formalism and the
heterogeneous nucleation mechanism. The methodology can be
applied to a variety of other bcc metals and alloys. The theoretical
model developed in this analysis is free of any empirical constants.
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